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Problemy

1 Babcia Basia czytała czasopismo Geochimica et Cosmochimica Acta i znalazła w nim nonogram. Po
jego rozwiązaniu poczuła nagłą potrzebę znalezienia środka masy powstałego obrazka. Jaka jest odległość
środka masy od geometrycznego środka obrazka, jeśli wszystkie pokolorowane kwadraty mają jednakową
masę, a puste kwadraty są bezmasowe. Długość boku każdego małego kwadratu wynosi 1?
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2 Marek dołączył do live streamingu po trzydziestu minutach od jego rozpoczęcia. Zaczął oglądać audy-
cję od początku, ale z szybkością odtwarzania 1,75×. Po jakim czasieMarek będzie na bieżąco ze streamerem?

Odpowiedź podaj w formacie HH:MM:SS.

3 Turysta właśnie osiągnął szczyt wysokiego wzniesienia. Całkowita różnica wzniesień na jego szlaku
wynosiła 1302 metry, a jego łączne przewyższenie 1447 metrów. Ile metrów będzie wynosiło przewyższenie
w drodze powrotnej, jeśli pójdzie tą samą trasą?

4 Aby uczcić niedawne święto, które obchodziliśmy, złożyliśmy czeską flagę o szerokości 54 cm i wy-
sokości 36 cm z trzech kolorowych kawałków blachy. Niebieski trójkąt rozciągał się do połowy szerokości
flagi. Po wystawieniu jej na zewnątrz, flaga była oświetlana przez Słońce i każda z jej części osiągnęła inną
temperaturę: biała 30 °C, czerwona 70 °C a niebieska część została podgrzana do 90 °C.

Jaka będzie temperatura flagi, jeśli odizolujemy ją od otoczenia i poczekamy, aż temperatury się wyrównają?

5 Zespół ośmiu osób przeszukuje pole w poszukiwaniu pozostałości po niedawno spadłym meteorycie.
Idą tylarierą (jeden obok drugiego w pewnym oddaleniu od siebie). Każda osoba skanuje pasek o szerokości
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2,5 m, idąc z prędkością 1 m/s. Za każdym razem, gdy docierają na koniec pola, szybko zawracają, przenoszą
się na sąsiedni pas ziemi i tam kontynuują poszukiwania. Pole ma długość 500 m i szerokość 300 m.

Jednakw tym samym czasie, gdy zespół rozpoczął poszukiwania, traktor zaczął orać pole w odległości 300m.
Jego pługma szerokość 10m i porusza się z prędkością 18 km/h. Po dojechaniu do końca pola bardzo szybko
zawraca i przenosi się na sąsiedni pas ziemi. Jaka część pola pozostanie nieprzeskanowana, jeśli poszukiwa-
nia będą musiały zostać zatrzymane, gdy którykolwiek członek zespołu spotka się z ciągnikiem?

300 m

500 m

6 Po raz kolejny wygoda wzięła górę nad ekologią… Andrzej, Jarek, Mateusz i Mariusz jadą na stację
kolejową, każdy swoim samochodem. Gdy przejeżdżają przez wieś z maksymalną dozwoloną prędkością
50 km/h, zajmują odcinek drogi o długości 150m. Jeśli wszyscy jadą dokładnie tak samo, to jak długi odcinek
drogi będą zajmowali po opuszczeniu wioski, gdy przyspieszą do prędkości 90 km/h?

Nie bierzemy pod uwagę długości samochodów.

7 Daniel wybrał ze swojego pudełka domajsterkowania dwa przypadkowe oporniki i podłączył je do ob-
wodu elektrycznego, najpierw szeregowo, potem równolegle. Wieczorem pani sprzątająca jego pokój znalała
na stole małą karteczkę z nabazgranymi na niej wartościami 4 Ω and 25 Ω.

Jakie były rezystancje tych oporników?

8 Wśredniowiecznymzamkuprzewodnik pokazuje ciekawskim zwiedzającym słynną studnię.Nie doce-
niając ichmatematycznych zdolności, przedstawia uproszczony sposób obliczenia jej głębokości: zwiedzający
powinien wrzucić do studni monetę lub kamień i liczyć czas do usłyszenia odgłosu uderzania monety o dno.
Następnie, aby znaleźć głębokość, powinien ten czas pomnożyć przez pewną stałą k. Oczywiście przewodnik
określa wartość stałej k tak, aby działało to dla konkretnej studni. Przedstaw, jak znaleźć głębokość studni
znając stałą k i przyspieszenie ziemskie g.

Przyjmij, że we wszystkich średniowiecznych studniach prędkość dźwięku jest nieskończona.

9 Justyna przygotowała roztwór acetonu w wodzie. Musiała jednak na chwilę opuścić laboratorium. Kie-
dy wróciła, zauważyła, że jedna trzecia masy acetonu i jedna dziesiąta masy wody wyparowała. Justyna zmie-
rzyła, że stosunek masowy acetonu w roztworze zmniejszył się o jedną szóstą.

Jaki był pierwotny stosunek masowy acetonu w roztworze?

10 Marta ma żyrandol, który jest zbudowany z punktowej masy M i pięci bardzo lekkich przyczepionych
do niej prętów o długości L.Między kolejnymi dwomaprętami jest dokładnie taki samkąt. Na końcu każdego
pręta znajduje się świeca omasiem. Cały żyrandol jest zawieszony pod sufitem za pomocą długiego łańcucha,
który jest połączony z punktową masą.
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Nagle jedna ze świec odpada. Jaki będzie nowy kąt między płaszczyzną prętów a płaszczyzną poziomą, po
osiągnięciu przez układ równowagi?

L

M

m

11 Marcin kupił prostokątną działkę o wymiarach a i b, gdzie a ≥ b. Ile piasku może nawieźć na działkę,
aby cały pozostał na jego posesji? Kąt usypu piasku wynosi β.

βa

b

12 Karolwypróbowywał nową aplikację dlamiłośników transportu publicznego.Między innymi rejestruje
ona przebyty dystans i wyświetla średnią prędkość mierzoną w km/h od początku podróży. Karol spędził
ostatnią noc jeżdżąc autobusami, a dziś narysował wykres odległości w funkcji czasu, jak pokazano poniżej.
Jaka była największa średnia prędkość, którą pokazywała aplikacja podczas podróży Karola?
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13 Teresa kupiła w Anglii specjalny zestaw do herbaty. Składa się on z wyważonej na środku huśtawki i
pięciu spodków umieszczonych w równych odległościach od siebie. Teresa zaprosiła swoje przyjaciółki na
herbatkę. Pięć przyjaciółek usiadło w porządku alfabetycznym przy jej specjalnym zestawie do herbaty. Przy-
niosły one pięć filiżanek, których masy są w proporcjach 1:2:3:4:5 i postawiły je na spodkach. Na ile różnych
sposobów Teresa może ułożyć filiżanki, żeby huśtawka pozostała w równowadze?
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14 Marcin chce wybudować na swojej działce pomnik. Podstawą pomnika będzie prostokątna betonowa
płyta owymiarach a = 10m i b = 7m.Musi się ona znajdować nawysokości h = 3mnad obecną powierzchnią
i być podparta pod całą swoją powierzchnią. Jaką minimalną objętość gruntu będzie musiał nawieźć pod
betonową podstawą, jeśli kąt usypu gruntu wynosi β = °?

a

b

h
β

15 W dniu swoich urodzin Andrzej dostał w prezencie zestaw konstrukcyjny. Natychmiast zbudował spe-
cjalne urządzenie: wziął koło zębate o 36 zębach i umieścił wokół niego cztery mniejsze koła o 16 zębach.
Następnie wokół całego układu rozciągnął pasek. Ile razy musi obrócić duże koło, aby pasek wykonał jeden
pełny obrót? Osie wszystkich kół są przymocowane do płytki.

36 16

16 Astronauta Karol udał się w podróż na Marsa i zabrał ze sobą barometr z rurką wypełnioną rtęcią. Na
Ziemi rtęć w rurce znajdowała się na wysokości 760 mm. Jaka będzie wysokość słypa rtęci na Marsie, gdzie
ciśnienie atmosferyczne wynosi 600 Pa?

Pomiń rotację obu planet.

Hg

?
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17 Paulina przewlekła sznurek przez otwór w swoim stole tak, że długość sznurka pod stołem wynosi ℓ.
Następnie zawiesiła na sznurku ciężarek i wprawiła go w ruch obrotowy z prędkością kątową ω. Zrozumiałe
jest, że musi trzymać górny koniec sznurka w ręce. Jaką pracę wykona, jeśli pociągnie sznurek o niewielką
odległość ∆ℓ w swoją stronę?

Δℓ

ℓ

m

ω

18 Blaszana flaga jest bardzo ładna, ale nie widać jej po zmroku. Dlatego wzięliśmy czeską flagę o szero-
kości 54 cm i wysokości 36 cm i oświetliliśmy ją świecącymi paskami o oporności elektrycznej 30 Ω/m tak,
aby każdy kolor był otoczony paskiem ze wszystkich stron, a paski były połączone w wierzchołkach flagi.
Następnie połączyliśmy dwa skrajne lewe rogi flagi z napięciem wejściowym 42 V.

Nasz ochroniarz nie był jednak przekonany o bezpieczeństwie tego obwodu, więc wyłączył źródło napięcia,
losowo wybrał punkt na listwie i wstawił bezpiecznik o nominalnym prądzie znamionowym 2 A. Jakie jest
prawdopodobieństwo przepalenia się bezpiecznika po ponownym włączeniu napięcia wejściowego?

U = 42 V

54 cm

36 cm

27 cm

19 Maszynistka Wiola uruchomiła hamulec bezpieczeństwa w swoim pociągu. Hamulce działają pneu-
matycznie i mają niewielkie opóźnienie: koła lokomotywy są blokowane natychmiast, w pierwszym wagonie
sekundę później, a w każdym kolejnym wagonie 1 s po poprzednim.

