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Problemas

La abuela Justina estaba leyendo la revista cientifica Geochimica et Cosmochimica Acta y encontrd un
nonograma ahi. Tras resolverlo le entré la subita necesidad de hallar el centro de masa del dibujo. ;A qué
distancia se encuentra del centro geométrico del dibujo si todos los cuadrados coloreados tienen la misma
masa y los vacios no tienen masa? El lado de los cuadrados pequeiios es 1.
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Marcos se ha unido a un video en directo treinta minutos después del inicio. Ha puesto la velocidad de
reproduccion a 1,75x. ;Cuanto tardard en alcanzar el video en directo?

Dé la respuesta en la forma HH:MM: SS.

Un senderista acaba de alcanzar la cima de un pico elevado. El desnivel total en su camino ha sido de
1302 metros y su ascenso total ha sido de 1447 metros. ;Cantos metros tendra que ascender en su regreso
si toma la misma ruta?

[ 4 | Enlaregion de la antigua Checoslovaquia se ha celebrado una fiesta recientemente. Para rendirle ho-
menaje, se ha montado una bandera de dicho pais de anchura 54 cm y altura 36 cm hecho de tres partes
pintadas de metal. El tridngulo azul alcanza la mitad de la anchura de la bandera. Cuando se colocé al sol,
cada parte de la bandera alcanz6 una temperatura diferente: la parte blanca llegé a los 30 °C, la roja llegé a
los 70 °C y la azul alcanzé los 90 °C.

;Cual serd la temperatura de la bandera si la aislamos y la dejamos el tiempo necesario para que se equilibren
las temperaturas?
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Un equipo de ocho personas esta buscando en un terreno restos de un meteorito recientemente caido.
Los exploradores andan en fila (véase la figura) y haciendo una serpiente por el terreno. Cada explorador
camina a una velocidad de 1 m/s y cubre una regién de 2,5 m de anchura. Cada vez que llegan al final del
terreno dan la vuelta rapidamente y pasan a la siguiente franja de busqueda. El terreno tiene 500 m de longitud
y 300 m de anchura.

Al mismo tiempo que el equipo comenz6 la busqueda, un tractor ha comenzado a arar el terreno en el otro
lado del campo, a una distancia de 300 m de ellos. El tractor se mueve a 18 km/h y ara una regiéon de 10 m
de anchura a su paso. El tractor, al igual que el equipo, recorre el campo como una serpiente, girando ra-
pidamente al llegar a un extremo y continuando en la franja contigua. ;Qué fracciéon del campo quedara
inexplorada si la busqueda se detiene cuando cualquier miembro del equipo se cruza con el tractor?
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[ 6 | Como de costumbre, la comodidad supera el deseo de ser ecologista. Marcelo, Coemgenus, Patricio y
Jacobo estan de camino a la estacion de trenes, cada uno en su coche. Cuando conducen por poblado, no
pueden circular a una velocidad mayor de 50 km/h. El grupo ocupa una seccién de la calzada de 150 m de
longitud. Si todos conducen exactamente igual, ;cuanto ocuparan cuando salgan a la carretera y aceleren
hasta los 90 km/h?

Despréciese la longitud de los coches.

Daniel ha escogido dos resistencias al azar de su caja de componentes electronicos y las ha conectado
a un circuito, primero en serie y después en paralelo. Por la tarde, la sefiora de la limpieza se adentré en su
guarida y, entre otras cosas, encontro, un par de papeles en los que se podia leer «4 Q» y «25 Q».

;Cual es el valor de las resistencias?

En un castillo medieval, un guia turistico ensefia a un grupo de curiosos visitantes el famoso pozo
que alli se encuentra. El guia, minusvalorando las habilidades matematicas de los visitantes, les presenté un
modelo simplificado para calcular la profundidad del pozo. Para ello, se debe tirar una moneda o una piedra
al pozo y cronometrar el tiempo hasta que se escuche el sonido de la moneda al tocar el suelo. Después, para
hallar la profundidad, deben multiplicar este tiempo por una cierta constante k. Evidentemente, el guia ya
ha fijado el valor de la constante k para este pozo concreto. Expresa como encontrar la profundidad del pozo
a partir de la constante k y la aceleracion de la gravedad g.

En todos los pozos medievales la velocidad del sonido es infinita.

[ 9| Justina preparé una disolucién de acetona en agua. Sin embargo, necesitaba salir del laboratorio un
momento y, tras regresar, se encontrd con que se habia evaporado un tercio de la masa de acetona y un
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décimo de la masa del agua. Justina midié entonces que la fraccién en masa de la acetona en la disolucién
habia disminuido en un sexto.

;Cual era la fraccion en masa de la acetona en la disolucién inicial?

Victoria tiene un candelabro formado por una masa puntual M y cinco varillas muy ligeras de longitud
L extendidas desde la masa puntual en un mismo plano, separadas por angulos iguales. En el extremo de cada
varilla hay una vela de masa m. El candelabro entero cuelga del techo sujeto por una cadena larga que esta
unida a la masa puntual del centro.

De pronto una de las velas se cae. ; Cual sera el nuevo angulo formado por el plano de las varillas con respecto
al horizontal cuando el sistema alcance el equilibrio?

Guillermo ha comprado un terreno rectangular con lados a y b, con a > b. ;Qué cantidad de arena
puede verter para que toda la arena permanezca dentro de su terreno? El angulo de reposo de la arena es f3.

/N
VN

Jacobo estd probando una nueva aplicacion para entusiastas del transporte publico. Entre otras cosas,
guarda la distancia recorrida y muestra la velocidad media del teléfono medida en km/h desde el inicio del
viaje. Jacobo se paso6 toda la noche de autobus en autobts y hoy ha hecho el grafico de la distancia recorrida
frente al tiempo, como se muestra en la figura adjunta. ;Cual sera la velocidad media mas alta que la aplicacién
mostrd durante el trayecto de Jacobo?
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Teresa ha comprado un juego de té especial en Inglaterra. El juego consiste en un balancin equilibrado
en su centro y cinco platillos colocados a distancias iguales. Teresa ha invitado a sus amigas a una fiesta y
saca cinco tacitas de té cuyas masas estan en proporcién1:2:3:4: 5 ylas coloca en los platillos.

sDe cuantas formas posibles puede Teresa colocar las tacitas para sus amigas si el balancin debe permanecer
equilibrado?

Guillermo quiere construir un monumento en su terreno. La base del monumento serd de cemento y
tendra forma rectangular con lados @ = 10 m y b = 7 m. El monumento se tiene que colocar a una altura
h = 3 m sobre el suelo y debe estar apoyado totalmente sobre la base. ;Cuial es el volumen minimo de tierra
que Guillermo debe colocar debajo de la base de cemento si el angulo de reposo es § = 45°?

A Andrés le regalaron por su cumpleafios un juego de construccién. Inmediatamente construyd una
maquina especial: tomd un engranaje de 36 dientes y colocé alrededor de este otros cuatro engranajes mas
pequenos, de 16 dientes. Después colocé una correa alrededor de todo el montaje. ;Cudntas veces tiene que
girar el engranaje mas grande para que la correa dé una vuelta completa?. Los ejes de todos los engranajes
son fijos.
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Tomas el astronauta ha ido de viaje a Marte y ha llevado consigo su barémetro antiquisimo de mercurio.
La columna del barémetro en la Tierra era de 760 mm de altura. ;Qué altura alcanza en Marte si la presion
atmosférica ahi es de 600 Pa?

Despréciese la rotacion de ambos planetas.

Hg

Guillermina ha introducido un hilo por un agujero de su mesa de tal manera que la longitud del trozo
de cuerda que esta debajo de la mesa es €. Tras esto colgd una masa m de la cuerda y la rot6 circularmente
hasta que logré una velocidad angular w. Evidentemente, tiene que sujetar el otro extremo de la cuerda con
la mano. ;Cuanto trabajo realizara si tira hacia ella de la cuerda una pequeia distancia A€?

Una bandera de metal puede ser bonita y util, pero no puede ser vista en la oscuridad. Por eso hemos
tomado una bandera de la disuelta Checoslovaquia de anchura 54 cm y altura 36 cm y la hemos iluminado
con tiras luminosas de resistencia 30 (2/m de tal manera que cada color estd delimitado por una tira por todos
lados y las tiras se conectan en los vértices de la bandera. A continuacién, se conectaron ambas esquinas de
la izquierda de la bandera a una diferencia de potencial de 42 V.
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Nuestro técnico de seguridad, sin embargo, no estd muy convencido de que sea un sistema seguro, asi que
lo ha desconectado de la alimentacién y ha elegido un punto al azar de la tira luminosa y ha instalado ahi
un fusible cuya corriente nominal es 2 A. ;Cudl es la probabilidad de que se queme el fusible si se vuelve a
conectar la tension?

27 cm

Lucia, maquinista de profesion, ha activado el freno de emergencia de su tren. Los frenos se operan
neumdticamente y tienen un pequefio retardo: las ruedes de la locomotora se bloquean inmediatamente,
después, tras un segundo, las del primer coche, tras otro, las del segundo coche, y asi sucesivamente todas
ellas, un segundo despues de la anterior.

El tren tiene cinco coches, cada uno de masa 20 t. La locomotora pesa 100 t y el coeficiente de rozamien-
to dinamico entre las ruedas y los railes es 0,2. ;Cual es la distancia recorrida mientras se frena el tren si
inicialmente circulaba a una velocidad de 72 km/h?

