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Dear readers,

in your hands you are holding the booklet of the th volume of Náboj Physics. The booklet contains all the
physics problems you could have encountered during the competition this year, as well as the solutions to
them, from which you can learn a lot. If you have any difficulty understanding any of them, do not hesitate
to contact us; we will gladly clarify everything.

This booklet would not exist without the enormous effort of many people who participated in organising
Náboj Physics. Most of us are students of Faculty of Mathematics, Physics and Informatics of Comenius
University in Bratislava, and some of us also actively participate in organising the Physics Correspondence
Seminar (FKS).

Náboj Physics continueswith its international tradition. In the year 2023, Náboj Physicswas held inBratislava,
Košice, Prague, Ostrava, Budapest, Gdańsk and Madrid. The results of this international clash can be found
on our web site. For the international cooperation, we would like to thank to the local organisers: Patrik
Rusnák (Bratislava), Marián Kireš (Košice), Jakub Kliment (Prague), Lenka Plachtová (Ostrava), Ágnes Kis-
Tóth (Budapest), Brygida Mielewska and Kamil Żmudziński (Gdańsk) and José Francisco Romero García
(Madrid).

In the name of the entire team of organisers, we believe that you enjoyed Náboj Physics in 2023, and we hope
that we see each other at Náboj next year. Either as competitors or organisers.

Jaroslav Valovčan
Chief organiser

The booklet was contributed by:

Martin ‚Kvík‘ Baláž
Filip Brutovský
Jozef Csipes
Paulína ‚Jonka‘ Dujavová
Sára Folajtárová
Lucia ‚Želé‘ Gelenekyová

Matúš Hladký
Jakub Hluško
Michal ‚Dvojka‘ Horanský
Jakub ‚Andrej‘ Kliment
Justína ‚Pľyš‘ Nováková
Patrik ‚PA3K‘ Rusnák

Adam Škrlec
Jaroslav Valovčan
Tomáš ‚Mözög‘ Vörös
Matej Zigo

The results, the archive and other information can be found on the web site https://physics.naboj.org/.
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Problems

1 Awater supply pipeline is being rebuilt near Adam’s house. AsAdamwalked past the sweatingworkers,
he noticed an interesting network of pipes and water tanks as shown below. The workers started filling the
network with water. How many tanks will be full of water at the precise instant when the tank marked with
a star is completely filled?

2 Average Joe has   hairs, and each hair grows by  cm per year. How much does the total length
of Average Joe’s hairs change in one day?

3 Thomas turned on the TV and tuned in to a live broadcast from the United States. The race com-
mentator remarked that 200 miles per hour is one football field per second. Thomas was very impressed by
the ingenuity of the American system of units, at least until he checked for himself and found out that the
commentator was way off. By how many football fields per second was the commentator off?

An American football field is 120 yards long and one mile is 1760 yards.

4 Even the company Ziggo & Marinelli, the leading manufacturer of ground biscuits, has not remained
unaffected by the inflation. Unlike their competitors they did not increase the price of their products; they
just redesigned the shape of the container. The new container is in the shape of a hollow cylinder with radius
of  cm and height of  cm, while the central circular part of its base with radius of  cm is raised by  cm.

What is the density of the ground biscuit mixture if the full package weighs  g and an empty container
weighs  g?
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5 George loves running so much… he even bought a smartwatch. After a month of heavy use, it con-
gratulated him on reaching a running speed of  km/h. But now it is raining outside and George has to run
on a treadmill with a length of  m. He set the speed of the treadmill to  m/s and started running right in
the middle of it. How long will it take for George to fall off the treadmill?

6 Gunfighter Sebastian stands in themiddle of an unnamed town’s square in theWildWest. However, his
enjoyment of the approaching high noon is spoiled by the fact that he is being slowly encircled by a bunch
of desperados. The pistolero’s escape now hinges on a sufficient distraction. Fortunately, after last night’s
debauchery there is a huge puddle of highly flammable whisky spilled in the town square.

He fires his trusty revolver at the spot denoted with cross. The whisky ignites and the flames spread at  m/s.
How long will it take for the entire puddle to ignite?

The grid squares have a side length of  m.

1 m

7 Wings for Life is a run-for-charity event with the following rules: all runners start running at the same
time. Half an hour later a car starts driving after them at a speed of  km/h, and every half an hour it
instantaneously accelerates to a higher speed. If a runner is overtaken by the car, they have to leave the race.

The historical record distance ran is . km. How long did the runner last if the car’s speeds in the half-hour
segments are sequentially , , , , , , ,  and  km/h? After reaching  km/h, the car does
not accelerate anymore.
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8 Submit the sum of the numbers of all true statements:

1 Common circuit breakers in an apartment have a rated current nominal of about  A.
2 Galvanic cells are sources of direct current.
4 Electric forces can occur between insulators.
8 Resistivity of electric conductors decreases when they heat up.

16 The coulomb is dimensionally equivalent to ampere per second.
32 Currents smaller than  A are not dangerous to humans.
64 Two resistors connected in parallel can experience different voltages.

128 Even though the mains sockets provide alternating current, electric kettles would work with
direct current as well.

9 After her last visit to Adam’s apartment, Eve swore to paint his room while he is away. She bought
a five-liter bucket of paint, covered in various inscriptions: apart from pictures of Arctic plains and vague
claims of unimaginable whiteness, it also displays the weight of the contents, . kg, and an enthusiastic
recommendation that the paint should be diluted at a ratio of . kg of water per  kg of paint.

Eve is too lazy to get a kitchen scale and would prefer to use a ladle. In what volumetric ratio should she
dilute the paint with water?

Submit the ratio of the volume of paint to the volume of water.

10 As every single low-quality summer disco song informs us, it is highly advisable to keep oneself well
hydrated and cool in the warmest months. Justine is preparing Granny Justine’s Kiss, a delicious mixed drink
served at  °C. Unfortunately, her tap can only provide water at  °C. To cool it down, she threw in a block
of ice with mass  kg and temperature  °C.

What is the volume of water of the required temperature that Justine can produce this way?

11 In the name of science, Matt and Sarah decided to experience weightlessness first-hand. They planned
to jump from a hot air balloon. When they reached altitude of 200 metres, Matt excitedly jumped overboard.
Only after 3 seconds Sarah noticed that he had forgotten his parachute and screamed in horror. At what
altitude was Matt when he heard her scream?

The balloon is stationary the whole time. Deceleration due to air resistance is negligible.

12 We took three identical resistors and measured their resistance in both series and parallel connections.
The results differed by  Ω. What is the resistance of the circuit in the picture?

https://physics.naboj.org/ 4 info-en@physics.naboj.org

https://physics.naboj.org/
mailto:info-en@physics.naboj.org


26. Physics Náboj, 2023 Problems

13 Firefighter Francis is rappelling down from a tall building. He has just reached the end of a  m long
rope. If he now uses his legs to push himself away from the wall with all his strength, he will reach a maximal
horizontal distance of . m from the wall.

How high can Francis jump vertically upwards on level ground?