Pociąg ma pięć wagonów, każdy waży 20 t, lokomotywa waży 100 t, a współczynnik tarcia dynamicznego
między kołami a szynami wynosi 0,2. Jaka jest całkowita odległość przebyta przez hamujący pociąg, jeżeli
prędkość początkowa wynosiła 72 km/h?

20 Adam lubi budować mosty. Tym razem wziął trzy identyczne klocki o bokach a ≥ b ≥ c. Chce poznać
długość najdłuższej możliwej szczeliny, nad którąmoże zbudowaćmost, używając tylko tych trzech klocków.
Tarcie między wszystkimi klockami orazmiędzy klockami a podłogą jest niewielkie i Adam niemoże na nim
polegać.
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Przednie ściany klocków muszą leżeć w jednej płaszczyźnie.

a

d

21 Mrówka wspina się na duży cukrowy kopiec w kształcie stożka o promieniu podstawy 1 m i wysokości
2m.Obecnie znajduje się u podstawy kopca dokładnie na południowywschódod szczytu. Jaka jest najkrótsza
droga, którą będzie musiała się wspiąć, aby dotrzeć do południowo-zachodniej strony kopca na wysokość
1 m?

90°

22 Paulina znalazła w domu cztery identyczne, jednorodne patyczki o masie 2 kg i długości 2 m każdy.
Zawiesiła je w jednym punkcie pod sufitem. Następnie do końca każdego z patyczków przymocowała bez-
masowy ładunek o wartości 10−4 C, tak by się odpychały. Znajdź kąt między patyczkami a pionem w stanie
równowagi.

Ten problem nie ma analitycznego rozwiązania. Zachęcamy do skorzystania z kalkulatora. Odpowiedź podaj
w stopniach, z dokładnością do co najmniej jednego miejsca po przecinku.

23 Ciężarówka jedzie drogą z szybkością 50 km/h. Mucha leci w przeciwnym kierunku z tą samą szybko-
ścią. Kolizja kończy się dokładnie tak, jak możnaby się tego spodziewać i mucha zamienia się w maź. O ile
wzrasta temperatura mazi, jeśli ciepło właściwe muchy wynosi 3 kJ/(kg⋅K)?

Załóżmy, że przednia szyba jest idealnie sztywna i nie nagrzewa się.
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24 Mateusz pomyślnie ukończył studia, więc teraz może wreszcie pracować w parku rozrywki. Jego ulu-
bioną atrakcją jest rollercoaster z pionową półpętlą. Mateusz siada w wagoniku na szczycie pętli i lekko
odpycha się od poręczy, aby ruszyć do przodu. Gdy jest w połowie drogi w dół, jego prędkość wynosi v. Jakie
przeciążenie g odczuje Mateusz, gdy znajdzie się w najniższym punkcie pętli?

Pomiń opór powietrza, tarcie między samochodem a pętlą i wszystkie inne paskudne siły.

v

?

25 Wpokoju Szymona z sufitu zwisa kilka sprężyn o nieznanej długości spoczynkowej. Sprężyny znajdują
się blisko siebie. Kiedy Szymonwisi na jednej sprężynie, znajduje się 50 cmnad podłogą. Kiedywisi na dwóch
sprężynach, znajduje się 140 cm nad podłogą.

Jak wysoko zawiśnie Szymon, jeśli złapie się za trzy sprężyny? Sufit w jego pokoju jest na wysokości 250 cm.

26 Patryk znalazł dziwną, naładowaną elektrycznie piłkę. Aby dowiedzieć się więcej na jej temat, umieścił
ją w nowoczesnej elektromagnetycznej komorze analitycznej. Komora jest dobrze osłonięta od pola gra-
witacyjnego i podzielona na dwie części: w lewej połowie panuje jednorodne pole elektryczne o natężeniu
E = , V/m, w prawej połowie jednorodne pole magnetyczne o indukcji B = , T. Dziwna piłka została
wpuszczona do komory, a jej trajektoria jest pokazana na rysunku. Jaka była początkowa prędkość piłki?

1 m

E B

27 Na brzegu Nilu o nachyleniu α, na wysokości h nad poziomem wody, opalają się dwa jednorodne,
kuliste hipopotamy. Każdy hipopotam ma kulisty żołądek umieszczony w środku swojego ciała. Jeden z hi-
popotamów jest głodny (ma pusty żołądek), drugi jest najedzony (jego żołądek w całości wypełnia trawa,
woda i zagubieni turyści - gęstość żołądka jest taka sama jak samego hipopotama). Masa głodnego hipopo-
tama jest o jedną ósmą mniejsza od masy najedzonego.

Gdy mają już dość opalania, zaczynają się staczać do wody. Który z nich będzie szybszy? I ile razy?
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Zawartość żołądka hipopotama obraca się wraz z resztą hipopotama.

28 Ania nadmuchała piłkę plażową o masie 100 g i promieniu 10 cm powietrzem o ciśnieniu atmosfe-
rycznym. Następnie zaczęła powoli zanurzać ją w wodzie. Jaka jest największa możliwa głębokość, na jaką
można ją zanurzyć, aby wynurzyła się sama, jeśli temperatura wody jest wszędzie stała?

29 Wycięliśmy okrągły krążek o promieniu r i kwadrat o boku a z cienkiej blachy o gęstości powierzchni
σ . Następnie wbiliśmy pręt przez środki obu naszych figur. Sprawiliśmy, że krążek obracał się z prędkością
kątową ω, a następnie zetknęliśmy go z kwadratem. Jaka będzie końcowa prędkość kątowa obu figur, po tym
jak siła tarcia spowoduje, że będą się one obracać z tą samą prędkością kątową?

30 Daniel odkrył, że przepływający prąd elektryczny podgrzewa opornik. Jego ulubiony rezystor podłą-
czony do zasilacza o stałym napięciu też się nagrzewa – po długim czasie, jego temperatura ustabilizowała się
na T. Następnie, powtórzył taki sam eksperyment z innym rezystorem, który został wykonany z tego same-
go materiału co jego ulubiony, ale wszystkie wymiary były dwa razy większe. Jaka jest stabilna temperatura
drugiego rezystora?

W obu przypadkach na rezystor był ustawiony wentylator, który wydmuchiwał ogrzane powietrze i utrzy-
mywał temperaturę otaczenia rezystora na T. Zaniedbać przenikanie ciepła przez promieniowanie.

31 Podczas wieczornego spaceru ulicami Gdańska, Beata zauważyła, że pojawiły się już ozdoby świątecz-
ne. Początkowo zastanawiała się, dlaczego Boże Narodzenie znów zaczyna się w listopadzie, ale potem za-
uważyła ciekawą dekorację w kształcie sześcioramiennej gwiazdy. Dekoracja składała się z sześciu prętów o
długości d i masie m każdy. Jako prawdziwy fizyk od razu obliczyła jej moment bezwładności względem osi
przechodzącej przez środek i prostopadłej do płaszczyzny gwiazdy. Jaką odpowiedź otrzymała?

d

32 Poza obiecującą karierą fizyka, Mariusz zajął się sztuką współczesną. Pobiegł na strych i zniósł cztery
patyki omasiem i długości L każdy oraz jedną sprężynę o zerowej długości spoczynkowej.Następnie połączył
patyki w czworobok tak, abymogły się swobodnie obracać, pozostając zawsze w jednej płaszczyźnie. Połączył
dwa przeciwległe punkty narożne sprężyną i umieścił swoje dzieło sztuki w jednym punkcie narożnym, tak
aby sprężyna była pozioma. Jaki jest współczynnik sprężystości sprężyny, jeśli rozciągnie się ona o długość
L?
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L

33 W samym środku kryzysu energetycznego, Jarek wyciągnął ze stodoły parowóz swojego pradziadka.
Wystarczyło kilka szybkich poprawek i działał jak nowy. Maszyna pracuje teraz zgodnie z cyklem przedsta-
wionym na diagramie pV . Jaka jest jego sprawność, jeśli gaz można traktować jako idealny gaz jednoatomo-
wy?

p

V2V

2p

3p

3VV

p

4p

4V

34 Parsek to odległość, dla której paralaksa roczna położenia Ziemi widzianej prostopadle do płaszczyzny
orbity wynosi (1′′) sekundę łuku. Marcin próbuje obliczyć odległość do gwiazdy odległej o 2 pc jak gdyby
promień kątowy orbity Ziemi widzianej z tego miejsca był równy 0,5′′. Marcin zdaje sobie sprawę, że to nie
jest całkowicie poprawne, ale ponieważ te kąty są niezwykle małe, wie, że błąd względny będzie nieistotny.
Mimo to chciałby wiedzieć: jak bardzo ta odległość różni się od rzeczywistej długości 2 pc?

Jeśli twój kalkulator nie współpracuje, możesz spróbować rozwinięcia szeregu Taylora.

〃 〃

1 au

35 Idealnie czarna kulista planeta jest podgrzewana od środka własną mocą P. Jeśli pozostawimy ją samą
sobie, jej temperatura ustabilizuje się na T . Teraz pokrywamy planetę cienką, odbijającą światło, sferyczną
warstwą o tym samym promieniu co planeta. Warstwa odbija 80 % padającego promieniowania z powrotem
na planetę i pochłania pozostałą część promieniowania. Jaka jest temperatura równowagi warstwy, jeśli nie
dotyka ona bezpośrednio powierzchni planety?
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36 Tomek planuje zbudować ogromny teleskop. Ponieważ trochę obawiał się stłuczenia drogiego lustra
głównego, postanowił użyć ciekłej rtęci zamiast szkła: wlał rtęć do dużej płaskiej miski i rozkręcił ją do pręd-
kości kątowej ω.

Jaka jest jego ogniskowa po umieszczeniu w jednorodnym polu grawitacyjnym o natężeniu g?