A Adam le gusta construir puentes. En esta ocasion, cogio tres bloques idénticos con lados a > b > c.
Adam quiere saber la maxima longitud del hueco mas largo posible sobre el que puede construir un puente
con solo estos tres bloques. La friccion entre los bloques y con el suelo es desprenciable.

Las caras frontales de los bloques tienen que estar en un mismo plano.

Una hormiga esta escalando un pan de aztcar de forma cdnica con radio 1 m y altura 2 m. Ahora
mismo la hormiga se encuentra en la base del pan en el sureste si se mira el cono desde arriba. ;Cudl es la
distancia minima que debera escalar si quiere llegar al lado suroeste del pan a una altitud de 1 m?
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Paula ha encontrado en casa cuatro palos homogéneos e idénticos de masa 2 kg y longitud 2 m. Los
ha colgado por un extremo de un punto del techo y ha situado una carga puntual sin masa de 10~ C en el
otro extremo, de tal manera que se repelen entre si. Encuentra el angulo entre los palos y la plomada en este
estado de equilibrio.

Este problema no tiene una solucién cerrada. Use la calculadora si lo considera apropiado. Dé la respuesta
en grados con al menos un decimal.

Un camidn circula por una carretera a 50 km/h. Una mosca vuela en la misma direccion pero en sentido
contrario y con la misma rapidez. El impacto termina como era de suponer: la mosca se espachurra. ;Cual
es el incremento en la temperatura de la mosca si su calor especiifico es 3 kJ/(kg-K)?

Asuma que el parachoques es perfectamente rigido y que no se calienta.

Mateo ha terminado exitdsamente sus estudios por lo que por fin puede trabajar en el parque de atrac-
ciones. Su atraccion favorita es una montafia rusa que tiene un medio looping vertical, como se muestra en la
figura. Mateo se sienta en un vagon en la parte superior del looping y se impulsa ligeramente para comenzar
el descenso. Cuando esta en el punto medio del descenso, lleva una velocidad v. ;Qué fuerza g experimentara
cuando alcance el punto inferior del looping?

Depréciese la resistencia del aire, la friccion entre el vagon y las vias y el resto de fuerzas malvadas.

Pepe tiene colgando del techo de su cuarto varios muelles cuya longitud en reposo es desconocida. Los
muelles estan proximos entre si. Cuando Pepe se cuelga de uno de ellos, permanece a 50 cm sobre el suelo.
Cuando se cuelga de dos de ellos, permanece a 140 cm sobre el suelo.
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;A qué distancia sobre el suelo permanecera si se cuelga de tres muelles? La habitacién de Pepe tiene una
altura de 250 cm.

Patricio ha encontrado una peculiar pelota cargada eléctricamente. Para aprender mas de ella hizo
que la analizaran en una cdmara electromagnética analitica moderna. Dicha camara esta bien protegida de
la gravedad y se divide en dos partes: en la izquierda hay un campo eléctrico homogéneo de intensidad
E = 0,8 V/my en la derecha hay un campo magnético homogéneo de intensidad B = 0,4 T. La pelota se
introdujo en la camara y su trayectoria se muestra en la figura adjunta. ;Cual era la velocidad inicial de la
pelota?

A orillas del Nilo con una pendiente «, a una altura H sobre el nivel del agua, dos hipop6tamos esféricos
y homogéneos estan tomando el sol. Cada hipopdtamo tiene un estdémago también esférico en el centro de
su cuerpo. Uno de los hipopdtamos esta hambriento y el otro ya estd lleno de una mezcla de césped, agua
y turistas despistados, cuya densidad es la misma que la del resto del animal. La masa de un hipopdtamo
hambriendo es un siete octavos de la masa de uno saciado.

Tras finalizar su sesion de bronceamiento comienzan a rodar hacia el agua. ;Ctial rodard mas rapido? ;Ctan-
tas veces mas?

Los contenidos del estomago de un hipopotamo también rotan con el resto del animal.

Lucia ha inflado una pelota de playa de masa 100 g y radio 10 cm con aire a presiéon atmosférica.
Después la comenz6 a sumergir en agua. ;Cudal es la maxima profundidad a la que puede ser sumergida para
que después salga por si misma si la temperatura del agua se mantiene constante en todos lados?

Se ha cortado un disco circular de radio r y otro cuadrado de lado a de una plancha fina de metal de
densidad por area ¢. Después han sido insertados en una varilla que los atraviesa por sus centros. Se hace
rotar el disco circular hasta alcanzar una velocidad angular constante w y se pone en contacto con el disco
cuadrado. ;Cual serd la velocidad angular del conjunto si se iguala la de ambos por accién de la friccion?

Daniel ha descubierto que las corrientes eléctricas calientan las resistencias. Su resistencia favorita co-
nectada a una fuente de tensidén constante también se calienta y tras un tiempo suficiente se estabiliza su
temperatura a 7). Tras este experimento, lo repiti6é con otra resistencia del mismo material que la anterior
pero todas sus dimensiones dos veces mayores. ;A qué temperatura se estabilizard esta segunda resistencia?
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En ambos casos hay un gran ventilador soplando hacia la resistencia que elimina el aire caliente y mantie-
ne constante la temperatura del aire que rodea la resistencia a Ty. Desprecie la transferencia de calor por
radiacion.

Mientras caminaba por las calles de Bratislava, Sabrina se dio cuenta de que ya estaba preparada la
decoracion de Navidad. Aunque al principio se preguntaba por qué en noviembre ya era Navidad otra vez,
después se fij6 en una parte interesante de la decoracion. Era una estrella de seis puntas hecha con seis varillas
de longitud d y masa m. Como una verdadera fisica, calculé su momento de inercia con respecto al eje
perpendicular al plano de la estrella que pasa por su centro.

Suponiendo que lo calculd correctamente, ;qué respuesta obtuvo?

Ademas de su prometerdora carrera como fisico, David empez6 a hacer arte moderno. Corrié al atico
y trajo cuatro palos de masa m y longitud L y un muelle con longitud inicial igual a cero. Después, unié los
palos en un cuadrilatero para que pudieran rotar libremente sobre los vértices, pero permaneciendo plano el
cuadrildtero. David conecto dos vértices opuestos con el muelle y colg6 su obra de arte de otro vértice para
que el muelle estuviese horizontal. ;Cudl es la constante eldstica del muelle si se extiende a la longitud L?

En medio de la crisis energética, Jaro ha sacado del granero de su familia una maquina de vapor de su
tatarabuelo. Tras unos pequefios arreglos, funcionaba como si fuera nueva. La maquina funciona como se
muestra en el diagrama pV adjunto. ;Cual es su eficiencia si se considera que el gas es monoatémico e ideal?
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Un parsec se define como la distancia desde la cual el radio angular de la 6rbita de la Tierra es un
segundo de arco (1”). Martin esta intentando calcular la distancia a una estrella que esta a una distancia de
2 pc, como si el radio angular de la 6rbita de la tierra visto desde ahi fuera de 0,5”. Marin se dio cuenta de que
esto no era del todo correcto, pero como los dangulos eran tan pequenos, el error relativo seria despreciable.
No obstante, ;cuanto difiere esta medida de la distancia real de 2 pc?

Un planeta esférico perfectamente negro se calienta por efecto de su propia potencia P. Silo dejamos
aislado, la temperatura se estabilizara a la temperatura T. Ahora, se cubre con una capa fina, reflectante y
esférica del mismo radio que el planeta. Dicha capa refleja el 80 % de la radiacién incidente de vuelta al
planeta y absorbe el resto. ; Cudl es la temperatura de equilibrio de la capa reflectante si no toca directamenta
la superficie del planeta?

Tomads estd pensando construir un telescopio descomunal. Como le angustiaba pensar que se podia
romper el carisimo espejo principal, decidié usar mercurio (liquido) en lugar de vidrio. Para ello lo vertié en
un tazon plano grande y lo removié hasta lograr que girase una velocidad angular w constante.

;Cual es la distancia focal del espejo cuando se situa en un campo gravitacional homogéneo de magnitud g?

Marcelo ha encapsulado un muelle de constante 100 N/m y longitud en reposo nula en un cilindro de
10 m de altura cuya base tiene un area de 10 cm?. Se llena el cilindro con un gas diatémico e ideal. Marcelo
conecta un extremo del muelle al fondo del cilindro y el otro a un pistén sin masa que cierra el cilindro her-
méticamente. En dicho instante, la presion interior es igual a la atmosférica, que, como es logico, incremento
cuando el pistén alcanzo su equilibrio en posicion y temperatura. ; Cual es la constante aparente del muelle
para pequeiios desplazamiendos desde el equilibrio?
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Paula estd montando sistemas mecanicos de nuevo. Esta vez, tiene tres palos homogéneos de masa
2 km, longitud 2 m, y cada uno de ellos tiene una carga puntual sin masa de 10~* C en uno de sus extremos.
Ha pegado dos palos a una mesa horizontal de tal manera que estan paralelos y se toquen entre ellos con el
extremo en el que no tienen la carga puntual.

Después cogio el tercer palo y lo montd con una bisagra al punto donde los otros dos palos se tocan, con
la carga del tercer palo en su extremo superior. El tercer plano podia rotar de tal manera que los tres palos
permaneciesen en el mismo plano vertical. Después, desplazo el tercer palo desde su posicion vertical hacia
uno de los otros palos y observo sus pequeiias oscilaciones. ;Cual es el periodo?