14 Jacob is speeding on a highway. He is feeling some vibrations coming from one of his wheels and starts
worrying a little bit. Take, for instance, a simple tyre valve with a mass of  g? Calculate the apparent mass
of the valve felt by the tyre if it is located in distance of  cm from the rotation axis and the car is driving
at speed  km/h. Assume that the valve’s distance from the rotation axis is much greater than its distance
from the outer edge of the wheel.

The apparent mass of an object is the mass that would exert an equal force on scales when resting on the ground.

15 Julia is on vacation. The apartment has a rectangular pool with dimensions a×b. When she checked in,
the owner informed her that the pool should be covered for the night. However, Julia only found a circular
lid with a radius r ≪ a, b.

Julia understands that she will not be able to cover the entire pool, but since she is a diligent person, she still
wants to cover as much as possible.

What is the largest possible area of the pool that she can cover without the lid falling in?

16 Marcel already has both a driver’s and a pilot’s licence, and now he wishes to have a captain’s licence
too. He has to start at the very bottom though, so for now he works as a crane operator at a harbour. Since he
is fairly bright, he quickly devised a new system of lifting containers. His system consists of a light cylinder
with radius . m inserted into a slightly larger cylinder with radius  m. A rod is attached to the centre
of the bottom of the smaller cylinder, passes through the bottom of the larger one and at its end there is a
hook that lifts the container. Marcel now pours water into the space between the cylinders until the container
leaves the ground. How much water does he need to lift a container with a mass of  t?

Ignore the viscosity of the water and any leakage around the rod. The mass of the cylinders is negligible.
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17 Irene took two mirrors and formed a corner with angle of α. Then she pointed a laser beam between
them, parallel to one of the mirrors. The beam reflected from between the mirrors and exited the corner in
the direction parallel to the other mirror.

What are the possible angles between the mirrors?

18 Electricity is quite expensive. To save money, the railway management ordered Jacob the locomotive
driver not to accelerate uphill too much and to try using the train’s momentum as much as possible. Jacob’s
train is  m long and its mass is  t. What is the minimum speed to which he has to accelerate his
train from the station on the left if he wants to get through the entire track in the picture with only the train’s
inertia?

The linear density of Jacob’s train is constant throughout its entire length. Neglect friction and air resistance. For
small angles you may use the approximation tan x ≈ x.
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19 Once again, Sebastian the gunfighter is surrounded by desperados in the middle of a town square
somewhere in theWildWest and plans a spectacular escape. He is standing in right in the centre of a circular
puddle of highly flammable whisky with radius of  m, left over after a night of fights and heavy drinking.

Now he has three shots left to set the entire puddle on fire. What is the minimum time required for him to
do that? Every shot from his revolver can ignite the spill at the point of impact and flame spreads at a rate of
 m/s.

Sebastian has the fastest hand in the whole West, and the time between individual shots and the flight time of
his bullets are negligible.

20 Ona coldwinter day, Daniel found two almost identicalmetal strips with a length of m and mm thick
that someone had put near the trash can. The only difference between the two materials are their coefficients
of thermal expansion, namely  ⋅ − K− and − K−. At a temperature of  °C, Daniel placed the two metal
strips alongside each other and brazed them together.

At what temperatures will this bimetallic strip take the shape of a ring?
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Assume that the stripes expand only along their longest axis.

21 Andrew somewhere dug up three resistors: two were obviously identical and the third was different.
Using all three resistors he constructed five distinct electrical circuitswith total resistances of , , ,  and Ω.
However, he did not realize it was possible to build one more circuit.

What would its resistance be?

22 The flux density of the solar radiation is  W/m. Nevertheless, Julia is not amused by this: she
hates it when it gets too hot in her attic and decided to cover her window with a special reflective foil that
only lets  % of incident light to pass through.

The window is square with a side length of  cm. Julia bought a rectangular piece of foil with dimensions of
. m ×  m, cut it into suitably shaped pieces and covered the window in multiple layers, even if that meant
that some areas were covered by more layers than other ones. What is the minimal power that will now pass
through the window when the solar rays are perpendicular to the plane of the window?

23 Lucy the athlete started training for the high jump. Currently she is able to jump with enough force
to lift her centre of mass by  m. But that is not enough for her. She would like to improve her record by
jumping on a small, non-rotating, spherical asteroid with a radius of . km.

What is the maximum density of the asteroid, so that Lucy could jump straight up and never return?

24 Cathy the alien has received government funding, allowing her to construct a large telescope. Now she
is using it search for planets in the vicinity of other stars. For example, if she were to look at our Solar system,
she would notice the Sun is wobbling slightly in the radial direction. A sinusoidal motion with a period of
one year would point to the existence of our Earth, orbiting with the Sun around a common barycentre.

What is the amplitude of the radial velocity of the Sun due to the Earth orbiting around it?

Ignore the effects of other planets. Alien Cathy’s home planet is located within the orbital plane of the Earth.

25 Adam is happy that it is finally Sunday and he has schnitzel with potatoes for lunch. What is worse, his
legs are so long that once he sits down, the table tilts at an angle of ○. The plate with the schnitzel starts to
slide, and the schnitzel on the plate starts to slide as well. The coefficient of friction between the table and the
plate is ., and the coefficient of friction between the plate and the schnitzel is .. The schnitzel has mass
m and the plate has mass m.

What is the acceleration of the plate immediately after Adam sits down?
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26 Thomas took a springwith stiffness k and zero rest length and a slightly narrower springwith stiffnessK
and rest length L. He inserted the second spring into the first one and welded their corresponding ends
together.

What is the stiffness and rest length of the resulting object?

27 If one needs to quickly estimate themagnitude some physical quantity, it is often beneficial to ignore the
numerical constants and only determine its dimension. Estimate the frequency of a vibrating guitar string
this way, if its mass is M, length L, and the tension in the string is F.

28 George got his hands on a histogram with the number of earthquakes with a given magnitude per year.
The data was grouped in intervals of width 1. George deduced from it that there were  earthquakes of
magnitude . – . and  earthquakes withmagnitudes . – .. But he wonders howmany earthquakes
with magnitude . have occurred.

George knows that the number of earthquakes with a magnitude of at least M is given by the Gutenberg-
Richter law

N(m ≥ M) = a−bM ,
where a and b are constants.

Based on George’s observations, calculate the number of earthquakes he is looking for.

Themagnitude of an earthquake is rounded to one decimal place, which means that the number of earthquakes
with magnitude . actually refers to the number of earthquakes with precise magnitudes within the range
. ≤ m < .. Similarly, the range of magnitudes . – .means . ≤ m < ..

29 Daniel was inspecting the boiler room in his building. He saw that it supplies the heating system with
 l of mysterious liquid with temperature of  °C every second, but only . l of cooled liquid returns to
the boiler room in the same time.

What is the power of the heating station if there are not leaks in the piping? The mysterious liquid in the
pipes has a density of  kg/m at the place where it flows back to the heating station, a constant volumetric
coefficient of thermal expansion of . ⋅ − K− and its specific heat capacity is  J/(kg ⋅K).
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30 When Patrick moved into his new apartment, he brought his exercise instrument with him: a stiff
spring with a rest length  m. If he attaches one end of the spring to the ceiling and hangs on the other end,
the spring would stretch by exactly  m.

He wonders how far from the ceiling he would be, if he fixed both ends of the spring to the ceiling at a mutual
distance of  m and grabbed the centre of the spring.