37 Miłosz zamknął spężynę o współczynniku sprężystości 100 N/m i zerowej długości spoczynkowej w
cylindrze o polu podstawy 10 cm2 i wysokości 10 m. Cylinder wypełniony był dwuatomowym gazem dosko-
nałym. Miłosz przymocował jeden koniec sprężyny do dna cylindra, a drugi koniec do bezmasowego tłoka,
który hermetycznie go zamyka. Kiedy zamykał cylinder tłokiem, w cylindrze panowało ciśnienie normalne,
które, co zrozumiałe, wzrosło, gdy tłok osiągnął swoją wysokość równowagi i temperaturę.

Jaki jest pozorny współczynnik sprężystości sprężyny dla małych wychyleń ze stanu równowagi?

10 cm2

10
0 

N
/m 10 cm

38 Paulina chce zbudować inny układ mechaniczny. Tym razem wzięła trzy jednorodne patyczki o masie
2 km, długości 2 m i bezmasowym ładunku o wartości 10−4 C na jednym z końców. Na poziomym stole
przykleiła dwa patyczki tak, że były równoległe i dotykały się swoimi bezładunkowymi końcami.

Następnie wzięła trzeci patyczek i zamontowała go za pomocą zawiasu, w miejscu, gdzie poprzednie dwa
patyki się stykają. Ładunek trzeciego patyczka znajdował się na jego górnym końcu. Mógł się on swobodnie
obracać w płaszczyźnie pionowej. Następnie lekko przesunęła trzeci patyczek z pozycji pionowej w kierunku
jednego z patyczków na stole i zaobserwowała jego niewielkie oscylacje. Jaki jest ich okres?

39 Na krawędzi mola znajduje się lampa uliczna. Jej klosz ma kształt paraboloidy o promieniu otworu
10 cm i głębokości 7 cm. Dodatkowo jej wewnętrzna powierzchnia idealnie odbija światło.

W jego ognisku znajduje się kulista żarówka o promieniu 3 cm, która izotropowo emituje strumień świetlny
10 klm. Jakie jest natężenie oświetlenia w punkcie na drodze, znajdującym się bezpośrednio pod żarówką.

Dla małych kątów można użyć przybliżenia sin x ≈ tan x ≈ x. Żarówka jest w pełni nieprzezroczysta.
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5 m 3 cm

10 cm

40 Mateusz i Jakub badają powierzchnię Księżyca. Mateusz wylądował na biegunie północnym, podczas
gdy Jakub kontynuował podróż w kierunku równika księżycowego. Kilka chwil później Mateusz znalazł bar-
dzo interesujący kamień i chciał go pokazać Jakubowi, aby ten mógł przeprowadzić jego analizę. W tym celu
chce poznać najmniejszą prędkość, z jaką musi rzucić kamień, aby dotarł on do równika. Masa Księżyca to
M$, a jego promień to R$.
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Rozwiązania

1 To find the centre of mass we need not solve the nonogram at all: we only need to find the distribution
of mass, which is completely described by the numbers in the legend. Of course, wemay solve it, but it costs
time, which is at premium during the competition.

We should immediately notice that the nonogram is symmetric around the vertical axis, and that the hori-
zontal coordinate of the centre of mass is the same as that of the centre of the picture. Hence, we only need
to calculate the vertical coordinate of the centre of mass using the numbers in the rows. We assign each row
its weight −,−, . . . , ,  corresponding to its distance from the middle row. Then we sum all the numbers
in each row, multiply the sum by the row’s weight and then sum it all up.1 Finally, we divide it by the number
of all coloured squares in the nonogram, which conveniently happens to be exactly 100.

Thus we obtain the vertical coordinate of the centre of mass

y =


∑
j=−
( j ⋅∑

i
xi j)


∑
j=−
(∑

i
xi j)

− , = (−) ⋅  + (−) ⋅ ( +  + ) + . . . +  ⋅ ( + ) +  ⋅ 
 + ( +  + ) + . . . + ( + ) + 

= −

= −,. (1.1)

The distance of the centre of mass from the centre of the picture is therefore 0,17 squares.

2 Marek watches the stream at playback speed vM = ,vS , where vS is the speed of the streamer’s live
broadcast. Since the speeds of streamer’s and Marek’s video do not change, we can use the formula vM =
fM/tM , where fM is Marek’s current video time and tM is the time measured from the moment Marek turned
on the video. Similarly, we can write vS = fS/tS .

Since Marek wants to catch up with the streamer’s live broadcast, he has to see exactly what the streamer is
broadcasting live. From this we get the condition fS = fM , therefore

vS t = vM tM . (2.1)

Furthermore, we know that Marek started at time t =  min later, that is, t = t + tM . By substituting tM
into the equation 2.1, we get

vS t = vM(t − t). (2.2)

Now we substitute vM = ,vS and express the time

t = 

t =  min, (2.3)

or, after converting to the hexadecimal system, 01:10:00.

1Real speed devils will notice that the topmost and bottommost rows are the same, and will not lose time with them either.
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3 The total altitude difference is the difference between the ascended and descended altitudes. On his
way back, the tourist ascends exactly the height he descended before, which is  −  =  metres.

4 Apart from a flag, we see three bodies in a thermal contact.They aremade from the same sheetmetal, so
their specific heat capacity c is the same. And mass? Mass is proportional to their surface area. Using simple
geometry we can see that if the flag’s mass isM, the blue part has mass M

 and each of the two trapezoid parts
has mass M

 .

From that, we can construct a calorimetric equation in the stable state. The equation states that if all parts of
the flag change their temperature to T , the flag will not receive nor lose any heat:

M

c( °C − T) + M


c( °C − T) + M


c( °C − T) = . (4.1)

Now we may simple divide the equation by c andM (naturally, this temperature does not depend on neither
mass nor material of the flag) and further simplify:



( °C − T) + 


( °C − T) + 


( °C − T) =  °C,



⋅  °C − 


T + 


⋅  °C − 


T + 


⋅  °C − 


T =  °C,

T =  °C.

(4.2)

5 Eight people, each scanning a strip of land 2,5 m wide, can be replaced by a single virtual person scan-
ning a strip of land 20 m wide. The field can be divided into 30 strips, each 10 m wide. We can quickly
calculate that it takes t =  s for the team to go through two 10 m strips and in the meantime the tractor
ploughs five strips. After the time t, both the team and the tractor are at the other end of the field to their
starting point. After each period t passes, 7 strips have been either searched or ploughed. That means that
the team meets the tractor sometime during the th period.

In time t, they all start from the same side of the field as at the beginning with 28 strips already searched
or ploughed. That means that four members of the team would encounter the tractor if they did not stop the
search. The team is sad that they have not found anything but at least they can brag that they have searched
an area of

Steam =  ⋅  m ⋅  ⋅  m =  m. (5.1)

Since we are interested in the fraction that could not be searched, we need to express the total area

Sfield − Steam
Sfield

=  m ⋅  m −  m

 m ⋅  m
=  − 


= 

. (5.2)

6 Since all our protagonists drive exactly the same way and they abide by the traffic rules, they all start
to accelerate exactly at the point where they exit the village. This means that the distances between the cars
will not remain the same. However, what does stay the same are the time intervals between their cars passing
through any point on the road. This is true, because the movement of each of the cars looks exactly the same
except for a slight time delay. We are only interested in the distance between the first and the last car.
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Before the cars started to accelerate, their speed had been v =  km/h and the distance between the first
and the last car had been d =  m. This means that the time interval between them was t = d

v . After
they accelerated to speed v =  km/h, this interval remained the same, therefore t = d

v . From this we can
calculate the new distance between the cars as

d = vt = v
d
v
=  m. (6.1)

7 First of all we need to determinewhich resistance corresponds towhich circuit. Two resistors connected
in series always have a larger resistance than if connected in parallel.When connected in series, the resistance
RS is the sum of individual resistances, therefore

RS = R + R =  Ω. (7.1)

On the other hand, when connected in parallel, the total resistance RP is

RP =
RR

R + R
=  Ω. (7.2)

Now we have two equations of two unknowns. For example, we can express R as R =  Ω − R and plug it
into the second equation. This yields a quadratic equation

R
 −  Ω ⋅ R +  Ω =  Ω. (7.3)

Both of its solutions, R =  Ω and R =  Ω, are physically meaningful and can be obtained by merely
swapping the two resistors. Thus the answer to the question is the pair of values 5 Ω and 20 Ω.

8 Even without the help of the (not very gifted in physics) tourist guide, we know something about the
depth of the well – that is

h = 

gt ⇒ t =

√
h
g
. (8.1)

The tourist guide tells us the relation with his constant k (this one, by the way, is not dimensionless) h = kt.
With this information, we can express the constant k using the relation for the depth of the well as

k = 

gt = 


g ⋅
√

h
g
=
√

hg

. (8.2)

From this we can express h using only k and g as

h = k

g
. (8.3)

https://physics.naboj.org/ 14 info-pl@physics.naboj.org

https://physics.naboj.org/
mailto:info-pl@physics.naboj.org


25. Nabój Fizyczny, 2022 Rozwiązania

9 At the beginning, there was a massmA of acetone andmW of water in the solution. The mass fraction
can be obtained as

X = mA

mA +mW
. (9.1)

After Justine returned, there was only mA of acetone. One third of the acetone and one tenth of water had
evaporated, so

mA =


mA and mV =



mV. (9.2)

The new mass fraction is


X = mA

mA +mW
. (9.3)

From this equation, we express X and plug it into the equation 9.1. Then we substitute masses from equation
9.2 to obtain

mA

mA +mW
= 


mA

mA +mW


mA


mA + 

 mW
= 


mA

mA +mW



mA

 + 

mAmW =





mA

 + 



mAmW



mA +



mW =





mA +





mW

mA =


mW.