Vi

Una farola solitaria se encuentra en el borde de un muelle. Tiene una tulipa reflectante en forma de
paraboloide. El radio de su apertura es de 10 cm, su profundidad es de 7 cm y la superficie interior es perfec-
tamente reflectante. En el foco del paraboloide se encuentra una bombilla esférica de radio 3 cm que emite
isotropicamente un flujo luminoso total de 10 klm. ;Cual es el nivel de iluminacion en punto del palo situado
directamente debajo de la bombilla?

Para dangulos pequefios puede usar la aproximacion sin x ~ tanx ~ x. La bombilla es totalmente opaca.

3 cm

10 cm
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Mateo y Jacobo estan explorando la superficie de la Luna. Mateo aterrizé en el polo norte, mientras
Jacobo continuo hasta el ecuador de la Luna. Después de un rato, Mateo encontré una roca muy interesante
y queria ensefidrsela a Jacobo para analizarla. Para eso, quiere saber la minima velocidad necesaria para que,
al lanzar la roca, ésta llegue al ecuador. La masa de la Luna es M y su radio es R¢.
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Soluciones

[ 1] To find the centre of mass we need not solve the nonogram at all: we only need to find the distribution
of mass, which is completely described by the numbers in the legend. Of course, we may solve it, but it costs
time, which is at premium during the competition.

We should immediately notice that the nonogram is symmetric around the vertical axis, and that the hori-
zontal coordinate of the centre of mass is the same as that of the centre of the picture. Hence, we only need
to calculate the vertical coordinate of the centre of mass using the numbers in the rows. We assign each row
its weight -6, -5, . ..,5, 6 corresponding to its distance from the middle row. Then we sum all the numbers
in each row, multiply the sum by the row’s weight and then sum it all up.! Finally, we divide it by the number
of all coloured squares in the nonogram, which conveniently happens to be exactly 100.

Thus we obtain the vertical coordinate of the centre of mass

6

y:M_ 5_ (—6).9+(—5)-(2+5+2)+...+5.(1+1)+6_9:__17:_017 .
'§6(inj) 9+(2+5+2)+...+(1+1)+9 100
J=— 1

The distance of the centre of mass from the centre of the picture is therefore 0,17 squares.

Marek watches the stream at playback speed v, = 1,75vs, where vy is the speed of the streamer’s live
broadcast. Since the speeds of streamer’s and Marek’s video do not change, we can use the formula v, =
fum/ta, where fi is MareK’s current video time and £, is the time measured from the moment Marek turned
on the video. Similarly, we can write vg = fg/ts.

Since Marek wants to catch up with the streamer’s live broadcast, he has to see exactly what the streamer is
broadcasting live. From this we get the condition fs = fy, therefore

Vst =vpity. (2.1)

Furthermore, we know that Marek started at time f, = 30 min later, that is, t = t, + t,,. By substituting
into the equation 2.1, we get

vst = vp(t —to). (2.2)

Now we substitute v, = 1,75vg and express the time
7 .
t= gto =70 min, (23)

or, after converting to the hexadecimal system, 61:10:00.

'Real speed devils will notice that the topmost and bottommost rows are the same, and will not lose time with them either.
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The total altitude difference is the difference between the ascended and descended altitudes. On his
way back, the tourist ascends exactly the height he descended before, which is 1447 — 1302 = 145 metres.

[ 4 ] Apart from a flag, we see three bodies in a thermal contact. They are made from the same sheet metal, so
their specific heat capacity c is the same. And mass? Mass is proportional to their surface area. Using simple
geometry we can see that if the flag’s mass is M, the blue part has mass % and each of the two trapezoid parts
has mass 3.

From that, we can construct a calorimetric equation in the stable state. The equation states that if all parts of
the flag change their temperature to T, the flag will not receive nor lose any heat:

3IM 3IM M
?C(30 OC—T)+?C(70 OC—T)+ZC(9O OC—T) =0. (41)

Now we may simple divide the equation by c and M (naturally, this temperature does not depend on neither
mass nor material of the flag) and further simplify:

3 3 1
S(30°C=T)+ 2(70°C=T) + (90°C-T) =0°C,

3

3 3 3 1 1
Z.30°C-=T+=-70°C-=T+=-90°C-~-T =0"°C, (4.2)
8 8 8 8 4 4

T =60 °C.

Eight people, each scanning a strip of land 2,5 m wide, can be replaced by a single virtual person scan-
ning a strip of land 20 m wide. The field can be divided into 30 strips, each 10 m wide. We can quickly
calculate that it takes ¢t = 500 s for the team to go through two 10 m strips and in the meantime the tractor
ploughs five strips. After the time ¢, both the team and the tractor are at the other end of the field to their
starting point. After each period t passes, 7 strips have been either searched or ploughed. That means that
the team meets the tractor sometime during the 5¢h period.

In time 4¢, they all start from the same side of the field as at the beginning with 28 strips already searched
or ploughed. That means that four members of the team would encounter the tractor if they did not stop the
search. The team is sad that they have not found anything but at least they can brag that they have searched
an area of

Stcam = 4-500 m - 2-10 m = 40 000 m*. (5.1)

Since we are interested in the fraction that could not be searched, we need to express the total area

Sfield = Steam _ 900 m - 300 m — 40000 m? _ 150000 - 40000 11

= =—. (5.2)
Stield 500 m-300 m 150000 15

[ 6 | Since all our protagonists drive exactly the same way and they abide by the traffic rules, they all start
to accelerate exactly at the point where they exit the village. This means that the distances between the cars
will not remain the same. However, what does stay the same are the time intervals between their cars passing
through any point on the road. This is true, because the movement of each of the cars looks exactly the same
except for a slight time delay. We are only interested in the distance between the first and the last car.
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Before the cars started to accelerate, their speed had been v, = 50 km/h and the distance between the first
and the last car had been d, = 150 m. This means that the time interval between them was t = f—s. After
they accelerated to speed v; = 90 km/h, this interval remained the same, therefore ¢ = ‘j—ll. From this we can
calculate the new distance between the cars as

d
d1=v1t=V1—0 =270 m. (61)
Vo

First of all we need to determine which resistance corresponds to which circuit. Two resistors connected
in series always have a larger resistance than if connected in parallel. When connected in series, the resistance
R is the sum of individual resistances, therefore

R¢=R{+R,=25 Q. (71)

On the other hand, when connected in parallel, the total resistance Rp is

RiR,
Rp = =4 Q). 7.2
P R1 + R2 ( )

Now we have two equations of two unknowns. For example, we can express R as R; = 25 () — R, and plug it
into the second equation. This yields a quadratic equation

R:-25Q-R, +100 Q* =0 Q. (7.3)

Both of its solutions, R, = 5 Q and R, = 20 (), are physically meaningful and can be obtained by merely
swapping the two resistors. Thus the answer to the question is the pair of values 5 Q and 20 Q.

Even without the help of the (not very gifted in physics) tourist guide, we know something about the
depth of the well - that is

h-lep o o /P (8.1)
2 g

The tourist guide tells us the relation with his constant k (this one, by the way, is not dimensionless) / = kt.
With this information, we can express the constant k using the relation for the depth of the well as

1 1 [2h [ hg

From this we can express h using only k and g as

h=t (8.3)
8
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@ At the beginning, there was a mass m,, of acetone and myy, of water in the solution. The mass fraction

can be obtained as

x - Mo (9.1)
Mao T Mwo

After Justine returned, there was only m,; of acetone. One third of the acetone and one tenth of water had
evaporated, so

2 d 0 (9.2)
Mp = —m an My, = — Myyp. )
A1 3MMAo Vi = 19 Mvo
The new mass fraction is
5 m
X=-—A (9.3)
6 may + Mw

From this equation, we express X and plug it into the equation 9.1. Then we substitute masses from equation
9.2 to obtain

Mao _ § mai
Mpo + Mwo 5 Mpp+ My
3
SMar 6  my

3 10 -z
SMar+ gMwr O May + My

%mmz + %mmmv\n = g%mmz + g%mmmm (04)
3 3 63 610
EmAl + EmWI = EEMAI + ggmm
5

may = §mw1-

We divided both the equations by m,,, which is definitely nonzero. Now, let’s get back to the equation 9.3,
where we can plug m,; = ngl and see that the result is
%mm 5

3
2 ="X = X=-:4286%. (9.5)
smwi+mw 6 7

First we need to realize that the origins of all torques are the plane of a chandelier. While all five candles
are on the chandelier, all torques are balanced and the chandelier is in equilibrium. Once a candle falls off,
the symmetry of the torques is disturbed and the chandelier will rotate until its centre of mass has minimal
altitude. That means that the empty arm will move to the highest possible point, which occurs when the angle
between the plane of the chandelier and the horizontal plane is 90°.