Submit the result with accuracy of at least two significant digits. Feel free to use a calculator.

31 Andy and Jacob are shooting electrons at each other. Andy suddenly found himself in a precarious
situation, namely in the direct path of an electron travelling with speed v =  m/s. Now he has to resort
to using his supernatural abilities – for a short time he conjures a homogeneousmagnetic field with induction
B = . mT in the vertical direction (perpendicular to v).

For how long does he need to keep the magnetic field on for the electron to change its direction by ○ and
hit Jacob instead?

32 An upright cylinder with base surface S =  cm is filled with water and enclosed with a piston on the
top. A balloon with volume V =  cm is enclosed inside, floating at the top and exerting an upward force
F =  mN on the piston.

Now a weight of massm =  kg is placed on the piston and the balloon slowly descends to the bottom. What
force is it exerting on the bottom if the piston is now at a height h = .m above the bottom? Assume that the
compression is isothermal and dimensions of the balloon are very small compared to the height and width
of the cylinder. The cylinder is surrounded by air with standard atmospheric pressure.

h

F

?

m

33 Justine is studying card tricks. Between skimming credit cards, doing cardio workouts and mining
cryptocurrencies on graphics cards she also builds houses of cards. Now she has a semi-infinite stack of
cards, each of mass m and length ℓ, each shifted by ∆ℓ with respect to the card below it.

What is the force required to lift the end of the bottommost card directly upwards?

9

9

8

87

76
6

5

5

4

4

Δℓ

F

ℓ

info-en@physics.naboj.org 9 https://physics.naboj.org/

mailto:info-en@physics.naboj.org
https://physics.naboj.org/


Problems 26. Physics Náboj, 2023

34 When Snow White isn’t napping, she likes to chill with the seven dwarves on a massless roundabout.
They sit on eight seats, evenly spaced on the circumference of the roundabout and start turning at one revo-
lution every three seconds.

Suddenly an apple falls onto the very centre of the roundabout, so Snow White gets up from her seat and
climbs into the centre to get it. After thismanoeuvre, the roundabout turns at one revolution per two seconds.

What is the mass of one dwarf, if Snow White weighs  kg?

35 Sabine has a hollow cylinder with volume  ml. The area of its base is  cm. The cylinder is filled with
air at atmospheric pressure. A thin, freely moving disk of mass  g partitions it into two air-tight halves.

Sabine is not certified to handle such a delicate instrument and after a while she somehow managed to pry
off one of the bases. What was the ratio of the periods of the oscillation of the disk inside the cylinder before
and after the base was removed?

Treat air as an ideal diatomic gas. Sabine is in the standard atmosphere.

36 An overgrown hamster is sprinting savagely inside his wheel. Soon he exceeds the load-bearing capac-
ity of the hinges and the wheel breaks free. The hamster manages to fall outside and the wheel falls on the
floor and accelerates to a stable speed of  m/s. What was the hamster’s running speed if he was initially at
rest with respect to the room?

The wheel is built of metal rods with linear density λ. Its circumference is formed by a pair of hoops  m in
diameter that are connected by fifty evenly spaced rods . m in length. Each hoop is attached to the axle by
a rod of length equal to the diameter of the hoop, and the rod is perpendicularly crossing the hoop’s axis.

0,5 m 5 m

37 A satellite of mass m is orbiting the Sun with mass M on a circular orbit with radius R. At one point
it fires its engine that starts pushing with a constant force F, which is always pointed radially away from the
Sun.

How large should this force be so that the satellite reaches a maximal distance of R from the Sun?

38 Gold is extremely malleable and can be hammered into very thin sheets. Moreover, it is chemically
stable and reflects light very well. Patrick the Cosmic Conqueror has arrived at newly discovered star with
temperature T , mass M and radius R. As a greeting to the future civilisations he would like to leave there a
letter etched into a thin plaque, made of pure gold of mass m and density ρ.
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What surface density must the sheet have, so that the pressure of the star’s radiation will keep it steady at a
constant distance D ≫ R from the star?

Assume that the sheet reflects all the light and that the incident light rays are always perpendicular to its surface.

39 The Andromeda galaxy is   light years away from us. How fast would we have to travel there
so that the journey would take us that many years from our perspective?

40 Despite stereotypes, even in large cities one can find people who are nice and helpful. But then there is
also Bob. He does not like his neighbour living above himbecause she does not turn on heating even inwinter
when it is − °C outside. Bob’s ceiling is  cm thick and is made of concrete with thermal conductivity of
W/(m ⋅K). Above the ceiling, there is a wooden floor  cm thick with thermal conductivity of W/(m ⋅K).

The temperaure in Bob’s apartment is kept at  °C, what results in  °C in the neighbour’s apartment. What
will be the temperature in the neighbour’s apartment after Bob attached a layer of styrofoam  cm thick with
thermal conductivity of  W/(m ⋅K) onto his ceiling with surface area of  m?

Bob likes to keep his apartment at a constant temperature. Apart from the floor, the neighbour’s apartment has
only exterior walls.
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Solutions

1 The picture below shows the order in which the tanks are filled. Due to gravity, the water flows down
and fills the lowest tank numbered 1. Then the water moves up and displaces the air. The water level in
the tanks as well as in the pipes rises, and we fill tanks 2 and 3. Then the triangular tank number 4 fills up,
followed by the tank 5. As the water level rises further, the water fills the branch with tanks 6, 7 and 8, and
finally the starred tank is filled as ninth.

1
2

3

4

5

6

7

8
9

10

11

12

Figure 1.1: Tank filling order

2 If one hair grows  cm/y, it will grow 
 cm in one day. To get the answer, we simply multiply this by

the total number of hairs and convert to metres to obtain  ⋅ 
 cm/d ≐  m/d.

3 If we travel  miles per hour, which is  ⋅  =   yards per hour, in one second we move

 =


 yards. The commentator said that this distance is one football field and he is wrong by − 

 =

 yards. In units of football fields this is simply 

⋅ =

 of a football field per second.

4 The density is ρ = m
V . If the container weighs m, the mass of the biscuits mb (without the containerm)

is mb = m −m. The volume of the container is the difference between the volumes of the cylinder and the
raised circular part of its base,

V = HπR − hπr. (4.1)

https://physics.naboj.org/ 12 info-en@physics.naboj.org

https://physics.naboj.org/
mailto:info-en@physics.naboj.org


26. Physics Náboj, 2023 Solutions

r

R

h
H

Figure 4.1: The container with dimensions shown

The density of the biscuits is therefore

ρ = mb

V
= m −m

HπR − hπr
≐  kg/m. (4.2)

5 Firstly, let us convert George’s velocity to metres per second:

 km
 h

=   m
 s

= 


m/s. (5.1)

When he steps on the treadmill going at the speed 
 m/s, the difference of the speeds is 

 m/s.

The time needed for him to fall off the treadmill is the time it takes him to cover  m at the speed of 
 m/s,

so
 m


 m/s

= . s. (5.2)

6 The whole puddle will be engulfed in flames, when fire reaches the furthermost point. This point lies
on the circumference of the puddle and we immediately see some candidates.