(9.4)

We divided both the equations by mA, which is definitely nonzero. Now, let’s get back to the equation 9.3,
where we can plug mA = 

mW and see that the result is


mW


mW +mW

= 

X ⇒ X = 


≐ , %. (9.5)

10 First we need to realize that the origins of all torques are the plane of a chandelier.While all five candles
are on the chandelier, all torques are balanced and the chandelier is in equilibrium. Once a candle falls off,
the symmetry of the torques is disturbed and the chandelier will rotate until its centre of mass has minimal
altitude.Thatmeans that the empty armwill move to the highest possible point, which occurs when the angle
between the plane of the chandelier and the horizontal plane is 90°.

11 If we kept pouring sand in one place, we would create a cone with surface slanted at an angle β. By
taking the union of all such cones that can fit onto the parcel we obtain a shape shown in figure 11.1.
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A B

CD

EF

Figura 11.1: Side view

This is a triangular prism truncated on both sides. We can split this shape into three parts – a triangular
prism and two half-pyramids that can be merged into a single pyramid with sides slanted at angle β. Let
us first calculate its height. Slicing the pyramid with a plane perpendicular to the base creates an isosceles
triangle with base b and two equal angles β. The height of the triangle is then

h = b

tan β. (11.1)

Since all faces of the pyramid form an angle β with the horizontal plane, it must be a right pyramid and its
base must be a square with side length b. With this knowledge we can easily deduce that the triangular prism
has length d = a − b and its volume is thus

Vh = Sp ⋅ d =
hb

d = b




(a − b) tan β. (11.2)

The volume of the pyramid can be calculated easily as

Vi =


Sph =

b


tan β (11.3)

and the maximum volume of sand is therefore

V = Vh + Vi = (
a − b

)b tan β. (11.4)

12 Average speed v(t) at any given time t is calculated as the distance travelled during the time interval t
divided by the time t, in our case since t = . Therefore

v(t) = s(t)
t

. (12.1)

In other words, we can choose any time t in the graph and calculate the distance that has been travelled until
then. The we plug these values into the formula for average speed. If we do this for all values of t, we can
simply find the maximum of v(t). It can, however, be easily seen from the graph in the picture 12.1. Let us
modify the formula for average speed so that t is the independent variable:

s(t) = v(t)t. (12.2)
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Figura 12.1: Angle ϕ is smaller than ϕ which means that v(t) < v(t).

Now we can see that v(t) is the slope of the line in the graph. Thus, if we want to find the maximum of v(t),
we only need to find the line with the steepest slope, that is, the line for which the angle from the x axis is the
largest. We can see in the graph that this occurs at t =  min and it is exactly

v(t) = 


km/min =  km/h. (12.3)

13 Since we can distinguish the guests by their names, there are ! =  possible permutations of how the
tea cups can be assigned. This looks difficult, but we can quickly eliminate a lot of them.

To keep the seesaw balanced, the moments of force from both sides must be equal. Let’s denote the saucers
k−, k−, k, k+ a k+ and assign the weights 1, 2, 3, 4 and 5 to them. If the distance between two saucers is
w and the mass of the smallest one is m, in the equation describing moments of force w, m and g cancel out
and we are left with the equation

k−mgw + k−mgw = k+mgw + k+mgw //mgw

k− + k− = k+ + k+.

(13.1)

At a distance w from the centre the masses of cups must have the same parity – if k− i is odd, then k+ is
also odd and vice versa; otherwise, the moments of force from the left and right side would have different
parity. This cannout be balanced out by any combination of cups at k±. And the final observation – to every
solution we can unambiguously assign its mirror image.

Starting with the heaviest cup, we need to examine three cases:

• If we put it to k−, at k+ we need to place the cup with mass m – otherwise, we wouldn’t be able to
balance the seesaw. From the parity condition, at k± we need to place the cups with masses m and m,
and the solution is determined as  ∶  ∶  ∶  ∶  or  ∶  ∶  ∶  ∶ .

• If we put the heaviest cup to k−, from the parity condition we know that k must be occupied by a cup
whose mass is an odd multiple of m. That means we have two options:
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– if we put the cup with mass m there, the difference between k± must be m, which results in
solutions  ∶  ∶  ∶  ∶  and  ∶  ∶  ∶  ∶ ;

– if we put the cup with mass m there, the difference between k± must be m, which uniquely de-
termines the solutions  ∶  ∶  ∶  ∶  and  ∶  ∶  ∶  ∶ .

• Finally, if we place the heaviest cup onto the pivot, the parity condition leaves only two options for us,

– if positions k± are occupied by cups with masses that are even multiplies ofm, we are unable to put
m and m cups onto the ends and maintain balance;

– and in the other case, positions k± are occupied by cups with masses that are even multiplies ofm,
and again, we quickly find that we cannot balance the seesaw anymore.

We have analyzed all 120 permutations and found that only six of them are valid.

14 If we dumped all the dirt at one place, we would get a cone with slant angle β. In the image below we
see figure we will get by taking the union of all such cones.

A B

CD

I

J
K

L

Figura 14.1: Pohľad zhora

Let s be the distance between the outer edge of our construction and the projection of the monument base.
Since the slant angle is β everywhere, this distance will be the same everywhere. We can express it as

cot β = s
h
⇒ s = h cot β.

Nowweneed to realise that we can divide our figure into several parts. In the corners, wewill get four quarters
of a cone with radius s and height h. Then we have four orthogonal prisms which can be joined into one long
prism. Its height is a + b and its nase is a right triangle with sides h and s. The last part will be a cuboid
with sides a ⋅ b ⋅ h. Their volumes are

Vcone =


πsh = 


πh cot β,

Vcuboid = abh,

Vprisms = Sp(a + b) =
hs

(a + b) = h




(a + b) cot β

and the final volume is

V = Vcone + Vcuboid + Vprisms =


πh cot β + abh + h(a + b) cot β.
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After plugging in the values we find out that William will need approximately 391,27 m3 of soil.

15 If there are two cogwheels touching each other, they must have equal tangential speeds, but opposite
directions of rotation.Thismeans that all small gears will have equal tangential speeds (same as the tangential
velocity of the bigger wheel), which is also the speed with which the belt moves. We can express it as 36 cogs
per one rotation of the bigger wheel. Let us denote the with of one cog as d. Then one rotation of the large
cogwheel corresponds to amovement of the belt by d.The only thingwe need to calculate now is the length
of the belt.

R

r

l

R r

Figura 15.1: Geometry of the belt

In the picture we can see that the belt consists of four arc of 90° which we can put together to make one full
circle with circumference d. The rest of the belt consists of four line segments of length l , which is also the
distance between the centers of two adjacent small wheels. We can calculate it as the diagonal of a square
with side length R + r, where R is the radius of the bigger wheel, or R = d

π , and r is the radius of the smaller
wheel, or r = d

π . Each of the four line segments then has length

√
(R + r) = 

√


π
d . (15.1)

The length of the belt is ( + 
√

π )d and in one revolution of the bigger wheel it moves by d. It will

therefore take
( + 

√

π )d

d
= 

+ 
√


π
≐ , (15.2)

revolutions of the large cogwheel for the belt to make one revolution.

Let us just add, that if the belt has teeth as well, then its length must be an integer multiple of the width of
one cog. Furthermore, if we want all gears to work equally hard, then this integer multiple must be divisible
by four. In that case we find that the length of the belt must be d, therefore the bigger gear must rotate
d
d ≐ ,-times.

16 The atmospheric pressure on Mars is much lower than on the Earth, so the barometer should display
a much lower value. However, we must not forget that the barometer measures the relationship between the
atmospheric pressure and the hydrostatic pressure in mercury – which also depends on the magnitude of
acceleration due to gravity which is different on Mars.
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The gravitational acceleration is given by

g♂ =
GM♂
R♂

, (16.1)

and on small scales the hydrostatic pressure is

p = ρgh, (16.2)

so we can express

h =
pR♂
ρGM♂

. (16.3)

After plugging in the numerical values from the table of constants or other sources we find out that the height
of the mercury column is about 12 mm.

17 To calculate the work we need to know the magnitude of the force F stretching the string. Let us draw
the picture 17.1. Let the string be inclined from the vertical by angle α. Two forces are now acting on the
point mass – force

#—

F from the string and the force of gravity mg. The point is moving with angular velocity
ω on a circle with radius ℓ sin α.

F

F sinα

mg

α

Figura 17.1: Forces acting on the point mass.

To keep it on a circular trajectory, some centripetal force withmagnitudemωℓ sin αmust be act on the point
mass. The only force with a horizontal component is the force F coming from the string, so we may write the
equation

F sin α = mωℓ sin α ⇒ F = mωℓ. (17.1)

The work Wihlelmina does while pulling the string by a small distance ∆ℓ is then simply

dW = mωℓ∆ℓ. (17.2)

18 At first, let is calculate the dimensions of the flag and use them to find the resistances of the luminous
strips. To find the lengths we need nothing more complicated than the Pythagorean theorem. By multiplying
the lengths by resistivity 30 Ω/m we obtain their respective restistances, which are displayed in the picture
18.1.
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16,2 Ω
5,4 Ω

8,1 Ω

16,2 Ω

5,4 Ω

8,1 Ω

9,73 Ω

9,73 Ω

10
,8

 Ω
9,73 Ω9,73 Ω

Figura 18.1: Luminous strips as resistors.

The pair of strips between the white and the red part is interesting – on both of their ends, the potentials
are equal. How do we prove this? We could use a simple trick – if we mirror the entire circuit so that the
supplying wires are displayed onto each other and the circuit does not change, the points that are displayed
onto themselves must have equal potentials. Now, you may ask, is this fact useful for us? Yes, it is! If two
points are equal potentials, no current flows between them, even if there is a wire. Hence we may cut the wire
and it will not affect the circuit in any way.

1
0,

8 
Ω

9
,7

3
 Ω

43
,2

 Ω

Figura 18.2: Wires with current, after their resistance was calculated.