If we kept pouring sand in one place, we would create a cone with surface slanted at an angle . By
taking the union of all such cones that can fit onto the parcel we obtain a shape shown in figure 11.1.

https://physics.naboj.org/ 16 info-es@physics.naboj.org


https://physics.naboj.org/
mailto:info-es@physics.naboj.org

///' . Yo .
e 25. Naboj de Fisica, 2022 Soluciones
F E

Figura 11.1: Side view

This is a triangular prism truncated on both sides. We can split this shape into three parts - a triangular
prism and two half-pyramids that can be merged into a single pyramid with sides slanted at angle 8. Let
us first calculate its height. Slicing the pyramid with a plane perpendicular to the base creates an isosceles
triangle with base b and two equal angles 3. The height of the triangle is then

h= gtanﬁ. (11.1)

Since all faces of the pyramid form an angle  with the horizontal plane, it must be a right pyramid and its
base must be a square with side length b. With this knowledge we can easily deduce that the triangular prism
has length d = a - b and its volume is thus

2
Vh:SP-d=%d=%(a—b)tanﬁ. (11.2)

The volume of the pyramid can be calculated easily as

1 b3
Vi: gsphzgtanﬁ (113)
and the maximum volume of sand is therefore
3a-b
V=Vh+V,-=( ¢ )bztan[)’. (11.4)

Average speed v(t) at any given time t is calculated as the distance travelled during the time interval ¢
divided by the time ¢, in our case since t = 0. Therefore
s(t)

v(t) = == (12.1)

In other words, we can choose any time ¢ in the graph and calculate the distance that has been travelled until
then. The we plug these values into the formula for average speed. If we do this for all values of ¢, we can
simply find the maximum of v(t). It can, however, be easily seen from the graph in the picture 12.1. Let us
modify the formula for average speed so that ¢ is the independent variable:

s(t) =v(1)t. (12.2)
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Figura 12.1: Angle ¢, is smaller than ¢, which means that v(t;) < v(t,).

Now we can see that v(t) is the slope of the line in the graph. Thus, if we want to find the maximum of v(t),
we only need to find the line with the steepest slope, that is, the line for which the angle from the x axis is the
largest. We can see in the graph that this occurs at = 70 min and it is exactly

42
v(t) = 2 km/min = 36 km/h. (12.3)

Since we can distinguish the guests by their names, there are 5! = 120 possible permutations of how the
tea cups can be assigned. This looks difficult, but we can quickly eliminate a lot of them.

To keep the seesaw balanced, the moments of force from both sides must be equal. Let’s denote the saucers
k_», k_y, ko, k41 a k., and assign the weights 1, 2, 3, 4 and 5 to them. If the distance between two saucers is
w and the mass of the smallest one is m1, in the equation describing moments of force w, m and g cancel out
and we are left with the equation

k_omg2w + k_ymgw = k,ymgw + k,,mg2w //mgw
(13.1)

2k_2 + k_1 = k+1 + 2k+2.

At a distance w from the centre the masses of cups must have the same parity - if k_; i is odd, then k., is
also odd and vice versa; otherwise, the moments of force from the left and right side would have different
parity. This cannout be balanced out by any combination of cups at k.,. And the final observation - to every
solution we can unambiguously assign its mirror image.

Starting with the heaviest cup, we need to examine three cases:

o If we put it to k_,, at k,, we need to place the cup with mass 4m - otherwise, we wouldn't be able to
balance the seesaw. From the parity condition, at k,; we need to place the cups with masses m and 3m,
and the solution is determined as5:1:2:3:40r4:3:2:1:5.

o If we put the heaviest cup to k_;, from the parity condition we know that k; must be occupied by a cup
whose mass is an odd multiple of m. That means we have two options:
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- if we put the cup with mass m there, the difference between k., must be 2m, which results in
solutions2:5:3:1:4and4:1:3:5:2;

- if we put the cup with mass 3m there, the difference between k., must be m, which uniquely de-
termines the solutions1:5:4:3:2and2:3:4:5:1.

« Finally, if we place the heaviest cup onto the pivot, the parity condition leaves only two options for us,

- if positions k., are occupied by cups with masses that are even multiplies of 1, we are unable to put
m and 3m cups onto the ends and maintain balance;

- and in the other case, positions k., are occupied by cups with masses that are even multiplies of m,
and again, we quickly find that we cannot balance the seesaw anymore.

We have analyzed all 120 permutations and found that only six of them are valid.

If we dumped all the dirt at one place, we would get a cone with slant angle . In the image below we
see figure we will get by taking the union of all such cones.

- - - - o o o o o e (S e — o -

Figura 14.1: Pohlad zhora

Let s be the distance between the outer edge of our construction and the projection of the monument base.
Since the slant angle is B everywhere, this distance will be the same everywhere. We can express it as

cot[3’=% = s=hcotp.

Now we need to realise that we can divide our figure into several parts. In the corners, we will get four quarters
of a cone with radius s and height h. Then we have four orthogonal prisms which can be joined into one long
prism. Its height is 2a + 2b and its nase is a right triangle with sides & and s. The last part will be a cuboid
with sides a - b - h. Their volumes are

1 1
Veone = gﬂszh = gﬂh?’ cot? f,

Veuboid = abh,
hs h?
Vprisms = SP(Za + 2b) = ?(Za + Zb) = ?(2(1 + Zb) COtﬂ

and the final volume is

1
V' = Vione + Veuboid + Virisms = 3”h3 cot? B + abh + h*(a + b) cot .
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After plugging in the values we find out that William will need approximately 391,27 m? of soil.

If there are two cogwheels touching each other, they must have equal tangential speeds, but opposite
directions of rotation. This means that all small gears will have equal tangential speeds (same as the tangential
velocity of the bigger wheel), which is also the speed with which the belt moves. We can express it as 36 cogs
per one rotation of the bigger wheel. Let us denote the with of one cog as d. Then one rotation of the large

cogwheel corresponds to a movement of the belt by 36d. The only thing we need to calculate now is the length
of the belt.

Figura 15.1: Geometry of the belt

In the picture we can see that the belt consists of four arc of 90° which we can put together to make one full
circle with circumference 16d. The rest of the belt consists of four line segments of length I, which is also the
distance between the centers of two adjacent small wheels. We can calculate it as the diagonal of a square
with side length R + r, where R is the radius of the bigger wheel, or R = 2% and r is the radius of the smaller
wheel, or r = % _Each of the four line segments then has length

V2(R+7) = &fd. (15.1)

The length of the belt is (16 + 104\/72)61 and in one revolution of the bigger wheel it moves by 36d. It will
therefore take

(16 + 104%)6{ B é N 26\/5
36d 9 9m
revolutions of the large cogwheel for the belt to make one revolution.

= 1,745 (15.2)

Let us just add, that if the belt has teeth as well, then its length must be an integer multiple of the width of
one cog. Furthermore, if we want all gears to work equally hard, then this integer multiple must be divisible
by four. In that case we find that the length of the belt must be 64d, therefore the bigger gear must rotate

64d - :
3ed = 1,78-times.

The atmospheric pressure on Mars is much lower than on the Earth, so the barometer should display
a much lower value. However, we must not forget that the barometer measures the relationship between the
atmospheric pressure and the hydrostatic pressure in mercury — which also depends on the magnitude of
acceleration due to gravity which is different on Mars.
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The gravitational acceleration is given by

8 = > (16.1)
d Ré
and on small scales the hydrostatic pressure is
p=pgh, (16.2)
SO We can express
RZ
po PR (16.3)
pGMy

After plugging in the numerical values from the table of constants or other sources we find out that the height
of the mercury column is about 12 mm.

To calculate the work we need to know the magnitude of the force F stretching the string. Let us draw
the picture 17.1. Let the string be inclined from the vertical by angle a. Two forces are now acting on the
point mass - force F from the string and the force of gravity mg. The point is moving with angular velocity
w on a circle with radius ¢sin a.

[0

Figura 17.1: Forces acting on the point mass.

To keep it on a circular trajectory, some centripetal force with magnitude mw?¢ sin « must be act on the point
mass. The only force with a horizontal component is the force F coming from the string, so we may write the
equation

Fsina = mw*¢sina = F =mw?®. (17.1)

The work Wihlelmina does while pulling the string by a small distance A€ is then simply

dW = maw?e A¢. (17.2)

At first, let is calculate the dimensions of the flag and use them to find the resistances of the luminous
strips. To find the lengths we need nothing more complicated than the Pythagorean theorem. By multiplying
the lengths by resistivity 30 {2/m we obtain their respective restistances, which are displayed in the picture
18.1.
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Figura 18.1: Luminous strips as resistors.

The pair of strips between the white and the red part is interesting — on both of their ends, the potentials
are equal. How do we prove this? We could use a simple trick - if we mirror the entire circuit so that the
supplying wires are displayed onto each other and the circuit does not change, the points that are displayed
onto themselves must have equal potentials. Now, you may ask, is this fact useful for us? Yes, it is! If two
points are equal potentials, no current flows between them, even if there is a wire. Hence we may cut the wire
and it will not affect the circuit in any way.

10,8 Q
9,73 Q
43,2 Q)

Figura 18.2: Wires with current, after their resistance was calculated.

Now we are left with a combination of resistors connected only in series or in parallel. The voltage drop on
every single branch will be equal to the supply voltage, 42 V. We do know their resistances and that means
the current in each of the branches can be calculated using Ohm's law, I = ¥. The branch with resistance
of 9,73 Q is composed from two equal parallel branches; so half of the current will flow through each of
them. From left to right, the currents in the branches are 3,89, 2,16, 2,16 y 0,97 A. Currents higher than 2 A
- currents blowing a fuse - flow only in the branches displayed as thick lines.
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Figura 18.3: Lenghts of luminous strips, thick lines do denote strips with current higher than 2 A.