A

B

C

D

Figure 6.1: Candidates for the furthermost point

Using the Pythagorean theorem, we calculate that the furthermost point is C located
√
 m from the point

of ingition. Fire spreads at speed of  m/s, therefore whole puddle will be in flames
√
 m

 m/s ≐ . s after
ignition.
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7 If we suppose that the runner and the car start at the same time, but the car’s speed is  km/h the first
half-hour, then it is enough to determine the time it takes the car to travel . km. In the first  half-hours
it travels

 km +  km + . km +  km + . km +  km +  km +  km +  km =  km. (7.1)

After reaching this distance the car is driving at  km/h and it still needs to travel . km. The total running
time is then

 ⋅ . h + . km
 km/h

≐ . h. (7.2)

8 Since the numbers are all different powers of two, you have to determine the truthfulness of all state-
ments.

Common circuit breakers in an apartment have a rated current nominal of about 150 A.
The statement is false. Standard values are around  A. For the voltage in a mains socket  V it means a
power limit of W, so four hoovers vacuuming simultaneously would trip the breaker. Breakers at  A
would easily handle  hoovers, which disagrees the common experience.

Galvanic cells are sources of direct current.
The statement is true. Galvanic cells, such as a common AA battery, produce electric energy by electrolytic
decomposition, which is a process with a given cathode and anode. Therefore, direct current is produced.

Electric forces can occur between insulators.
The statement is true. A good example is an electroscope, a basic demonstration of electrostatic force, where
two charged plastic balls repel. Therefore, even insulators can be charged on the surface. Have you ever
rubbed a balloon against your hair?

Resistivity of electric conductors decreases when they heat up.
The statement is false. You can easily search up values of resistivity at different temperatures for any type of
conductor in literature. For the majority of common materials, their resistivity increases with rising temper-
ature.

The coulomb is dimensionally equivalent to ampere per second.
The statement is false. Electric current, measured in amperes, tells us how much charge (coulombs) passes
through per unit time, therefore it’s the other way around – amperes are coulombs per second.

Currents smaller than 1 A are not dangerous to humans.
The statement is false. Even currents as small as  mA can be dangerous to humans, especially if passing
through one’s heart and internal organs. This isn’t necessarily related to the current passing through the
circuit before we touch it, though. The resistivity in the circuit can be small, therefore huge current can be
passing through it even at small voltage. If the resistivity of a human body is large, a small amount of current
would pass through it from that small voltage. Conversely, if the voltage is great, but the source cannot
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produce a large current, we’re once again in the clear. A typical example is spark discharge, which can even
have   V, but the transferred charge, and therefore also current, are small.1

Two resistors connected in parallel can experience different voltages.
The statement is false. Two resistors in parallel are have their ends connected. We know that two points
connected by a wire have zero electric potential between them, so the ends of the two resistors have the same
voltages. The voltages across both resistors will be the same. A real-life example would be a lightbulb. We
often use multiple lightbulbs, with the intention of having each at a  V voltage – and this is why they’re
always in parallel. Even electric sockets are connected in parallel; if we connected two lightbulbs in series,
each of them would have half the voltage from the socket, and they would shine at a lower power.

Even though mains sockets provide alternating current, electric kettles would work with direct current as
well.
The statement is true. An electric kettle is just a jug with a resistive spiral connected to a bimetallic thermal
switch… and in a simpler model, it is just a switch and a resistor that heats up and transfers the heat to the
water. Resistors heat up under both direct and alternating currents, so a kettle would work just the same even
when connected to a source of direct current.

The sum of the numbers of all true statements is therefore  +  +  = .

9 If  l of colour weigh . kg then the density of colour is . kg
 l = . kg/l. The density of water is  kg/l,

which means that the ratio of the densities of the colour and water is  ∶ . Therefore, if we pour one mass
unit of the colour and one of water into two separate containers, their volumes will be in a ratio of  ∶ . Now
we add onemoremass unit of colour, which yields a mass ratio of  ∶ . By doing so, the volume ratio changes
to  ∶ , what is our final result.

10 Granny Justine has to pour mass m of tap water in a jug in which she then puts a block of ice of mass
m
�
. In order tomelt the whole icy block, it has to absorb heat equal tom

�
l
�
, where l

�
is specific latent heat

of fusion of water. Then, the melted ice, also known as water, heats by ∆T
�
, so it absorbs heat m

�
cHO ∆T�,

where cHO is specific heat capacity of water. All this heat is absorbed from the tap water, which cools by
∆THO so it gives away heat of mcHO ∆THO to the ice.

Heat absorbed by the ice is equal to heat given away by the tap water, thus

m
�
l
�
+m

�
cHO ∆T� = mcHO ∆THO. (10.1)

We solve for mass of the tap water

m =
m
�
l
�
+m

�
cHO ∆T�

cHO ∆THO
. (10.2)

The values from the problem statement give m ≐ . kg. Apart from tap water, the jug contains also  kg of
water which stems from the ice, so, all in all, there is . kg of water in the jug which is . l.

1A common question goes: who’s the killer, amperes or volts? Do you know?
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11 Let t denote the time of Sarah’s scream. The main idea here is that Sarah’s sound, which propagates at
a constant velocity c, will overtake linearly accelerating Matt at some time t at which the distances traversed
by both Matt and the sound of the scream will be the same



gt = c(t − t)



gt − ct + ct = .

(11.1)

This is a quadratic equation with two roots

t± =
c ±
√
c − gct
g

. (11.2)

The numerical values of these roots are t+ ≈ . s and t− ≈ . s respectively. Physically, these correspond
to when the sound first overtakes Matt and, much later, when constantly accelerating Matt overtakes the
sound again (since we’re disregarding air friction). Hence t = t−.

s

tt0 t− t+

Figure 11.1: Distances travelled by Matt and Sarah’s scream

Now that we know time t, we can substitute it into the equation of linearly accelerated motion

s = 

gt− ≈ . m. (11.3)

Matt jumped from the height h =  m, therefore at time t when he hears Sarah’s roar he will be at height
of h − s ≈ . m.

12 Let us denote the value of the resistor’s resistance R. If we have a series connection, we sum the resis-
tances of the resistors, so the total resistance will be R. In parallel connection, we are summing reciprocal
values of the resistances, so the resistance is equal to R/. These values differ by  Ω, so we can construct the
equation

 Ω = R − R

. (12.1)
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The solution of this equation is R =  Ω. The diagram in the figure in the problem statement is a parallel
connection of two branches with resistances R and R, so its total resistance can be calculated as


R′
= 
R
+ 
R
= 
R

⇒ R′ =  Ω. (12.2)

13 Francis uses the same amount of kinetic energy for his jump and push off the wall. In the highest
point of his jumps, all kinetic energy will change to potential energy which will be the same in both cases. It
means that the height of the jump will be equal. The height can be determined from the picture geometry as
h = ℓ −

√
ℓ − d = . m.

d

ℓ

h

Figure 13.1: Geometry of Francis’ jump

14 If the wheel rotates, the tyre valve rotates with it. It means that in the frame reference of the rotating
wheel with the origin in the centre of the tyre the valve stands still. The fictitious centrifugal force acting on
the valve is F = mv

r which is oriented from the origin. However, the valve is not moving, so there must be
opposite force with the same magnitude from the wheel. When the car accelerates, in the frame reference of
the wheel it seems that the valve changes its weight, however the only thing that changes is the frequency of
rotating wheel. The apparent weight can be computed as

ma =
F
g
= mv

rg
.