Now we are left with a combination of resistors connected only in series or in parallel. The voltage drop on
every single branch will be equal to the supply voltage, 42 V. We do know their resistances and that means
the current in each of the branches can be calculated using Ohm’s law, I = U

R . The branch with resistance
of 9,73 Ω is composed from two equal parallel branches; so half of the current will flow through each of
them. From left to right, the currents in the branches are 3,89, 2,16, 2,16 i 0,97 A. Currents higher than 2 A
– currents blowing a fuse – flow only in the branches displayed as thick lines.
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54 cm
18

 cm
36

 c
m

2·27 cm

2·32,45 cm

2·32,45 cm

54 cm

18 cm

Figura 18.3: Lenghts of luminous strips, thick lines do denote strips with current higher than 2 A.

What is the probability that the technician cuts somewhere in these places? We can calculate that as the ratio
of the length of these strips to the sum of all the strips’ lengths,

P ≈ , cm
, cm

≈ , ≐  %. (18.1)

19 An emergency brakemust slow the train down in the shortest possible distance, and that is determined
by the coefficient of friction. THe mass of the train remains the same (m =  t +  ⋅  t =  t), but the
braking force can only come from the vehicles whose brakes are already active. It will be equal to F = µm′g
wherem′ is the totalmass of the braking vehicles and µ is the coefficient of dynamic friction.The deceleration
of the train is then

a = F
m
= µm

′g
m

. (19.1)

When Lucy activates the brakes, the deceleration will be

a =
 kg

 ⋅  kg
⋅ , ⋅  m/s =  m/s. (19.2)

After each second, it increases by extra

∆a = , ⋅  t
 t

⋅  m/s = , m/s (19.3)

until it reaches its maximal value amax = a + ∆a =  m/s and then train will decelerate at this rate until
it comes to a halt. This can be readily expressed in mathematical formula, but during the competition it is
probably easier and faster to draw everything (see picture 19.1) and write into the table 19.1.
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17,8
16,4

14,8
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s1 s2 s3 s4 s5

s6

19,0

18,4
17,1

15,6
13,9

6,5

Figura 19.1: The speed of the train as a function of time

In each interval the train uniformly decelerates from speed vi to a lower speed wi = vi − ai ∆ti , whicih
means we can express its average speed in this interval as the mean of the speeds at its beginning and its
end. Furthermore, vi+ = wi , since its speed has to be continuous. The last interval is special: all vehicles are
braking and the train will slow down until it stops. From the speed of v =  m/s and at a rate of 2 m/s2 this
will take 6,5 s and the travelled distance will be s = 

 m = , m. Finally we express the distance travelled
in each interval as the product of its length and the train’s average speed in it, si = v i ⋅ ∆ti .

Tabela 19.1: Instantaneous decelerations and the corresponding distance.

number of
braking
vehicles ∆ti / s Fi / kN ai / m/s2 vi / m/s wi / m/s v i / m/s si / m

0 1 200 1,0 20,0 19,0 19,5 19,50
1 1 240 1,2 19,0 17,8 18,4 18,40
2 1 280 1,4 17,8 16,4 17,1 17,10
3 1 320 1,6 16,4 14,8 15,6 15,60
4 1 360 1,8 14,8 13,0 13,9 13,90
5 6,5 400 2 13,0 0,0 6,5 42,25

Now we only need to sum everything and we find out that the total braking distance is 126,75 m.

20 First we need to realize, that the blocks must be oriented horizontally, because otherwise if the blocks
were tilted at an angle, then due to low friction, the blocks would start slipping and they would fall into the
pit. Thus the solution will consist of two blocks placed on the floor, each one protruding into the gap by
length x. The third block will be placed on these two blocks in such a way, that it will only be supported by
their edges (see figure 20.1).
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a

x

x

mg

mg
2

Figura 20.1: The bridge with maximal span.

Thus we need to figure out the maximum distance x by which the blocks can protrude over the gap. For the
blocks to not fall into the pit, the total torque produced by forces acting on the lower blocks must be zero.
Let us choose one of these lower blocks and for the axis of rotation, we will choose the edge of the gap. The
gravitational force acts in the block’s center of mass, which is in distance a/− x from the axis, and the upper
block acts with force mg/ in the edge of the block, at distance x from the axis of rotation. This yields

mg(a

− x) = mg


x . (20.1)

From this we see that x = a/ and the total span of the bridge is

d = x + a = 

a. (20.2)

21 FIndin the minimal distance between two points on a cone may seem difficult, but it is not so, since
its surface can be unrolled into a flat plane. The base of the cone is not important in this case and we are left
with a disk sector.

r1

r2

2πR

φ

√R2 + H2

x

Figura 21.1: Surface development of the cone.

As the radius of the base is R, the curved part of its circumference must be πR long. Its radius is
√
R +H,

as it is the hypotenuse of a right triangle with sides R (the radius of the cone’s base) and H (its height). The
angle at the apex of the disk sector is ϕ = πR√

R+H and the ant wants to traverse 90° on the cone, which means
it will need to travel an angle of ϕ/ on the developed surface.

On a plane the shortest route is obviously a straight line. If we connect its endpoints with the apex, we obtain
a triangle where we can apply the law of cosines. We already know the central angle ϕ/, the distance to
the beginning is obviously r =

√
R +H and the distance to the endpoint is r = 



√
R +H since it scales

linearly with altitude and the ant wants to get halfway up.
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Now let us denote the unknown distance x. From the cosine law

x = r + r − rr cos
ϕ

, (21.1)

which, after substituting for r, r and ϕ yields

x =
√
R +H

√


− cos πR


√
R +H

. (21.2)

After plugging in the physical dimensions we see that x ≐ , m.

22 Forces applied on a stick are gravitational force pointing downwards and electric forces from other
electric charges pointing in different horizontal directions. And there is of course normal force from ceiling,
so the whole system is in the state of equilibrium. However, this force is unknown, therefore we need to find
other way to solve this problem. The entire system is stationary, that means the sticks aren’t rotating and we
need to zero the torques.

Let us denote electric charge as q, mass of the stickm and its length d. From symmetry of the problem, we can
assume that the sticks create a pyramid with a square base with a side length r and diagonal length

√
r. We

can choose any of the four sticks and write equations with forces from nearest charges. Both electric charges
have the magnitude

Fe =
q

πεr
(22.1)

and they are proportional to each other.Therefore, magnitude of the net force is
√
Fe and vector of net force

is oriented from the centre of the square to the charge, where te force is applied. Magnitude of the electric
force from the farthest charge is

Fe =
q

πε(
√
r)

. (22.2)

So the total net force applied on the charge has magnitude Fe =
√
Fe +Fe and it is oriented from the centre

of the square. Gravitational force is oriented downwards and it is applied in the centre of mass of the stick as
shown in the figure 22.1.

φ

l

mg

Fe

φ

φ

2
√2 r

Figura 22.1: Sily pôsobiace na jednu paličku.
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The botom segment of the triangle is half of the square diagonal, so its length is
√
r
 . We can also notice from

the figure that r = √

d sinϕ.

mg
d

sinϕ = q

πεr
( 

+
√
)d cosϕ

mg
d

sinϕ = q

πε( √

d sinϕ)

(


+
√
)d cosϕ

sin ϕ
cosϕ

= q

πεdmg
( 

+
√
).

(22.3)

At this point we see that this problem doesn’t have a closed-form solution, so we can’t express ϕ directly.
However, we can use calculator and try to guess (wisely) the answer. With a quick binary search we should
find out that the answer is ϕ ≐ °.

23 Let us denote the mass of the lorry M and the mass of the fly m. Let the velocity of the lorry be v,
the velocity of the fly −v and the velocity of both of them after the collision u. The law of conservation of
momentum gives

Mv −mv = (M +m)u ⇒ u = M −m
M +m

v . (23.1)

The collision is inelastic so energy is not conserved. The difference between the energy before and after the
collision is equal to the heat created by the collision

Q = 

M(v − u) + 


m((−v) − u)

=  Mm
M +m

v.
(23.2)

Mass of the lorry is, obviously, much larger than mass of the fly, therefore we can neglect m in the denomi-
nator. Therefore

Q ≈ mv. (23.3)

The problem statement says that all heat is spent to increase the former fly, so

Q = mc ∆t. (23.4)

After joining the last two equations, we obtain

∆T ≈ v

c
≈ , °C. (23.5)

24 In the beginning, Matthew has zero velocity, therefore zero kinetic energy. However, when he gets to
the point with velocity v, his potential energy decreases by mgr. Since we don’t consider friction and drag
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force, his kinetic energy increases by this factor. His velocity is well-known, so we can find the radius from
the law of conservation of energy



mv = mgr ⇒ r = v



g
. (24.1)

When he gets to the lowest point of the loop his kinetic energy increases again by the mgr, so mv = mgr.
New velocity, we can call it w, will be

√
 times greater. Therefore, we can express magnitude of centripetal

force as

ac =
w

r
= v

r
= v ⋅ g

v
= g . (24.2)

Final acceleration is independent of the radius of the loop and his velocity v. Apart from centripetal force,
Matthew also feels reaction from gravitational force with magnitude g, therefore total g-force in the lowest
point is g.

25 First, let us showwhat happens if we connect the springs in parallel.The resultant force from the springs
is the sum of the forces from the individual springs. At the same time the extension of the individual springs
is the same as the extension of the whole system, thus we get

F = F + F

k ⋅ ∆x = k ⋅ ∆x + k ⋅ ∆x

k = k + k.

(25.1)

We can see that if we have two identical springs in parallel, they act like one spring with double the stiffness.
If we have n springs, they will act like a single spring that is n times stiffer.

We know from the statement that each spring has an unknown rest length, which we will denote as s. We
also know that when Joe hangs on one spring, his distance from the ground is 50 cm – the extension of the
spring ∆x together with the spring’s rest length s is 200 cm. When he hangs on two springs, the extension
of the springs ∆x together with their rest length s is 110 cm (because it is 140 cm above the ground). And
when he hangs on three springs, the extension of the springs is ∆x. Together with the rest length s we get
the desired distance which we can label as ψ.