What is the probability that the technician cuts somewhere in these places? We can calculate that as the ratio
of the length of these strips to the sum of all the strips’ lengths,

N 165,8 cm

N — " 50,456 = 46 %. (18.1)
363,8 cm

An emergency brake must slow the train down in the shortest possible distance, and that is determined
by the coeflicient of friction. THe mass of the train remains the same (m = 100 t + 5- 20 t = 200 t), but the
braking force can only come from the vehicles whose brakes are already active. It will be equal to F = ym’g
where m’ is the total mass of the braking vehicles and p is the coefficient of dynamic friction. The deceleration
of the train is then

o F_wmg (19.1)
m

When Lucy activates the brakes, the deceleration will be

10° kg

- 2 _ 2
= 5 ke -0,2-10 m/s* =1 m/s”. (19.2)
After each second, it increases by extra
20t
Aa=0,2- ——-10 m/s* = 0,2 m/s* (19.3)
200t

until it reaches its maximal value g, = a¢ + 5Aa = 2 m/s? and then train will decelerate at this rate until
it comes to a halt. This can be readily expressed in mathematical formula, but during the competition it is
probably easier and faster to draw everything (see picture 19.1) and write into the table 19.1.
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Figura 19.1: The speed of the train as a function of time

In each interval the train uniformly decelerates from speed v; to a lower speed w; = v; — a; At;, whicih

means we can express its average speed in this interval as the mean of the speeds at its beginning and its

end. Furthermore, v;,; = w;, since its speed has to be continuous. The last interval is special: all vehicles are

braking and the train will slow down until it stops. From the speed of vs = 13 m/s and at a rate of 2 m/s? this
169

will take 6,5 s and the travelled distance will be s5 = = M = 42,25 m. Finally we express the distance travelled

in each interval as the product of its length and the train’s average speed in it, s; = v; - At,;.

Tabla 19.1: Instantaneous decelerations and the corresponding distance.

number of

braking

vehicles At; /s F; | kN a; | m/s? v; / m/s w; / m/s v;/m/s s;i/m
0 1 200 1,0 20,0 19,0 19,5 19,50
1 1 240 1,2 19,0 17,8 18,4 18,40
2 1 280 1,4 17,8 16,4 17,1 17,10
3 1 320 1,6 16,4 14,8 15,6 15,60
4 1 360 1,8 14,8 13,0 13,9 13,90
5 6,5 400 2 13,0 0,0 6,5 42,25

Now we only need to sum everything and we find out that the total braking distance is 126,75 m.

First we need to realize, that the blocks must be oriented horizontally, because otherwise if the blocks
were tilted at an angle, then due to low friction, the blocks would start slipping and they would fall into the
pit. Thus the solution will consist of two blocks placed on the floor, each one protruding into the gap by
length x. The third block will be placed on these two blocks in such a way, that it will only be supported by
their edges (see figure 20.1).

https://physics.naboj.org/ 24 info-es@physics.naboj.org


https://physics.naboj.org/
mailto:info-es@physics.naboj.org

///' . Yo .
e 25. Naboj de Fisica, 2022 Soluciones
a
~——>

]
Mg -~
2 X
>
mg' ' X

Figura 20.1: The bridge with maximal span.

Thus we need to figure out the maximum distance x by which the blocks can protrude over the gap. For the
blocks to not fall into the pit, the total torque produced by forces acting on the lower blocks must be zero.
Let us choose one of these lower blocks and for the axis of rotation, we will choose the edge of the gap. The
gravitational force acts in the block’s center of mass, which is in distance a/2 — x from the axis, and the upper
block acts with force mg/2 in the edge of the block, at distance x from the axis of rotation. This yields

mg(% - x) = %x. (20.1)

From this we see that x = a/3 and the total span of the bridge is

5
d=2x+a-= ga. (20.2)

FIndin the minimal distance between two points on a cone may seem difficult, but it is not so, since
its surface can be unrolled into a flat plane. The base of the cone is not important in this case and we are left
with a disk sector.

2 VR2 + H?

5]

2nR
Figura 21.1: Surface development of the cone.

As the radius of the base is R, the curved part of its circumference must be 27R long. Its radius is V R? + H?,

as it is the hypotenuse of a right triangle with sides R (the radius of the cone’s base) and H (its height). The

angle at the apex of the disk sector is ¢ = \/% and the ant wants to traverse 90° on the cone, which means

it will need to travel an angle of ¢/4 on the developed surface.

On a plane the shortest route is obviously a straight line. If we connect its endpoints with the apex, we obtain
a triangle where we can apply the law of cosines. We already know the central angle ¢/4, the distance to
the beginning is obviously r; = VVR? + H? and the distance to the endpoint is r, = 1/R? + H? since it scales
linearly with altitude and the ant wants to get halfway up.
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Now let us denote the unknown distance x. From the cosine law
x? :rlz+r§—2r1r2cos£, (21.1)

which, after substituting for ry, , and ¢ yields

5 R
x=VR2+H?*/[/=- _— 21.2
“ \/4 oS RS (21.2)

After plugging in the physical dimensions we see that x = 1,56 m.

Forces applied on a stick are gravitational force pointing downwards and electric forces from other
electric charges pointing in different horizontal directions. And there is of course normal force from ceiling,
so the whole system is in the state of equilibrium. However, this force is unknown, therefore we need to find
other way to solve this problem. The entire system is stationary, that means the sticks aren’t rotating and we
need to zero the torques.

Let us denote electric charge as g, mass of the stick m and its length d. From symmetry of the problem, we can
assume that the sticks create a pyramid with a square base with a side length r and diagonal length \/2r. We
can choose any of the four sticks and write equations with forces from nearest charges. Both electric charges

have the magnitude
2

__ 14
4reyr?

(22.1)

el

and they are proportional to each other. Therefore, magnitude of the net force is /2F,; and vector of net force
is oriented from the centre of the square to the charge, where te force is applied. Magnitude of the electric
force from the farthest charge is

e
 dmey(V2r)?
So the total net force applied on the charge has magnitude F, = V/2F,, + F,, and it is oriented from the centre

of the square. Gravitational force is oriented downwards and it is applied in the centre of mass of the stick as
shown in the figure 22.1.

E., (22.2)

Figura 22.1: Sily pésobiace na jednu palicku.

https://physics.naboj.org/ 26 info-es@physics.naboj.org


https://physics.naboj.org/
mailto:info-es@physics.naboj.org

=

€k 25. Naboj de Fisica, 2022 Soluciones

V2r

The botom segment of the triangle is half of the square diagonal, so its length is *5. We can also notice from

the figure that r = Z-d sin ¢.

2 1
mg% sing = q—(— + \/E)dcosgo

4megr2\2
d . q* 1
mg sing = o 2(5 + \/E)dcosgo (22.3)
4ﬂ80<%d sin q))

<3 2
sin” ¢ q (1+\/§)

cosp  4megd?mg\2

At this point we see that this problem doesn’t have a closed-form solution, so we can’t express ¢ directly.
However, we can use calculator and try to guess (wisely) the answer. With a quick binary search we should
find out that the answer is ¢ = 68°.

Let us denote the mass of the lorry M and the mass of the fly m. Let the velocity of the lorry be v,
the velocity of the fly —v and the velocity of both of them after the collision u. The law of conservation of
momentum gives

_M—mv
T M+m

My-mv=(M+m)u = u (23.1)

The collision is inelastic so energy is not conserved. The difference between the energy before and after the
collision is equal to the heat created by the collision

Q-= %M(VZ —u?) + %m((—v)2 - u?)

(23.2)
Mm

Mass of the lorry is, obviously, much larger than mass of the fly, therefore we can neglect m in the denomi-
nator. Therefore

Q ~2mv2. (23.3)

The problem statement says that all heat is spent to increase the former fly, so

Q = mc At. (23.4)

After joining the last two equations, we obtain

2 2
AT ~ 22 v 0,13°C. (23.5)
C

In the beginning, Matthew has zero velocity, therefore zero kinetic energy. However, when he gets to
the point with velocity v, his potential energy decreases by mgr. Since we don’t consider friction and drag
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force, his kinetic energy increases by this factor. His velocity is well-known, so we can find the radius from
the law of conservation of energy

1 y2

—mv? = =—. 24.1
my mgr=>r2g ( )

2

When he gets to the lowest point of the loop his kinetic energy increases again by the mgr, so mv? = 2mgr.
New velocity, we can call it w, will be \/2 times greater. Therefore, we can express magnitude of centripetal
force as

w? 202 2v%.2¢
aC:—:—: 2
r r v

= 4g. (24.2)
Final acceleration is independent of the radius of the loop and his velocity v. Apart from centripetal force,
Matthew also feels reaction from gravitational force with magnitude g, therefore total g-force in the lowest
pointis 5g.

First, let us show what happens if we connect the springs in parallel. The resultant force from the springs
is the sum of the forces from the individual springs. At the same time the extension of the individual springs
is the same as the extension of the whole system, thus we get

F=F+F
k-Ax =k -Ax+k,-Ax (25.1)
k =k + k.

We can see that if we have two identical springs in parallel, they act like one spring with double the stiffness.
If we have n springs, they will act like a single spring that is » times stiffer.

We know from the statement that each spring has an unknown rest length, which we will denote as s. We
also know that when Joe hangs on one spring, his distance from the ground is 50 cm - the extension of the
spring Ax; together with the spring’s rest length s is 200 cm. When he hangs on two springs, the extension
of the springs Ax, together with their rest length s is 110 cm (because it is 140 cm above the ground). And
when he hangs on three springs, the extension of the springs is Ax;. Together with the rest length s we get
the desired distance which we can label as y.