After the unit conversion from km/h to m/s and using the given values we get ma ≈ . kg.

15 It is necessary to realize that if Julia has only one cover, she will cover the greatest area of the pool if
she places it into the corner of the pool so that its centre protrudes over the water as much as possible. This
situation is depicted in the figure below. The centre of mass must be located on the line segment connecting
the two points that are the intersections of the cover’s circumference with the perimeter of the pool. In this
case, the corner of the pool also lies on the circumference of the cover.2 If Julia moved the cover a little more
over the water, it would fall into the pool. Therefore it is enough to calculate the area of water that is covered.
This area consists of a semicircle and a right triangle. The area of a semicircle is simply 

πr.

2thanks to Thales’s theorem
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Figure 15.1: The cover in optimal location

We know that the right triangle’s hypotenuse has a length of r and its other two sides have a length of
√
r because the Pythagoras’ theorem must hold:

√
(
√
r) + (

√
r) = r. The area of this triangle is


(
√
r) = r. The total area covered by the circle is then



πr + r. (15.1)

16 Let us draw and write down all the forces that act on the axis of the cylinder:

Fg + F = Fvz, (16.1)

r R

h

F↑

Fg

F

M

Figure 16.1: Marcel’s crane with forces
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where Fg is the gravitational force, F is the force from the container, and Fvz is the buoyant force of the water.
After expressing the individual forces, we get

mg +Mg = ρHOghS, (16.2)

where h is the height of the submerged part of the cylinder and S is the base of the smaller cylinder. To find
the volume, we need to find h,

h = m +M
ρHOS

. (16.3)

We know that the mass of the smaller cylinder is negligible compared to the container, so

h ≈ M
ρHOS

. (16.4)

The volume of water will eventually be just the volume difference of the cylinders, so

V = h(S − S) =
M

ρHOr
(R − r) ≐  l. (16.5)

17 Instead of calculating complicated geometry, we realise that we just need to mirror the space between
the mirrors a few times. Then we can consider that a ray of light travels along a straight trajectory as in the
picture.

At the end, the ray of light must be parallel to the other mirror. This means that the angle ○ must be
divided into a whole number of parts by the angles α. Thus, it would seem that the valid values of α would
be ○

n , where n are natural numbers. However, for the ray at the end to be parallel to the other mirror it is
necessary, that the mirror which appears at an angle ○ is the other mirror.

1

2

1

2

1

2

Figure 17.1: Solution with just four reflections

We quickly realise that this condition tells us that the number n must be odd. Therefore the valid values of
the angle α are

α = ○

n + 
, (17.1)

where n ∈ N.
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18 The train starts off with speed v and thus has a certain amount of kinetic energy. Since neither friction,
nor air resistance play a role, total mechanical energy of the train is conserved. Therefore it only needs to
travel at such a speed so that its centre of mass just passes over the highest point of its trajectory. However,
since the train is not a point mass, the trajectory of its centre of mass differs from the altitude profile of the
track. At a glance, we can determine that two areas come into consideration as highest: the peak at  m
and the plateau at  m. Obviously, there is no way or place to get any higher.

When we calculate the slopes, we can see that they are all quite small, the steepest drop is only 
 . For

small angles we can neglect the difference between the actual length of the train and its projection onto the
horizontal plane, which will simplify the calculation somewhat. Then we can also ignore the height of the
train’s centre of gravity above the rails, as this will always be the same.

Let us first look at the highest point of the track. The slopes on both sides are equal, ‰, so the train’s centre
of gravity will be at the highest point when it passes over the summit. Since the linear density of the train is
constant, the centres of gravity of both the front and rear halves of the train are at equal altitudes, and hence
the centre of gravity of the whole train is at that altitude as well. So we just need to calculate the height of the
centre of gravity of one of the halves, which will be

h∧ ≈
 m + ( m − . ⋅  m)


= . m. (18.1)

However, this is obviously less than the height of the straight part on the right, where the train fits entirely.
The height of its centre of gravity on it will therefore be trivially h− =  m.

All that remains is to express the difference in the heights of the centre of gravity at the start and at the
maximum height, which is



mv = mgh− ⇒ v =

√
gh− ≈

√
 ⋅  m/s ⋅  m =

√
 m/s ≐ . m/s. (18.2)

19 Let us denote v the speed at which fire spreads, and t the time when the whole puddle is burning. Our
task is to cover the puddle with three circles with radius vt and optimalise their placement to minimise t.
We divide the puddle into three sections, each being inflamed by one of the pistolero’s bullets. We want these
sections to be as small as possible, which means we want to make the circle covering it as small as possible.
Symmetry of the puddle allows us to divide it into three equally sized circular sectors and a simple thought
convinces us that it is not possible to find a better solution. Ideal points of bullet impacts can be found as
centres of the circles.

2
r√3

Figure 19.1: Anatomy of Sebastian’s inflammatory activity
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A short exercise from geometry reveals us that the longest distance which has to be travelled by flame has
length of

√

 r, where r is radius of the puddle. Entire puddle will therefore be engulfed in flames in time

√



r
v =


√


 s ≐ . s.

20 Since the thickness of the strips is one thousand times smaller than their length, we can neglect the
changes in their thickness due to temperature changes and assume that only their length varies. Let r and
r be the radius of the inner and outer strip, respectively. If we denote their thickness h, it then follows
r = r + h. The strip with original length l and thermal expansion coefficient α will, due to a temperature
difference ∆T , increase its length by lα ∆T . Its new length will therefore be

l + lα ∆T = l( + α ∆T). (20.1)

If the strip has a circular shape with radius r, its length is equal to πr. For Daniel’s newly acquired strips
this can be expressed as

l( + α ∆T) = πr,

l( + α ∆T) = πr + πh,
(20.2)

using r = r + h. We can subtract the second equation from the first and we get

∆T = πh
l(α − α)

. (20.3)

Thismeans we have to either cool down or warm up the two strips by ∆T . For given values ∆T ≐  K. Since
the dimensions of the strips weremeasured at  °C ≐  K, we have to increase the temperature by ∆T , since
it is impossible to achieve negative thermodynamic temperature. The bimetallic strip will take circular shape
at the temperature  °C.

21 When solving this problem we will not avoid guessing. This does not mean that we can’t guess wisely.
In total, there are six possible circuits. We will guess that the purely parallel and the purely serial wiring has
the smallest and the largest resistance, respectively. These have following resistances

RR

R + R
and R + R, (21.1)

where R is the resistance of two identical resistors and R is the resistance of the third resistor.

But if we consider that the smallest and the largest resistance is  Ω and  Ω, we get a system of two
equations that has no solution. This means that the value we are missing must be just the smallest or the
largest. Sowe need to guess which circuit corresponds to the second smallest, or the second largest resistance,
respectively.