With this notation, we get the equations of force,

F = mg = k ∆x = k ∆x = k ∆x,

∆x = ∆x = ∆x,

 cm − s = ( cm − s) = (ψ − s).

(25.2)
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From this we can easily calculate the rest length of the springs

 cm − s =  cm − s ⇒ s =  cm. (25.3)

Once we know s, calculating the distance from the ceiling ψ is trivial

ψ − s =  cm − s ⇒ ψ =  cm. (25.4)

To find Joe’s distance from the ground, we only need to subtract this from the total height of the room, so the
result is  cm − ψ =  cm.

26 Let’s review our knowledge of the forces acting on a charged particle in an electric and in a magnetic
field first. In the electric field, the acting force is the electric force

#—

Fe = Q
#—

E , (26.1)

where Q is the particle’s charge; in a magnetic field, the acting force is the magnetic force
# —

Fm = Q(#—v × #—

B), (26.2)

where #—v is the particle’s velocity. The electric force is either in the direction of the particle or in the opposite
direction, depending on the particle charge; themagnetic force is perpendicular to themagnetic field and the
particle velocity vector. Concluding from these statements, the electric force can change the particle’s speed,
while the magnetic force can only alter its direction, i. e. it is a centripetal force.

1 m

E B

Figura 26.1: The motion of the ball

Let’s analyze the motion of the ball. We will denote the horizontal coordinate as x and the vertical one as y.
In the figure 26.1, the ball’s trajectory is traced, but its direction is not marked. However, a simple algori-
thm is sufficient for its determination. Let’s assume the ball first traverses the magnetic field, then enters the
electric field. From the trajectory curvature in the magnetic field it is clear the ball’s charge is positive. When
a positively charged particle enters the electric field, the electric force and intensity are identically oriented.
Therefore the ball is accelerated in the direction to the left, which is in accordance with our observation from
26.1, where the x coordinate augments together with the y coordinate. If the ball were to move in the op-
posite direction, from the traced trajectory in the electric field it would seem the ball is decelerating, so it
would be positively charged. However, such an assumption would suggest the curvature should be opposite
after the ball enters the magnetic field.
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Let the ball’s speed be v. The magnetic field is perpendicular to the trajectory plane, and it will always be
perpendicular to the velocity vector, therefore the magnitude of the magnetic force is

Fm = QvB. (26.3)

The magnetic force is centripetal, therefore

QvB = mv


r
⇒ Q

m
= v
Br

,

where m is the ball’s mass. Since m is constant, the ball’s trajectory is a circle. From the 26.1, its radius is
r =  m. Again, from the direction of the curvature, the charge of the ball is positive.

The ball transits from the magnetic to the electric field. There cannot be any non-uniformity in the change
of the velocity vector, as this would mean an infinite force acting in this point. From the figure we see that
once the ball enters the electric field, it moves in the direction of the y coordinate with the same speed it had
in the magnetic field, v. Let’s assume the ball stays in the electric field for a time interval t, during which it
traverses a distance of ∆y =  m in direction y, and a of distance ∆x =  m in the direction x. There is no
acting force in the y direction, therefore

∆y = vt;
in the x direction, the acting force is

Fe = QE ,
which describes a uniformly accelerated motion with acceleration

a = QE
m

and with a zero initial velocity. Therefore

∆x = 

QE
m

t. (26.4)

After eliminatng time from these equations we obtain

∆x = 

QE
m
(∆y
v
)


,

in which we recognize a parabola.

Substituting Q
m , we get

∆x = 

v
Br
E(∆y

v
)


⇒ v = 

E
B
(∆y)

r ∆x
. (26.5)

For the numerical values given in the problem statement and seeing the figure 26.1, we can calculate that
v = , m/s.

27 A full hippo is a solid ball with radius r and mass m. The moment of inertia of a ball is

I =


mr. (27.1)
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What about the hungry hippo? Its shape is a sphere (a full hippo) without a stomach. To find the moment of
inertia, we’ll have to subtract the moment of inertia of the stomach from the previous result. The stomach is
a sphere with mass m/, so its radius is r/. The moment of inerta of the second hippo is then

I =


mr − 


m

( r

)

= 

mr. (27.2)

Now, let’s think of the energy conservation law! Let the hippos lie at an altitude h over the Nile’s water level;
that does mean that during their roll the hippos have to descent by h. The potential energy of the full hippo
will decrease by mgh; this energy is going to transform into rotational and translational parts of hippo’s
kinetic energy. Angular speed can be determined as ω = v/r, because the hippo is not slipping. For the full
hippo we obtain

mgh = 

I(

v
r
)

+ 

mv

= 

mv +



mv

= 

mv ,

(27.3)

from which we can express

v =
√



gh. (27.4)

Then we do the same for a hungry hippo. We have to remember that this hippo’s mass is only 
m. Therefore



mgh = 


I(

v
r
)

+ 



mv

= 


mv +


mv

= 


mv

(27.5)

and from that

v =
√




gh. (27.6)

The ratio of these speeds is
v
v
=
√



, (27.7)

with the full hippo being faster.

28 When the ball is being submerged into the lake, the hydrostatic pressure slowly rises and compresses
the ball. When the ball shrinks so much that its average density exceeds the density of water, the weight of
the ball definitively overtakes the buoyant force and the ball will no longer emerge on its own. Let us denote
the mass of the empty ball m = , kg, R its radius and V = π

 R

 ≈ , m its volume outside the water.
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When Lucy inflates the ball, its total mass increases by the mass of the air to

M = m + Vρa , (28.1)

where ρa is the density of air at standard temperature and pressure. Since Lucy submerges the ball very slowly,
the temperature of the gas remains equal to the temperature of water during the entire process. Thus we have
an isothermal process, where the equation pV = const holds.

The pressure at the water surface is just the atmospheric pressure p. In depth h under the surface, this
pressure increases by hydrostatic pressure ρw gh, where ρw is the density of water. Let us denote the volume
of the ball in depth h as V . Then the isothermal process yields

pV = (p + ρw gh)V . (28.2)

From this equation we can easily express the volume of the ball in depth h as

V = V
p

p + ρw gh
. (28.3)

If we want to find the critical depth, we need to set the average density of the ball equal to the density of
water, therefore

M
V
= ρw . (28.4)

Now we only need to plug the mass M from equation 28.1 and volume V of the ball from equation 28.3 into
this to get

m + Vρa
V

p
p+ρw gh

= ρw (28.5)

and express the depth h. The answer is

h = p
ρw g
(

πR
ρw

m + πR
ρa
− ) ≈  m. (28.6)

29 Since there is nomomentumof force acting on the system from the outside of it, the angularmomentum
is conserved. The energy is not conserved since there is friction and thus some energy is converted into heat.
If I is moment of inertia of the disc, the initial angular momentum is L = Iω.

After the square withmoment of inertia I starts rotating, the total moment of inertia is I+I and the angular
frequency drops to ω′.The angularmomentum is therefore L = (I+I)ω′.The law of conservation of angular
momentum gives

ω′ = I
I + I

ω. (29.1)

The remaining part is to plug in the moments of inertia. Moment of inertia of a homogeneous disc I = 
mr

which is I = π
 σr when expressed with area density. Moment of inertia of a homogeneous square rotating

around its centre can be determined using the parallel axis theorem and the fact that a square comprises of
four smaller squares rotating around their corners. The moment of inertia of a square is I = Kma = Kσa
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with an unknown constantK. It is an additive physical property so it can be expressed as a sumofmoments of
inertia of four smaller squares with side a

 and mass m
 and the rotation axis in the distance l = a


√

from their

centre of mass. Their constant K is still the same because they are squares. Using the parallel axis theorem
we obtain

Kma = (K
m


(a

)

+ m


l),Kσa = 

⎛
⎝
Kσ(a


)

+ σ(a


)

( a

√

)
⎞
⎠
,



Kσa = 


σa,

K = 

.

(29.2)

Moment of inertia of the square is therefore I = 
σa and the final angular frequency is

ω′ =
π
 σr

π
 σr +


σa

ω = πr

πr + a
ω. (29.3)

30 When electric current flows through a resistor, its temperature increases due to Joule heat. Heat from
the resistor is flowing to surrounding air and we know that this heat is proportional to the temperature
difference between the resistor and surroundings. The power of the resistor is

P+ = UI =
U

R
. (30.1)

and the power of heat flowing away is
P− = kS ∆T , (30.2)

where S is the area of resistor and ∆T is the temperature difference. After a long time, the temperature of the
resistor is constant, which means that all heat produced by resistor is flowing to the surroundings, so we can
write P+ = P−

U

R
= kS ∆T ⇒ ∆T = U

RkS
. (30.3)

Moreover, we can express the resistance of a conductor with length ℓ and cross-sectional area S as

R = ρ ℓ
S
, (30.4)

where ρ is the resistivity of material. If we increase the proportions of the conductor by factor α, ℓ also
increases by factor α and S increases by α. This scaling is independent of the shape of the conductor, that
means if we had a conductor with different cross-section areas, every cross-section area would still scale by
factor α. Therefore, we can think of the resistor as of an imperfect conductor. If we scale its size by factor α,
its resistivity always decreases by α.

After a long time, the scaled resistor reaches its equilibrium temperature T and the temperature difference
with respect to the surrounding medium is ∆T = T − T. With this knowledge we can simplify equation
30.3

∆T =
U

R
α kαS

= 
α
U

RkS
= 
α
∆T . (30.5)
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Moreover, we know that α = , so∆T = 
 ∆T .The temperature difference for the small resistor is∆T = T−T,

and for the big resistor it is ∆T = T − T, from where we can express

T =
T + T


.