With this notation, we get the equations of force,
F= mg= kAx; = 2k Ax, = 3k Axs,
Axl = 2 AXZ = 3 AX3, (252)

200cm-s= 2(l10cm-s) = 3(y-s).
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From this we can easily calculate the rest length of the springs

200cm-s=220cm-2s = s=20cm. (25.3)

Once we know s, calculating the distance from the ceiling v is trivial

3y-3s=200cm-s = y=80cm. (25.4)

To find Joe’s distance from the ground, we only need to subtract this from the total height of the room, so the
result is 250 cm — y = 170 cm.

Let’s review our knowledge of the forces acting on a charged particle in an electric and in a magnetic
field first. In the electric field, the acting force is the electric force

F.=QE, (26.1)
where Q is the particle’s charge; in a magnetic field, the acting force is the magnetic force
Fn=Q(V x B), (26.2)

where V' is the particle’s velocity. The electric force is either in the direction of the particle or in the opposite
direction, depending on the particle charge; the magnetic force is perpendicular to the magnetic field and the
particle velocity vector. Concluding from these statements, the electric force can change the particle’s speed,
while the magnetic force can only alter its direction, i. e. it is a centripetal force.

1m

Figura 26.1: The motion of the ball

Let’s analyze the motion of the ball. We will denote the horizontal coordinate as x and the vertical one as y.
In the figure 26.1, the ball’s trajectory is traced, but its direction is not marked. However, a simple algorithm
is sufficient for its determination. Let’s assume the ball first traverses the magnetic field, then enters the elec-
tric field. From the trajectory curvature in the magnetic field it is clear the ball’s charge is positive. When a
positively charged particle enters the electric field, the electric force and intensity are identically oriented.
Therefore the ball is accelerated in the direction to the left, which is in accordance with our observation from
26.1, where the x coordinate augments together with the y coordinate. If the ball were to move in the op-
posite direction, from the traced trajectory in the electric field it would seem the ball is decelerating, so it
would be positively charged. However, such an assumption would suggest the curvature should be opposite
after the ball enters the magnetic field.
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Let the ball’s speed be v. The magnetic field is perpendicular to the trajectory plane, and it will always be
perpendicular to the velocity vector, therefore the magnitude of the magnetic force is

E, = QvB. (26.3)

The magnetic force is centripetal, therefore

mvy? %
QvB=— = g =—,
r m  Br
where m is the ball's mass. Since m is constant, the ball’s trajectory is a circle. From the 26.1, its radius is
r = 5 m. Again, from the direction of the curvature, the charge of the ball is positive.

The ball transits from the magnetic to the electric field. There cannot be any non-uniformity in the change
of the velocity vector, as this would mean an infinite force acting in this point. From the figure we see that
once the ball enters the electric field, it moves in the direction of the y coordinate with the same speed it had
in the magnetic field, v. Let’s assume the ball stays in the electric field for a time interval ¢, during which it
traverses a distance of Ay = 5 m in direction y, and a of distance Ax = 10 m in the direction x. There is no
acting force in the y direction, therefore

Ay =vt;
in the x direction, the acting force is
F. = QE,
which describes a uniformly accelerated motion with acceleration
QE
a=—
m
and with a zero initial velocity. Therefore
1QE
ax=12p (26.4)
2 m

After eliminatng time from these equations we obtain
1QE(AyY’
- LOE(L2Y)

2m\v

in which we recognize a parabola.

Substituting <, we get

1 Ay\2 1E (Ay)*
szmlEtl) ~ o LB (26.5)
2 Br v 2B rAx

For the numerical values given in the problem statement and seeing the figure 26.1, we can calculate that
v =0,5m/s.

A full hippo is a solid ball with radius r and mass m. The moment of inertia of a ball is

2
L:gm#. (27.1)
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What about the hungry hippo? Its shape is a sphere (a full hippo) without a stomach. To find the moment of
inertia, we'll have to subtract the moment of inertia of the stomach from the previous result. The stomach is
a sphere with mass m/8, so its radius is r/2. The moment of inerta of the second hippo is then

2 2 231
I = “mr? - _ﬂ(f) = mrt. (27.2)
5 58\2 80

Now, let’s think of the energy conservation law! Let the hippos lie at an altitude /& over the Nile’s water level;
that does mean that during their roll the hippos have to descent by h. The potential energy of the full hippo
will decrease by mgh; this energy is going to transform into rotational and translational parts of hippo’s
kinetic energy. Angular speed can be determined as w = v/r, because the hippo is not slipping. For the full
hippo we obtain

2 2
1 1

= —mvi + —mv} (27.3)
5 2
7

= —mvi,
10

from which we can express
10
v = 7gh. (27.4)

Then we do the same for a hungry hippo. We have to remember that this hippo’s mass is only Zm. Therefore

7 1 (v,;\* 17
—mgh=-L{—=| +=-mv;
g8 =5 2( r) 28"
31 7
= —mvi+ —mv; (27.5)
160 16
01
160

and from that

140
-\/—gh. 27.6
2=\ 1018 (27.6)

v _v20 (27.7)
Vs 14 '

The ratio of these speeds is

with the full hippo being faster.

When the ball is being submerged into the lake, the hydrostatic pressure slowly rises and compresses
the ball. When the ball shrinks so much that its average density exceeds the density of water, the weight of
the ball definitively overtakes the buoyant force and the ball will no longer emerge on its own. Let us denote
the mass of the empty ball m = 0,1kg, Ry its radius and V, = % R] ~ 0,0042 m? its volume outside the water.
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When Lucy inflates the ball, its total mass increases by the mass of the air to
M=m+ VoPa, (281)

where p, is the density of air at standard temperature and pressure. Since Lucy submerges the ball very slowly,
the temperature of the gas remains equal to the temperature of water during the entire process. Thus we have
an isothermal process, where the equation pV = const holds.

The pressure at the water surface is just the atmospheric pressure po. In depth /4 under the surface, this
pressure increases by hydrostatic pressure p,,gh, where p,, is the density of water. Let us denote the volume
of the ball in depth h as V. Then the isothermal process yields

poVo = (po+ pugh)V. (28.2)

From this equation we can easily express the volume of the ball in depth 4 as

V=y,— 2o
Po

_. 28.3
T (28.3)

If we want to find the critical depth, we need to set the average density of the ball equal to the density of
water, therefore

= =p,. 28.4
v P (28.4)

Now we only need to plug the mass M from equation 28.1 and volume V of the ball from equation 28.3 into
this to get

m+ V
P - b, (28.5)
Vi
0 po+pwgh
and express the depth h. The answer is
47R3p,,
= Po [P ) 390 m, (28.6)
pwg\3m +4nR;p,

Since there is no momentum of force acting on the system from the outside of it, the angular momentum
is conserved. The energy is not conserved since there is friction and thus some energy is converted into heat.
If I; is moment of inertia of the disc, the initial angular momentum is L = [ w.

After the square with moment of inertia I, starts rotating, the total moment of inertia is I; + I, and the angular
frequency drops to w’. The angular momentum is therefore L = (I;+1,)w’. The law of conservation of angular
momentum gives

Iy
L+1

/

w. (29.1)

The remaining part is to plug in the moments of inertia. Moment of inertia of a homogeneous disc I = 3m;r?
which is I; = Zor* when expressed with area density. Moment of inertia of a homogeneous square rotating
around its centre can be determined using the parallel axis theorem and the fact that a square comprises of
four smaller squares rotating around their corners. The moment of inertia of a square is I, = Km,a* = Koa*
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with an unknown constant K. It is an additive physical property so it can be expressed as a sum of moments of
inertia of four smaller squares with side § and mass % and the rotation axis in the distance [ = VG from their

centre of mass. Their constant K is still the same because they are squares. Using the parallel axis theorem

we obtain
my(a\> m, a\* a2 a \
Kmya® =4 K—(—) +—1?|,Koa* =4 Ka(—) +a(—) —1 1,
4 \2 4 2 2) \2v2

4 (29.2)

Moment of inertia of the square is therefore I, = £ 0a* and the final angular frequency is

T4

/ 2
w' = w= w.
Zort+ Loa’ 3mrd + at

or 3rrt

(29.3)

When electric current flows through a resistor, its temperature increases due to Joule heat. Heat from
the resistor is flowing to surrounding air and we know that this heat is proportional to the temperature
difference between the resistor and surroundings. The power of the resistor is

U2
P.=UI=—-. (30.1)
and the power of heat flowing away is
P_=kS AT, (30.2)

where S is the area of resistor and AT is the temperature difference. After a long time, the temperature of the
resistor is constant, which means that all heat produced by resistor is flowing to the surroundings, so we can
write P, = P_
U? U?
— =kSAT = AT=—. 30.3
R RkS (303)

Moreover, we can express the resistance of a conductor with length € and cross-sectional area § as

?
R=p—, 30.4
P3 (30.4)

where p is the resistivity of material. If we increase the proportions of the conductor by factor «, ¢ also
increases by factor « and S increases by a?. This scaling is independent of the shape of the conductor, that
means if we had a conductor with different cross-section areas, every cross-section area would still scale by
factor a. Therefore, we can think of the resistor as of an imperfect conductor. If we scale its size by factor «,
its resistivity always decreases by «.