Firstly, we can notice that the resistors in parallel always have lower resistance, than the individual resistors,
and when connected in series higher resistance. In the case of two parallel branches, the resulting resistance
is always lower than the resistances in the individual branches. In the case of a series connection, the result-
ing resistance is higher than the individual resistors connected in series. This allows us to assume that the
smaller resistances correspond to parallel wiring and larger resistances to serial wiring, reducing the number
of possibilities we need to explore.
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Next, we note that since parallel wiring reduces resistance, it is not worth including small resistors, when
maximalizing resistance. Thus, if two identical resistors have less resistance than the third one, it can be
assumed that the parallel connection of two identical resistors and the third in series with them will have the
second largest resistance.

In addition, we can note that if one branch of the parallel wiring has significantly more resistance than the
other, the current will mostly flow through the branch with lesser resistance, which puts up little resistance.
In the limiting case, when the resistance of this branch goes to zero, current can flow through the circuit with
virtually no resistance and no current flows through the other branch. On this basis, it can be concluded
that if two equal resistors have more resistance than the third one, a series connection of a pair of identical
resistors in one branch and to them in parallel a smaller resistance will have the second smallest resistance.

This reduced the number of cases we have to examine to four:

• If the smallest resistance is missing, the largest resistance corresponds to the series circuit of all three
resistors. Then, the missing resistance corresponds to the parallel circuit of all three resistors.

– If the same resistors have lower resistance than the third, the two identical resistors in parallel and
the third in series corresponds to the second largest resistance.

– If the same resistors have resistance greater than the third, the two identical resistors in series in
one branch and a third in parallel to them corresponds to the smallest known resistance3.

• In the absence of the largest resistance, the smallest resistance corresponds to the parallel wiring of all
three resistors. Then the missing resistance corresponds to the three resistors in series.

– If the same resistors have smaller resistance than the third, two identical resistors in parallel and
the third in series corresponds to the largest known resistance4.

– If the identical resistors have greater resistance than the third, two identical resistors in series on
one branch and the third in parallel to them corresponds to the second smallest resistance.

Let us explore these possibilities. Doing so, we may notice that the largest resistance on the list is signifi-
cantly larger than the next two resistances on the list. Therefore, we may assume that the largest resistance
corresponds to the serial connection of all three resistors, and that the next two resistances correspond to the
circuits in which one resistor is serially connected to a couple of two resistors conected in parallel. Thus, let
us start with the first two options.

We already know the resistance of all three resistors in series. The resistance of identical resistors R in parallel
and R in series has a resistance R

 +R. Solving this system of two equations gives the resistances R =  Ω
and R =  Ω. We can easily verify that the remaining resistances from the problem correspond to one of
the circuits with such resistors. We do not need to investigate other possibilities – we have already found the
solution.

The missing resistance corresponds to all three resistors in parallel, i.e. . Ω.

22 First we have to decide which strategy to use when covering the window with foil. Apparently, we will
be able to cover the entire window twice and still have some foil left over. Using the remaining foil, we will

3The resistance of a parallel connection of all three resistors, which certainly has a smaller resistance, is unknown
4Resistance of series wiring of all three resistors, which certainly has the greater resistance, is unknown

https://physics.naboj.org/ 22 info-en@physics.naboj.org

https://physics.naboj.org/
mailto:info-en@physics.naboj.org


26. Physics Náboj, 2023 Solutions

achieve the greatest filtering effect if we cover that area of the window surface which has the smallest number
of layers covering it so far. That means, we will try to cover the entire window as uniformly as possible.

The surface of the foil is . m, the surface of the window is S = . m. To cover the entire window twice,
we will use . m of foil and will have . m =∶ S of foil left over. That means that the surface S will be
covered three times and the surface S = S − S = . m will be covered twice.

How much power will pass through multiple layers of foil can be easily calculated. Each layer will allow  %
of incident light to pass through. It then follows that two layers will allow α =  % ⋅  % =  % and three
layers of foil will allow α =  % ⋅  % = . % of light to pass through.

Knowing the area covered by two and three layers respectively, the total power passing through the entire
window can be calculated as

P′ = (αS + αS)P = (. ⋅ . m + . ⋅ . m) ⋅  W/m ≐  W. (22.1)

23 Let Lucy have zero potential energy and some kinetic energy at the moment she leaves the ground.
At the highest point of the jump, at height h, she stops momentarily, so she only has potential energy mgh,
where m is Lucy’s mass. This means that her kinetic energy at the start of the jump is equal to mgh, because
the law of conservation of mechanical energy holds during the jump.

If Lucy wants to jump off the asteroid, she has to reach the infinity. Here, we can no longer use the relation
for the potential energy in a homogeneous gravitational field as we did for the jump on the Earth. Instead,
we have to take into account the radial field of the asteroid. In the limiting case, when the asteroid has the
largest possible mass for Lucy to jump off, Lucy arrives at infinity and stops there after an infinitely long time.

Lucy’s potential energy at the surface of the asteroid is −GMm
R , where M is the mass of the asteroid and R is

its radius. At the start of the jump she gains kinetic energy equal to mgh. At infinity, Lucy stops moving and
her potential energy is zero. Due to the conservation of energy, the sum of the kinetic and potential energy
at the moment of lift-off is equal to the sum of the kinetic and potential energy at infinity,

mgh − GMm
R
=  + . (23.1)

From here we can express the mass of the asteroid in the limiting case,

M = Rgh
G

, (23.2)

and then the density as

ρ = M
V
= gh
πRG

≈  kg/m.

24 Let us denote the mass of the Sun as M⊙ and the mass of the Earth as M⊕. Their mutual distance is R.
Both of these objects revolve around the common centre of mass with some angular velocity. First, we will
need to find the centre of mass. Let us denote the distance between the Sun and the centre of mass as r. Then

M⊙r = M⊕(R − r) (24.1)
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which yields

r = M⊕
M⊙ +M⊕

R. (24.2)

The Sun revolves around the centre of mass on a circular orbit with radius r and speed v. After realising that
this is caused by the gravitational force we get

M⊙
v

r
= GM⊙M⊕

R . (24.3)

Now it is enough to plug in the radius r from the equation 24.2 and to express v. We obtain

v =

¿
ÁÁÀG

M
⊕

R(M⊙ +M⊕)
, (24.4)

which after evaluation yields v ≈  cm/s.

When the Sun moves perpendicular to the line connecting the barycentre and the alien observer, its radial
velocity is zero. If it moves towards of away from the observer, its radial velocity is ±v. Therefore v is exactly
the amplitude of the radial velocity of the Sun.

25 In plotting the forces acting on the plate and the schnitzel, we come across the main non-trivial idea
of the problem. What is the relative acceleration of the plate and the schnitzel? In fact, the schnitzel has a
greater or equal acceleration than the plate, a reason wewill now discuss. Consider the situation where f, the
coefficient of shear friction between the plate and the table, is zero. In that case, the plate and the schnitzel
will move with acceleration g sin α. Thus, their relative acceleration will be zero and the schnitzel will not
move relative to the plate.

Let’s put this situation in the horizontal direction. Nothing will move. If we add a force to represent the
frictional shear force between the plate and the table (Ft), that is the force that acts only on the plate, we can
easily see that the schnitzel will want to stay in place relative to the table. Therefore, the plate (T) will exert
a frictional force on the schnitzel, which will prevent it from staying still. T will cause no more acceleration
than Ft causes. We can see that the schnitzel will go down faster than the plate.