31 The moment of inertia of the star can be calculated as the sum of all the moments of inertia from the
individual rods about the axis passing through the centre of the star. The moment of inertia of a single rod
withmassm and length d about its center of mass is I = 

md. If we want to calculate themoment of inertia
about a different axis, we can use the parallel axis theorem, which states that if the new axis is parallel to the
original axis, the new moment of inertia can be calculated as

I = I +mx, (31.1)

where x is the distance between the two axes.

In case of the star, the distance between the axis passing through the center of the rod and the axis passing
through the center of the star is one third of the length of the median of the equilateral „triangles“ that the
star is made out of. The length of the median of such a triangle can be determined using the Pythagorean
theorem as

a =

¿
ÁÁÀd − (d


)


=
√


d . (31.2)

The moment of inertia of the star about its center is then

I = (I +m(
a

)

) = ( 


md + 


md) = md. (31.3)

32 The stiffness of the spring in Dave’s work of art can be calculated using the method of virtual work. It
states that if the system is displaced from its equilibrium position by an infinitesimal amount, its energy does
not change. The work of art is symmetric around the vertical axis, therefore it is enough if we look on one of
its halves, the other must remain symmetric.

L

L/2

2h

L

Figura 32.1: Proportions of the „artwork“ in equilibrium position

info-pl@physics.naboj.org 33 https://physics.naboj.org/

mailto:info-pl@physics.naboj.org
https://physics.naboj.org/


Rozwiązania 25. Nabój Fizyczny, 2022

Dave’s system is in its equilibrium when the spring is stretched to length L. Then we can calculate the height
of the system (let us denote it as h) using the Pythagorean theorem

L = (L

)


+ h, ⇒ h =
√


L. (32.1)

The total potential energy of the system can be calculated as the sum of gravitational potential energies of
the four sticks and the potential energy of the spring with stiffness k. In equilibrium, the center of mass of
the two sticks is at height h

 and for the other two sticks at height h
 . Therefore the energy is

E = ( 

mgh + 


mgh) + 


kL = mgh + 


kL. (32.2)

Now suppose that the spring is stretched by an infinitesimal distance dx. Since the length of the sticks cannot
change, the height h will change to h + ∆h, while the Pythagoras theorem must still hold:

L = (L + dx

)


+ (h + dh). (32.3)

Neglecting the infinitesimal changes of second order, i. e. (dx) and (dh), yields a relation between the
height and the length of the spring

dh = − L
h

dx . (32.4)

Now let us look on the energy, where we are again neglecting the infinitesimal changes in second order

E = mg(h + dh) + 

k(L + dx) ≈ mg(h + dh) + 


k(L + L dx). (32.5)

Since the energy cannot change, we get

 = mg dh + kL dx = (−mg L
h
+ kL)dx . (32.6)

Rearanging and plugging the height h into the equation gives us the stiffness of the spring,

k = mg
h
= √


mg
L

. (32.7)

33 Let us denote the significant states of the gas by numbers from 1 to 6, as shown in the figure 33.1. The
lowest temperature of the gas is is in point 1 and the highest is in state 4. Let the temperature in state 1 be
T = T . Then we can calculate the temperature in any other point using the ideal gas law, hence for any of
these significant states we know the volume, pressure, and temperature.
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Figura 33.1: pV diagram so zakreslenými význačnými stavmi.

We are interested in the efficiency of the engine. That is defined as the ratio of the work gained from the cycle
to the total heat supplied into the gas

η = W
Qin

. (33.1)

Let us begin with the work. With a small change in volume ∆V the work done by gas equals ∆W = p∆V .
Geometrically, on the pV-diagram, it corresponds to the area of a small rectangle with width ∆V stretching
from the curve to the V-axis. The total work done by the gas between two states is therefore equal to the area
under the curve between these two states. The work between states 1 and 4 is positive, i. e. work is done by
the gas, and the work between the states 4 and 1 is negative, which means that the work is done on the gas.
The total work done by the gas is then equal to the area enclosed by the curve2

W = ( + π

)pV . (33.2)

Now let’s look on the supplied heat. The first law of thermodynamics tells us that the heat supplied to the
system will be spent on work and change in internal energy

Q =W + ∆U . (33.3)

However, the internal energy is directly proportional to temperature. Each molecular degree of freedom
contributes to the internal energy by amount 

kT , and since all of these molecules have three degrees of
freedom3 and there are N molecules, so

∆U = 

Nk ∆T . (33.4)

We only supply heat to the cycle between states 1 and 4. The temperature in state 4 is by the ideal gas law
equal to

T =
pV

pV
T =

p
p
V
V
T = T . (33.5)

2Two rectangles p × V and two quarterellipses with semi axes p a V .
3The gas is monoatomic, therefore has three translational degrees and zero rotional.
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The change in internal energy is then

∆U =


Nk(T − T) = NkT (33.6)

and the work done by the gas between these two states is

W = ( +
π

)pV . (33.7)

The total supplied heat is then

Qin =W + ∆U = ( +
π

)pV + NkT . (33.8)

Using the ideal gas law pV = NkT we get

Qin = ( +
π

)pV . (33.9)

If we plug this into the definition of efficiency, we get

η =
( + π

 )
( + π

)
≐ , =  %. (33.10)

34 Geometrically, the problem is not that complicated, but the calculation is going to be a bit harder. From
the picture, we see that for a real distance of two parsecs

 pc =  au
tan ′′

(34.1)

and for Martin’s unit P

P =  au
tan,′′

. (34.2)

We are interested in the difference

P −  pc =  au
tan,′′

−  au
tan ′′

. (34.3)

And here is the problem. 1′′ is a really small angle and the number of metres in one parsec is really huge.
When subtracting two numbers that differ somewhere around the twelfth digit, the calculator rounds them
in its memory and provides only a result which is really inaccurate, or it may even tell us it is zero.4

Let us use the Taylor expansion of the tangent function:

tan x = x + 

x + 


x + 


x + ... (34.4)

4A computer can do it. But you are not supposed to have one during Náboj. A good calculator may be able to calculate it too –
if you have one, you’re done here.
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Considering the required accuracy of 1 km, a rough estimate tells us that using the first different term of
expansion should be sufficient. Using this third-order term, we get

 pc ≈ 
x + x



⋅  au and P ≈ 
x
 +

( x )




⋅  au, (34.5)

where x is 1′′.

After some simplification, we obtain

P −  pc ≈ 
x
( 
 + x



− 
 + x



) ⋅  au. (34.6)

After these Taylor atrocities we will lose nothing if we also linearize


 + x

≈  − x , (34.7)

which lets us simplify the equation 34.3 to

P −  pc ≈  au ⋅ 
x
( − x




−  + x




) =  au ⋅ 

x
x


=  au ⋅ x


. (34.8)

Now we plug x = ′′ = π
⋅⋅ =

π
 back into the equation and obtain the result

P −  pc ≈ ′′


⋅  au = π

  
⋅ , ⋅  km ≐  km. (34.9)

If we include the next term (∝ x) we would get a more precise result, but only by about 2 μm. Finally let us
remark that the modern definition of parsec does not use a tangent of an angle anymore. but defines parsec
explicitly as  au ⋅ π .

35 The resulting temperature of the reflective sphere in the equilibrium state does not depend at all on
what the black body inside looks like, at what temperature it would be when not covered, or how much of
the radiation the outer sphere reflects back in: if the energy source supplies the power P, this energy must
simply also be emitted again. The foil has two surfaces – inner and outer – and their total area is S. Only
half of this area radiates out, so

P = 

σST̃,

where T̃ is its temperature. Before the foil was installed, in equilibrium state we had P = σST. Therefore
T̃ = T .

36 First of all, themirror is radially symetric so we can solve this problem only in two dimensions with two
coordinates, namely z (height) and r (distance from the rotation axis).The coordinate systemwill be rotating
with the mirror. Let us look at the forces acting on a small element of mercury. Reduced to unit mass, they
are

• gravitational acceleration #—ag pointing down with magnitude g;
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• centrifugal acceleration #—ah pointing away from the rotation axis, whose magnitude increases linearly
with r as ωr.

Their corresponding potentials are gz and − 
ωr. The total potential is therefore

U(r, z) = gz − 

ωr. (36.1)

Mercury will form a shape which has constant potential on the whole surface (if the potential wasn’t constant,
mercury would want to reshape); and since potential is defined up to an additive constant, we can choose
it so that the potential is zero on the surface of the mercury. The shape of the surface is thus given by a line
whose explicit equation we can obtain by

gz − 

ωr =  ⇒ z = ω



g
r. (36.2)

Here we recognise a parabola – now we only need to determine its parameters. All light rays parallel to the
axis of the mirror (vertical rays in this problem) will concentrate in one point (which is a pleasant finding
given that we are building a telescope).The simplest way to find the focus is to find a ray that will be horizontal
after reflecting from the parabola. In the point where this particular ray hits the mirror, the mercury makes a
45° angle with the horizontal line and the z coordinate of the point is the same as that of the focus point. Or
we can recall that a parabola is a set of points which are at the same distance from the focus and the directrix
and that in the point where the particular ray hits the mirror we know that z = f and r =  f . Then

f = ω


g
 f  ⇒ f = g

ω . (36.3)

37 At the moment when the cylinder is closed, the gas pressure is patm and the volume of the gas inside is
SH, where S is the area of the cylinder’s base and H is its height. After reaching equilibrium, the piston is at
height h. That means that the pressure inside is increased by kh

S by the spring acting on the piston. Since we
are interested in the equilibium height h after a long time, temperature of the gas will be the same as at the
beginning so we consider this as isothermic compression which means that

patmSH = (patm +
kh
S
)Sh. (37.1)

The equilibrium height h is therefore5

h = −Spatm

k
+
√
(Spatm

k
)


+ SHpatm

k
. (37.2)

The equilibrium pressure inside is

p = patm +
kh
S
= patm


+
√
( patm


)

+ kHpatm

S
. (37.3)

5After solving the quadratic equation we utilise the positive solution.
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Now let’s displace the piston by x. This displacement results in decrease in pressure by ∆p. We are interested
in the apparent stiffness in the very first moment when the gas and the surroundings have not yet exchanged
any heat. Thus we consider this to be an adiabatic process which is described by

p(Sh)ϰ = (p − ∆p)[S(h + x)]ϰ . (37.4)

Hence

∆p = p − phϰ

(h + x)ϰ
. (37.5)

The force acting on a piston is

F = −∆pS − kx = −pS[ − ( + x
h
)
−ϰ
] − kx (37.6)

and for small displacements

F = −(ϰpS
h
+ k)x , (37.7)

whence we immediately see that the apparent stiffness is

K = −F
x
= ϰpS

h
+ k =

⎛
⎜
⎝

ϰ
√
 + kH

Spatm
− 
+ ϰ + 

⎞
⎟
⎠
k. (37.8)

For the numerical values from the problem statement the result is K ≈ , kN/m.