After a long time, the scaled resistor reaches its equilibrium temperature T, and the temperature difference
with respect to the surrounding medium is AT, = T, — T,. With this knowledge we can simplify equation
30.3

U? 1 U2 1
m = — = —AT. (30.5)
EkoczS a RkS ()4

ATZ =
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Moreover, we know that « = 2,50 AT, = % AT. The temperature difference for the small resistoris AT = Ty T,
and for the big resistor it is AT = T, — T, from where we can express

_ T()+T1

T, 5

The moment of inertia of the star can be calculated as the sum of all the moments of inertia from the
individual rods about the axis passing through the centre of the star. The moment of inertia of a single rod
with mass m and length d about its center of mass is I, = 7 md>. If we want to calculate the moment of inertia
about a different axis, we can use the parallel axis theorem, which states that if the new axis is parallel to the
original axis, the new moment of inertia can be calculated as

I =1y + mx?, (31.1)

where x is the distance between the two axes.

In case of the star, the distance between the axis passing through the center of the rod and the axis passing
through the center of the star is one third of the length of the median of the equilateral «triangles» that the
star is made out of. The length of the median of such a triangle can be determined using the Pythagorean

theorem as
2
a= \‘ 42 - (é) V3, (31.2)
2 2

The moment of inertia of the star about its center is then

a\? 1 2 1 2 2
I=6 Io+m(—) :6(—md + —md ) = md". (31.3)
3 12 12

The stiffness of the spring in Dave’s work of art can be calculated using the method of virtual work. It
states that if the system is displaced from its equilibrium position by an infinitesimal amount, its energy does
not change. The work of art is symmetric around the vertical axis, therefore it is enough if we look on one of
its halves, the other must remain symmetric.

Figura 32.1: Proportions of the «artwork» in equilibrium position
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Dave’s system is in its equilibrium when the spring is stretched to length L. Then we can calculate the height
of the system (let us denote it as 2h) using the Pythagorean theorem

2
L? = (%) +h:, = h= ?L. (32.1)

The total potential energy of the system can be calculated as the sum of gravitational potential energies of
the four sticks and the potential energy of the spring with stiffness k. In equilibrium, the center of mass of
the two sticks is at height # and for the other two sticks at height 2. Therefore the energy is

Y 3 Yerz - L
E—2(2mgh+ 2mgh)+2kL —4mgh+2kL. (32.2)

Now suppose that the spring is stretched by an infinitesimal distance dx. Since the length of the sticks cannot
change, the height h will change to h + Ah, while the Pythagoras theorem must still hold:

2
L?= (L +2dx) + (h+dh). (32.3)

Neglecting the infinitesimal changes of second order, i. e. (dx)? and (dh)?, yields a relation between the
height and the length of the spring

L
=-—dx. 2.4
dh "y dx (32.4)

Now let us look on the energy, where we are again neglecting the infinitesimal changes in second order

E=4mg(h+dh) + %k(L +dx)® ~ amg(h + dh) + %k(LZ +2Ldx). (32.5)

Since the energy cannot change, we get

0=4mgdh+kLdx = (—mg% +kL) dx. (32.6)

Rearanging and plugging the height h into the equation gives us the stiffness of the spring,

mg_ 2 mg

h 3L’

(32.7)

Let us denote the significant states of the gas by numbers from 1 to 6, as shown in the figure 33.1. The
lowest temperature of the gas is is in point 1 and the highest is in state 4. Let the temperature in state 1 be
T, = T. Then we can calculate the temperature in any other point using the ideal gas law, hence for any of
these significant states we know the volume, pressure, and temperature.
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Figura 33.1: pV diagram so zakreslenymi vyznacnymi stavmi.

We are interested in the efficiency of the engine. That is defined as the ratio of the work gained from the cycle
to the total heat supplied into the gas
w

= . 33.1
Qin ( )

n

Let us begin with the work. With a small change in volume AV the work done by gas equals AW = p AV.
Geometrically, on the pV-diagram, it corresponds to the area of a small rectangle with width AV stretching
from the curve to the V-axis. The total work done by the gas between two states is therefore equal to the area
under the curve between these two states. The work between states 1 and 4 is positive, i. e. work is done by
the gas, and the work between the states 4 and 1 is negative, which means that the work is done on the gas.
The total work done by the gas is then equal to the area enclosed by the curve?

M/:(2+g)pv. (33.2)

Now let’s look on the supplied heat. The first law of thermodynamics tells us that the heat supplied to the
system will be spent on work and change in internal energy

Q=W+AU. (33.3)

However, the internal energy is directly proportional to temperature. Each molecular degree of freedom
contributes to the internal energy by amount 1k T, and since all of these molecules have three degrees of
freedom® and there are N molecules, so

AU=§NkAT (33.4)

We only supply heat to the cycle between states 1 and 4. The temperature in state 4 is by the ideal gas law
equal to

:P4V4T

3p3V
ity 037
1Vv1

T.
4 v

T =9T. (33.5)

*Two rectangles p x V and two quarterellipses with semi axes pa V.
*The gas is monoatomic, therefore has three translational degrees and zero rotional.
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The change in internal energy is then
3

and the work done by the gas between these two states is

Wi, = (5 . Z) V. (33.7)
The total supplied heat is then
Qi = Wiy + AUy, = (5 + g) pV +12NkT. (33.8)
Using the ideal gas law pV = NkT we get
m
Qin = (17 + Z) pv. (33.9)

If we plug this into the definition of efficiency, we get

(2+5)

=~ 27 20.2=20%. (33.10)
a7

Geometrically, the problem is not that complicated, but the calculation is going to be a bit harder. From
the picture, we see that for a real distance of two parsecs

2pco 22 (34.1)
pe= tan1” )
and for Martin’s unit P
lau
P = . 34.2
tan 0,5” ( )
We are interested in the difference
lau 2 au

P—2pc _ (34.3)

" tan0,5” tanl1”’

And here is the problem. 1” is a really small angle and the number of metres in one parsec is really huge.
When subtracting two numbers that differ somewhere around the twelfth digit, the calculator rounds them
in its memory and provides only a result which is really inaccurate, or it may even tell us it is zero.*

Let us use the Taylor expansion of the tangent function:

1 2 17
tanx = x+ x>+ —x°+ —x’ + ... (34.4)
15 315

*A computer can do it. But you are not supposed to have one during Naboj. A good calculator may be able to calculate it too —
if you have one, you're done here.
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Considering the required accuracy of 1 km, a rough estimate tells us that using the first different term of
expansion should be sufficient. Using this third-order term, we get

1 1
2pcw --2au and P - -lau, (34.5)
X+ x? L ()
2773
where x is 1”.
After some simplification, we obtain
2 1 1
P-2pcw — - ———|-1lau. (34.6)
xX\1+3  1+%
After these Taylor atrocities we will lose nothing if we also linearize
1
~1-x, (34.7)
1+x
which lets us simplify the equation 34.3 to
2 x? x? 2 x? X
P-2 czlau-—(l———1+—):lau-——zlau-—. 34.8
P A3 x4 2 (348)

Now we plug x = 1" = = — . back into the equation and obtain the result

180-60-60 _ 648000

"

1
P-2pcey —-lau= — . 1,5-10° km = 364 km. (34.9)
2 1296 000

If we include the next term (o< x°) we would get a more precise result, but only by about 2 pm. Finally let us
remark that the modern definition of parsec does not use a tangent of an angle anymore. but defines parsec
explicitly as 1 au - #4820,

The resulting temperature of the reflective sphere in the equilibrium state does not depend at all on
what the black body inside looks like, at what temperature it would be when not covered, or how much of
the radiation the outer sphere reflects back in: if the energy source supplies the power P, this energy must
simply also be emitted again. The foil has two surfaces - inner and outer — and their total area is 2S. Only
half of this area radiates out, so

1 -
P=-028T*,
2

where T is its temperature. Before the foil was installed, in equilibrium state we had P = ¢ST*. Therefore
T=T.

First of all, the mirror is radially symetric so we can solve this problem only in two dimensions with two
coordinates, namely z (height) and r (distance from the rotation axis). The coordinate system will be rotating
with the mirror. Let us look at the forces acting on a small element of mercury. Reduced to unit mass, they
are

« gravitational acceleration c?é pointing down with magnitude g;

https://physics.naboj.org/ 38 info-es@physics.naboj.org


https://physics.naboj.org/
mailto:info-es@physics.naboj.org

W

€ha 25. Naboj de Fisica, 2022 Soluciones

. . —> . . . . . . .
« centrifugal acceleration a;, pointing away from the rotation axis, whose magnitude increases linearly
with r as w?r.