Figure 25.1: Sketch of the forces acting on the plate and the schnitzel.
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From the image we can see all the forces and we can write the equations of motion for the plate,

ma = mg sin α − (m +m)g f cos α +mg f cos α, (25.1)

where f is the coefficient of shear friction between the plate and the schnitzel.

The first term on the right-hand side of the equation 25.1 represents the component of the gravitational force
that moves the plate down the table, the second represents the shear frictional force between the plate and
the table (for a mass of m, because the top of the plate also pushes on the schnitzel) and the third term is
the reaction force to the shear friction force between the schnitzel and the plate.

After adding the values and expressing a, we get the resulting acceleration of the plate a ≈ . m/s.

26 Let us denote the total length of the resulting spring as ℓ. The first spring is stretched by force kℓ and
the force with with the second spring is compressed is K(L − ℓ). These forces must be equal, which yields

kℓ = K(L − ℓ) ⇒ ℓ = KL
k + K

. (26.1)

Now imagine that this system of springs is stretched by a distance ∆ℓ so that its total length is ℓ + ∆ℓ. What
is the total force? First spring will be stretched with a force k(ℓ+∆ℓ) and the second will be compressed by a
force K(L − ℓ − ∆ℓ). These two forces act in opposite directions, so we need to subtract them. The resulting
force is

F = k(ℓ + ∆ℓ) − K(L − ℓ − ∆ℓ). (26.2)

Finally, we use the equation 26.1, which simplifies the previous equation to

F = (K + k)∆ℓ (26.3)

from which it is easy to see that the total stiffness is K + k.

27 Obviously, we will use physical quantities given in the problem statement. Let the guitar string fre-
quency be

f ∼ FaMbLc for some a, b, c ∈ R. (27.1)

We did not write the equal sign because we are not interested in numerical constants. Those are not de-
terminable by dimensional analysis. Values of a, b, c are to be determined so that the product of physical
quantities in 27.1 has dimension of frequency, that is s−. Apart from that, newton expressed in SI base units
is kg ⋅m ⋅ s−.

The right side of the 27.1 in the language of dimensions is

(kg ⋅m ⋅ s−)akgbmc = kga+bma+cs−a , (27.2)

which has to be of same dimension as frequency, so

s− = kga+bma+cs−a . (27.3)
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In order for this equality to be true, the exponent of each physical quantity has to be same on both sides of
the equation. A swift look shows that a = 

 , which immediately leads to b = − 
 and c = − 

 . Thus, a guitar

string vibrates with frequency f ∼
√

F
ML .

Fun fact, if we calculated it properly, the fundamental frequency of a guitar string is f = 


√
F
ML .

28 From the problem statement
N(m > M) = a−bM , (28.1)

so for the number of earthquakes in the interval . – . we can write

N(. ≤ m < .) = N(m ≥ .) − N(m ≥ .)

= a−.b − a−.b

= a ⋅ −.b(b − )

= α ⋅ β−.(β − ),

(28.2)

where we introduced the notation a ≡ α and b ≡ β. By analogy, for the interval . – . we have

N(. ≤ m < .) = N(m ≥ .) − N(m ≥ .)

= a−.b − a−.b

= a ⋅ −.b(b − )

= α ⋅ β−.(β − ).

(28.3)

For the number of earthquakes with magnitude .,

N(. ≤ m < .) = N(m ≥ .) − N(m ≥ .)

= a−.b − a−.b

= a ⋅ −.b( − −.b)

= α ⋅ β−.( − β−.).

(28.4)

When we divide 28.2 by 28.3, we get

β = N(. ≤ m < .)
N(. ≤ m < .)

. (28.5)

Equation 28.2 moreover implies,

α ⋅ β−. = N(. ≤ m < .)
β − 

. (28.6)
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For the number of earthquakes we are looking for, we get

N(. ≤ m < .) = N(. ≤ m < .) ⋅  − β
−.

β − 
, (28.7)

After evaluation with given values from the problem statement N(. ≤ m < .) ≈ .

29 The heating station heats the school with its thermal power. We need to find how many joules per
second are transferred from the mysterious liquid in the radiators to the air in the building. If the liquid
changes its temperature by ∆T , its volume changes by Vβ ∆T , where V is its original volume and β is
volumetric coefficient of thermal expansion.5

The change of temperature is thus

∆T = ∆V
Vβ

. (29.1)

The heat transferred from the liquid to the building is simply

Q = mc ∆T , (29.2)

where m is mass of the mysterious liquid and c is its specific heat capacity. The liquid has the same density
as water, so the outgoing . l per second weigh m = . kg. After plugging this into 29.2, we find out that
Q ≈ . MJ. Since this heat is dissipated in one second, the power of the heat station is . MW.

30 Let us first note that if Patrick with mass m is suspended from a spring with a stiffness k, then its
extension will be

∆L = mg
k

. (30.1)

If Patrick is suspended by the centre of the spring as in the problem, he will be suspended by height d, see
figure 30.1. We can split the whole spring in half into two springs of stiffness k. The rest length of each is L



and the actual length of each is
√
( L)

 + d.

Figure 30.1: Geometry of a suspended Patrick

5This relationship is in fact exponential, but as the change in temperature is small we can use a linear approximation.
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The force F that each of the springs exerts on Patrick is then

F = k
⎛
⎝

√
L


+ d − L


⎞
⎠
. (30.2)

In order for Patrick to be in equilibrium, the forces from the springs must balance with the gravitational
force. Thus, the equation

mg = F cos α (30.3)
must hold, where we can see from the geometry that

cos α = d
√

L
 + d

. (30.4)

When we substitute the force F and cos α to the equations 30.2, 30.3, we get

mg = k
⎛
⎝

√
L


+ d − L


⎞
⎠

d
√

L
 + d

. (30.5)

We now divide this equation by the stiffness k and use the equation 30.1,

∆L = 
⎛
⎝

√
L


+ d − L


⎞
⎠

d
√

L
  + d

−Ld =
√
L + d(∆L − d)

(30.6)

and we square this to get rid of the square root

(L + d)(∆L − d) = Ld. (30.7)

Now we get a quartic equation

L ∆L − L ∆Ld + ∆Ld − ∆Ld + d =  (30.8)

with an unknown length d. This one is quite difficult to solve analytically, but after plugging in all numerical
constants L =  m and ∆L =  m, we can solve it numerically.

The simplest way to find the root of the equation numerically is by binary search. Let us denote the left-hand
side of the equation 30.8 as a function f (d). First, we guess some values for d and evaluate f (d). We get

f () = , f (/) = − and f () = . (30.9)

From the signs of these results, it follows that one root will lie in the interval  – . m and the other in
the interval . –  m. Next, we proceed by dividing these intervals in half and, according to the sign of the
function f (d), narrow the interval each time until we reach the desired precision.
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We get two roots, d = . m and d = . m. However, after plugging it back into the equation 30.6, we
find, that the first of the solutions does not satisfy the equation. Thus, this solution is not physically correct
and was generated in step, where we have made a square from equation 30.6. Thus, the height by which
Patrick suspends is d ≈ . m.