38 Let’s denote the charge on Paula’s sticks q, their length d and mass m. We are interested in small oscil-
lations, i. e. small angular displacement ϕ from the equilibrium (which is obviously the position when the
stick is standing upwards) so if we encounter any formula containg ϕ, we can make use of the Taylor series
and then neglect all terms with ϕ and higher orders.

Three forces act upon themiddle stick – gravitational and two electric – and since the stick can rotate around
its bottom end, we want to know the corresponding torques. The gravitational force of magnitudemg acts in
the middle of the stick so the corresponding torque at angular displacement ϕ is d

mg sinϕ ≈
d
mgϕ, where

displacement ϕ in clockwise direction is considered positive and torque is positive if it is trying to turn the
stick in clockwise direction.

Fe1

Fe2

y x

r1
r2

l

α
β

π/2 + φ π/2 - φ
y x

l

l

l

Figura 38.1: A displaced stick and distances and angles in the triangles.
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It gets a bit complicated with moments of electrical forces. Let the distance of the upper point charge from
the one on the table on the right be r. Applying the law of cosines to the triangle in the right half of the
picture 38.1 yields

r = d + d − dd cos(π

− ϕ) = d( − sinϕ) ≈ d( − ϕ). (38.1)

The square of the distance to the left charge is analogically r = d( + ϕ). If we know the distances, we know
the magnitudes of the electrical forces, but we also want to know their directions. Let’s look at the picture
38.1 once again.

We have two isosceles triangles which we can use to calculate the angles

x = π

+ ϕ


a y = π

− ϕ

, (38.2)

because the sum of interior angles in a triangle is π. Furthermore, we also see that

α + π

+ x = π a β + π


+ y = π, (38.3)

so
α = π


− ϕ


a β = π

+ ϕ

. (38.4)

To calculate the torque, we need to know cosines of these angles, so

cos α = cos π

cos

ϕ

+ sin π


sin

ϕ

≈
√


+
√


ϕ


(38.5)

and analogically

cos β =
√


−
√


ϕ

. (38.6)

Finally we are getting to the torqueswherewe use Taylor series 
−ϕ ≈ +ϕ and 

+ϕ ≈ −ϕ. Angular acceleration
ε is then calculated as

Jε = −d q

πεr
cos α + d q

πεr
cos β + d


mg sinϕ

≈ −d q

πεd ( + ϕ)(
√


+
√


ϕ

) + d q

πεd ( − ϕ)(
√


−
√


ϕ

) + d


mgϕ

≈ −( q

πε

√


d
− d

mg)ϕ.

(38.7)

The moment of inertia of a stick rotating around its end is J = 
md, which, after plugging in into previous

equation, yields

ε = − 
md(

q

πε

√


d
− d

mg)ϕ, (38.8)
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which is a simple harmonic oscillator with angular frequency

ω = 
md(

q

πε

√


d
− d

mg). (38.9)

Thus, the period of small oscillations with the numerical values from the problem statement is

T = π
ω
≐ , s. (38.10)

39 The light bulb shine equally in all directions, so we are able to express its luminous intensity I as a
fraction of its total flux Φ,

I = Φ
π

. (39.1)

Apart from this we will also need to know its luminous emittance, or the luminous flux per unit surface area
when looking along any ray ending on its surface. If we denote its radius r, the area of its cross-section is πr
and emittance

L = I
πr
= Φ
πr

. (39.2)

How does it look under the lamp?The reflector redirects a fraction of the light onto the pavement, increasing
the illumination in comparison to a naked bulb. Since the bulb is exactly in the focus of the paraboloid, the
intensity will increasemarkedly along its axis.The bulb is not a point source, so these rays will not be perfectly
parallel – however if we are looking from a place sufficiently far below the lamp, where the angles in question
are already very small, we can look in any direction and see

• either the sky or the lamppost (which are of no interest to us since they do not emit any light);

• or the bulb (and therefore emittance L);

• or its reflection from the polished surface of the reflector (and again emittance L).

For this ratio of sizes of the bulb and the mirror and the height of the lamp this condition certainly holds. On
the whole, when looking from below the lamp behaves as if it had a larger bulb with the same diameter as the
reflector, but with same emittance as the real bulb6 Now we only need to find the illuminance, which can be
done by finding the solid angle which the reflector subtends when looking from the surface of the road, and
multiply it by luminance. Since all angles are small, we can approximate the solid angle as

Ω ≈ π( R
H
)


, (39.3)

where R is the radius of the reflector andH ≫ R the height of the lamppost. The illuminance under the lamp
will then be

E = LΩ ≈
Φ

πr
π( R

H
)


≈  lx. (39.4)

6The total luminous flux is of course conserved: only light that would have been emitted upwards or to the sides, is now reflected
down. Only light that reflects back onto the bulb cannot exit the reflector.

info-pl@physics.naboj.org 41 https://physics.naboj.org/

mailto:info-pl@physics.naboj.org
https://physics.naboj.org/


Rozwiązania 25. Nabój Fizyczny, 2022

40 Kepler’s laws tell us that if we throw an object in radial gravitational field of the Moon, it will follow
an elliptical trajectory with one of its foci F in the center of the Moon. We only need to find the position of
the second focus point so that the initial speed will be minimal. Let us denote the angular distance between
Matthew and Jacob as ϕ (in our case, ϕ = °, because we are throwing the rock from the North Pole to the
equator). It is clear that the other focus point will lie on the bisector of this angle (see figure 40.1). To find
this point we can use the vis-viva equation.

It relates the total energy of an object orbiting a planet with the semi-major axis of the ellipse. We will use it
in form



mv − GMm

r
= −GMm

a
(40.1)

where the expression on the left-hand side is the total energy of the orbiting body (kinetic and potential) and
a is the semi-major axis of its orbit.

The derivation of this equation relies on using the conservation laws for energy and angular momentum.
Consider a point mass orbiting a planet of mass M and let us denote its speed at the pericentre as vp and its
distance from the planet as rp; and at the apocentre va and the distance ra respectively. The energy conserva-
tion law tells us that



mvp −G

Mm
rp
= 

mva −G

Mm
ra

(40.2)

and the angular momentum conservation law yields

mvprp = mvara ⇒ va = vp
rp
ra
. (40.3)

If we plug this into the equation 40.2, we get



mvp −G

Mm
rp
= 

mvp

rp
ra
−GMm

ra
⇒ 


mvp( −

rp
ra
) = GMm( 

rp
− 
ra
). (40.4)

Finally, dividing by the expression ( − ( rpra )
) and using a = ra + rp gives us the result



mvp =

GMm
a

ra
rp



mvp −G

Mm
rp
= −GMm

a
.

(40.5)

The law of conservation of energy says that the expression mv/ − GMm/r is constant along the object’s
trajectory. We have managed to express it at the point of its closest approach, therefore it must be the same
for any other point on the trajectory. Thus the vis-viva equation (40.1) is proven.
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A B

v0

F2

F1

φ/2 φ/2

Figura 40.1: The trajectory of the rock.

Let us denote the unknown initial speed of the rock as v. Then the equation 40.1 becomes



mv −G

Mm
R
= −GMm

a
⇒ v = GM(


R
− 
a
). (40.6)

Notice that the initial speed v decreases with decreasing semi-major axis. Therefore we only need to find the
position F of the second focus so that the length of the semi-major axis is minimal. Next we notice that if
we take any point on the ellipse, e. g. point A, and we calculate the sum of the distances from this point to the
foci of the ellipse (∣AF∣+ ∣AF∣ in the figure), we always get a. However, the distance ∣AF∣ is always equal to
the radius of the Moon R$, so we can only minimize ∣AF∣.

The shortest possible distance corresponds to the situation when point F lies on the line connecting A and
B. Then

a = ∣AF∣ + ∣AF∣ = R$( + sin
ϕ

) (40.7)

and if we plug this into equation 40.6 and express the speed v, we get

v =

¿
ÁÁÀGM$

R$
( − 

 + sin ϕ

). (40.8)

Setting ϕ = ° yields

v =

¿
ÁÁÀGM$

R$

√


 +
√

. (40.9)
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Odpowiedzi

1 0,17 exactly.

2 01:10:00

3 145 m

4 60 °C

5



6 270 m

7 5 Ω and 20 Ω, in any order.

8 h = k

g

9



10 °

11 (a − b

)b tan β

12 36 km/h

13 6

14 391 m3

15


+ 
√


π
= π + 

√


π

16 12 mm

17 dW = mωℓ dℓ
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18 
 +
√


 + 
√

= 

√
 − 


≐  %

19 126,75 m

20


a

21 1,56 m

22 68°

23 0,13 °C

24 g

25 170 cm

26 0,5 m/s

27 The full hippo is
√



times faster.

28 392 m. Accept results in range 385 – 405 m.

29
πr

πr + a
ω

30
T + T



31 md

32
√

mg
L

33
( + π


)

( + π

)
≐ , =  %

34 364 km
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35 T

36
g

ω

37 1,8 kN/m

38 1,95 s

39 354 lx

40

¿
ÁÁÀGM

R

√


 +
√

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