Their corresponding potentials are gz and -1 w?r2. The total potential is therefore

1
U(r,z) =gz— szrz. (36.1)

Mercury will form a shape which has constant potential on the whole surface (if the potential wasn’t constant,
mercury would want to reshape); and since potential is defined up to an additive constant, we can choose
it so that the potential is zero on the surface of the mercury. The shape of the surface is thus given by a line
whose explicit equation we can obtain by

1 2
gz - szrz -0 o> z=2p (36.2)

Here we recognise a parabola - now we only need to determine its parameters. All light rays parallel to the
axis of the mirror (vertical rays in this problem) will concentrate in one point (which is a pleasant finding
given that we are building a telescope). The simplest way to find the focus is to find a ray that will be horizontal
after reflecting from the parabola. In the point where this particular ray hits the mirror, the mercury makes a
45° angle with the horizontal line and the z coordinate of the point is the same as that of the focus point. Or
we can recall that a parabola is a set of points which are at the same distance from the focus and the directrix
and that in the point where the particular ray hits the mirror we know that z = f and r = 2f. Then
w? g

f= §4f2 = f=5 (36.3)

At the moment when the cylinder is closed, the gas pressure is p,,, and the volume of the gas inside is
SH, where S is the area of the cylinder’s base and H is its height. After reaching equilibrium, the piston is at
height h. That means that the pressure inside is increased by £ by the spring acting on the piston. Since we
are interested in the equilibium height 4 after a long time, temperature of the gas will be the same as at the
beginning so we consider this as isothermic compression which means that

PamSH = (patm + kS—h)Sh. (37.1)
The equilibrium height & is therefore®
h= —Sé’% + \/( SIZ’Z‘“)Z - SHlfatm. (37.2)
The equilibrium pressure inside is
p:patm+%:‘I%+\/(pa2tm)2+kH£m. (37.3)

> After solving the quadratic equation we utilise the positive solution.
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Now let’s displace the piston by x. This displacement results in decrease in pressure by Ap. We are interested
in the apparent stiffness in the very first moment when the gas and the surroundings have not yet exchanged
any heat. Thus we consider this to be an adiabatic process which is described by

p(Sh)" = (p-Ap)[S(h+x)]". (37.4)
Hence
Ap:p—%. (37.5)
The force acting on a piston is
F=—ApS—kx:—pS[l—(1+%)_%]—kx (37.6)
and for small displacements
F- -(%ﬁ v k)x, (37.7)

whence we immediately see that the apparent stiffness is

F S 2
K=t =P 2 ik (37.8)
X h 1+S4kH
Palm

For the numerical values from the problem statement the result is K ~ 1,8 kN/m.

Let’s denote the charge on Paula’s sticks g, their length d and mass m. We are interested in small osci-
llations, i. e. small angular displacement ¢ from the equilibrium (which is obviously the position when the
stick is standing upwards) so if we encounter any formula containg ¢, we can make use of the Taylor series
and then neglect all terms with ¢? and higher orders.

Three forces act upon the middle stick — gravitational and two electric — and since the stick can rotate around
its bottom end, we want to know the corresponding torques. The gravitational force of magnitude mg acts in
the middle of the stick so the corresponding torque at angular displacement ¢ is $mgsin ¢ ~ 2mggp, where
displacement ¢ in clockwise direction is considered positive and torque is positive if it is trying to turn the
stick in clockwise direction.

Figura 38.1: A displaced stick and distances and angles in the triangles.
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It gets a bit complicated with moments of electrical forces. Let the distance of the upper point charge from
the one on the table on the right be r;. Applying the law of cosines to the triangle in the right half of the
picture 38.1 yields

1t =d*+d*-2dd cos(g - go) =2d*(1-sing) ~ 2d*(1- ¢). (38.1)

The square of the distance to the left charge is analogically 3 = 2d?(1 + ¢). If we know the distances, we know
the magnitudes of the electrical forces, but we also want to know their directions. Let’s look at the picture
38.1 once again.

We have two isosceles triangles which we can use to calculate the angles

T 9 T 9
. L 2
X 4+2 a y 1 5 (38.2)

because the sum of interior angles in a triangle is 7. Furthermore, we also see that

s
a+—+x=7 a ﬁ+z+y:n, (38.3)
2 2
$O
T_ ¢ T ¢
= — — = = — 4 —, 38.4
“ 4 2 a P 4 2 ( )
To calculate the torque, we need to know cosines of these angles, so
2 2
cosoc=coszcosf+sinzsin£z£+££ (38.5)
4 2 2 2 2 2
and analogically
2 2
cosf} = £ - ig (38.6)
2 2 2

Finally we are getting to the torques where we use Taylor series ﬁ ~ 1+¢ and ﬁ ~ 1-¢. Angular acceleration
¢ is then calculated as

2 2

q q d i
Je= _d4nsorf cosa + d4ﬂ80r§ cos B + S mgsing
- 1 —+—=|+d l—o)| X2 X2 ) 2
dreo2de +(P)( 2 "2 2) e N T ) e (38.7)
(g 32 4
" 4mey 4d 2 g9

The moment of inertia of a stick rotating around its end is J = $md?, which, after plugging in into previous
equation, yields

£=-—
4mey 4d 2

3 ( 2 3V2 d
mdz( —mg)go, (38.8)

info-es@physics.naboj.org 41 https://physics.naboj.org/


mailto:info-es@physics.naboj.org
https://physics.naboj.org/

Soluciones 25. Naboj de Fisica, 2022 T

which is a simple harmonic oscillator with angular frequency

, 3 q° 3\/§_€
w = md?\ 4ne, 4d 2 M) (38.9)

Thus, the period of small oscillations with the numerical values from the problem statement is

2
7= :105s (38.10)
w

The light bulb shine equally in all directions, so we are able to express its luminous intensity I as a
fraction of its total flux @,

I=—. 39.1
yp (39.1)

Apart from this we will also need to know its luminous emittance, or the luminous flux per unit surface area
when looking along any ray ending on its surface. If we denote its radius r, the area of its cross-section is 7rr?
and emittance

I )

nr?2  4mir?’

(39.2)

How does it look under the lamp? The reflector redirects a fraction of the light onto the pavement, increasing
the illumination in comparison to a naked bulb. Since the bulb is exactly in the focus of the paraboloid, the
intensity will increase markedly along its axis. The bulb is not a point source, so these rays will not be perfectly
parallel - however if we are looking from a place sufficiently far below the lamp, where the angles in question
are already very small, we can look in any direction and see

« either the sky or the lamppost (which are of no interest to us since they do not emit any light);
« or the bulb (and therefore emittance L);

o or its reflection from the polished surface of the reflector (and again emittance L).

For this ratio of sizes of the bulb and the mirror and the height of the lamp this condition certainly holds. On
the whole, when looking from below the lamp behaves as if it had a larger bulb with the same diameter as the
reflector, but with same emittance as the real bulb® Now we only need to find the illuminance, which can be
done by finding the solid angle which the reflector subtends when looking from the surface of the road, and
multiply it by luminance. Since all angles are small, we can approximate the solid angle as

Q~ ﬂ(%)z, (39.3)

where R is the radius of the reflector and H >> R the height of the lamppost. The illuminance under the lamp
will then be

) R\?
E=L,Q~ |l —] =~ 354Ix. 39.4
0 47212 (H) x ( )

%The total luminous flux is of course conserved: only light that would have been emitted upwards or to the sides, is now reflected
down. Only light that reflects back onto the bulb cannot exit the reflector.
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Kepler’s laws tell us that if we throw an object in radial gravitational field of the Moon, it will follow
an elliptical trajectory with one of its foci F, in the center of the Moon. We only need to find the position of
the second focus point so that the initial speed will be minimal. Let us denote the angular distance between
Matthew and Jacob as ¢ (in our case, ¢ = 90°, because we are throwing the rock from the North Pole to the
equator). It is clear that the other focus point will lie on the bisector of this angle (see figure 40.1). To find
this point we can use the vis-viva equation.

It relates the total energy of an object orbiting a planet with the semi-major axis of the ellipse. We will use it

in form

1 , GMm GMm
—mv- — = — (40 1)
2 r 2a

where the expression on the left-hand side is the total energy of the orbiting body (kinetic and potential) and

a is the semi-major axis of its orbit.

The derivation of this equation relies on using the conservation laws for energy and angular momentum.
Consider a point mass orbiting a planet of mass M and let us denote its speed at the pericentre as v, and its
distance from the planet as r,; and at the apocentre v, and the distance r, respectively. The energy conser-
vation law tells us that

1 Mm 1 Mm
—mvy —-G—=-mv; -G (40.2)
2 p 2 Ta
and the angular momentum conservation law yields
"p
mvyry, = mv,r, = vV, = vpr—. (40.3)
If we plug this into the equation 40.2, we get
1 Mm 1 ,r,  Mm 1 r 1 1
—mv, -G— = —mvf,—p—G = —mv, 1-L)=GMm|=-=]. (40.4)
2 r, 2 r’ T 2 r2 rp Ta
Finally, dividing by the expression (1 - (:—‘;)2) and using 2a = r, + r,, gives us the result
1 , GMmr,
—mv; = —
2P 2a 1,
o (40.5)
1 Mm Mm
~mv, -G =- :
2 p 2a

The law of conservation of energy says that the expression mv2/2 — GMm/r is constant along the object’s
trajectory. We have managed to express it at the point of its closest approach, therefore it must be the same
for any other point on the trajectory. Thus the vis-viva equation (40.1) is proven.
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Figura 40.1: The trajectory of the rock.

Let us denote the unknown initial speed of the rock as vy. Then the equation 40.1 becomes

2 1

1 M M
—mvg - eRa bl
2 R 2a

Notice that the initial speed v, decreases with decreasing semi-major axis. Therefore we only need to find the
position F, of the second focus so that the length of the semi-major axis is minimal. Next we notice that if
we take any point on the ellipse, e. g. point A, and we calculate the sum of the distances from this point to the
foci of the ellipse (|AF,| +|AF,| in the figure), we always get 2a. However, the distance |AF,| is always equal to
the radius of the Moon R, so we can only minimize |AF,|.

The shortest possible distance corresponds to the situation when point F, lies on the line connecting A and
B. Then

2a = |AF,| + |AB)| = R((l +sin g) (40.7)
and if we plug this into equation 40.6 and express the speed v, we get
2GM, 1
Vo = 1o —— ). (40.8)
R¢ 1+sin?
Setting ¢ = 90° yields
GM¢ 2V2
vy = ¢ 2V2 (40.9)
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