31 Electrically charged particles are subject to both electric and magnetic forces. Whilst electric fields
simply act repulsively or attractively, analogous to gravity, magnetic fields have a more complex effect, which
is described by the equation

#—

F = q #—v × #—

B . (31.1)

Let us describe the situation in cartesian coordinates. Let us say the electron comes in the positive x direc-
tion and the magnetic field everywhere is in the negative z direction (a common convention). Then, at the
moment the magnetic field is turned on, the force on the electron acts in the positive y direction. As the
trajectory of the electron curves towards the positive y direction, the direction of the force rotates simulta-
neously so that it is always perpendicular to both the instantaneous velocity and the magnetic field.

As the z-component of the electron’s velocity is initially zero and the z-component of the forcemust be always
zero, the electron is trapped in the xy plane. And since the force is always perpendicular to the electron’s
velocity, the velocity’s magnitude will stay constant, only its direction changes, and that at a constant rate
(since no quantity in the force law changes magnitude). Therefore, the electron moves in a circle.

B

F

e-

Figure 31.1: The electron’s trajectory

Since the direction of themotion is always perpendicular to themagnetic field, we can express themagnitude
of F by changing the cross product in 31.1 to a simplemultiplication of v and B. Since this is the force causing
the circular motion, we can equate it with the expression for centripetal acceleration and isolate R,

me
v

R
= qevB,

R = mev
qeB

.
(31.2)

This is called Larmor radius. We are interested in the time it takes the electron to traverse a quarter of the
orbit’s circumference, with this segment having the length of π

R. This time is then

t = π
v

R = π
v

mev
qeB
= πme

qeB
. (31.3)
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We know all the quantities in this formula – elementary charge, electron mass, strength of the magnetic field
– hence we obtain t ≈  ns.

32 If we denote the mass of the balloon as M, then F = Vρg − Mg, where ρ is the density of water.
Similarly, the force that the balloon eventually exerts on the bottom is F ′ = Mg − V ′ρg, since water is in-
compressible and, therefore, does not change its density. The problem states that the compression of the
balloon is isothermal, so pV = p′V ′. It remains for us to find the values of the pressure. Initially the balloon
is at atmospheric pressure p = patm, since the water pressure acts on the balloon in the same way as on the
piston. At the bottom, however, the pressure is increased due to the loaded piston mg/S, and secondly by
the column of water above the balloon. So for V ′ we get

patmV = p′V ′ = (patm +mg/S + hρg)V ′

V ′ = patm

patm +mg/S + hρg
V

(32.1)

This result has to be substituted into the relation for F ′ to get

F ′ = Mg −V ′ρg = (V −V ′)ρg − F = Vρg
 + patm/g

m/S+hρ

− F ≈ . N. (32.2)

33 The card at the bottom is our first card. If we want to lift it up a tiny bit, the total torque acting on that
card must be zero with respect to the axis of rotation. That is in our case the edge of the card that is below all
the other cards,

Fℓ = 

mgℓ + (ℓ − ∆ℓ)F, (33.1)

where F is the force that Justine exerts on the card and F is the force that the second card (and all the other
cards through it) exerts on the first card.

Figure 33.1: Forces acting on cards

For an infinite number of cards, we can assume that F = F. If, in fact, Justine removes the first card, there
are still infinitely many cards she needs to lift up. With this assumption, we use the equation 33.1 to get

F = mgℓ
∆ℓ

. (33.2)

34 We shall consider the situation first in the non-inertial frame of reference with the observer in the
axis of rotation in the roundabout’s centre, rotating with the roundabout. In this frame of reference, the
roundabout is motionless. There is a fictitious centrifugal force acting on Snow White given by Fo = mωr
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which she has to fight against to climb to the centre. Since Snow White does work, the total energy of the
system is not conserved. However, since this force is purely radial, it has zero torque.

As SnowWhite starts moving, there is a second fictitious force at play: Coriolis force. This has themagnitude
of Fc = mωv⊥, where v⊥ is the component of SnowWhite’s velocity perpendicular to the axis of rotation. This
force is perpendicular to both the axis of rotation and v⊥, so it has nonzero torque. As Snow White climbs to
the centre, she exerts a torque on the roundabout, transferring her angular momentum to the seven dwarves.
As we’ve shown, the energy of the system isn’t conserved, but the angular momentum is – this is clear when
we look at it in an inertial frame of reference, since there is only one external force acting on the roundabout,
and that is the force the ground exerts on the axle to hold it in place, which clearly has zero torque.

Since Snow White’s angular momentum will be zero at the end of the manoeuvre, by equating the initial and
final angular momentum we obtain

(ms + mt)ωr = mtωr, (34.1)

where ms is Snow White’s mass, m_t$ is the mass of one dwarf, ω is the initial angular velocity and ω is the
final angular velocity.

We are given that ω = 
ω, which yields (ms + mt) = 

 ⋅ mt . This gives us the mass of one dwarf,

mt =


ms =  kg. (34.2)

35 Let us displace the disc from its equilibrium position by a distance ∆x. The pressure in the compressed
chamber of the cylinder before its base gets torn off will then increase by ∆p(∆x) and in the other chamber
pressure drops by the same amount6. Therefore a force withmagnitude F(∆x) = ∆p(∆x)S acts on the disc
in an attempt to move the disc back into its equilibrium position (in the middle of the cylinder). In the small
displacement approximation, the function ∆p(∆x) is linear.

In the cylinder with its base missing, the displacement of the disc by ∆x from its equilibrium (which is still
in the middle of the cylinder) causes the same difference in pressure ∆p(∆x) in the undisturbed chamber,
but no difference in the other chamber. The force acting on the disc is now only

F(∆x) = ∆p(∆x)S =


F(∆x). (35.1)

This setup is in the first case equivalent to the disc being connected to a spring with appropriate stiffness k
and the other case is equivalent to the disc being connected to a spring with stiffness k = 

k. The period
of small oscillations of a mass on a spring is T = π

√m
k with m being the mass of the disc and k being the

spring stiffness, which means that the unknown ratio of the periods is

q =
π
√m

k

π
√m

k

=
√

k
k
=
√



. (35.2)

6All of this is true only in the case of small displacements, because then the pressure as a function of displacement can be
linearised.
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36 How does the wheel accelerate after falling on the ground? Well, if the wheel has mass m, it’s pressed
onto the ground by gravitational force of size mg. Also, to the floor it seems as if the wheel is moving –
since it’s rotating with angular velocity ω, at the point of contact its surface moves at cross-radial velocity
of Rω relative to both the wheel’s centre of mass and the ground, where R = . m is the wheel’s radius.
This means there will be friction acting on the wheel at the point of contact with magnitude f mg (where f
is the coefficient of friction) in the direction parallel to the ground and opposing the wheel’s rotation. The
wheel’s centre of mass will begin linearly accelerating along the ground with its transverse velocity given by
vx(t) = at = f g t, but the friction also exerts torque that linearly decelerates the wheel’s rotation, so that its
angular velocity is given by

ω(t) = ω −
f mgR
I

t, (36.1)

where I is the moment of inertia of the wheel.

Friction, of course, doesn’t act indefinitely – it will cease the moment the wheel stops slipping. This occurs
once the cross-radial velocity at the surface Rω(t) equals the translational velocity vx(t), and the wheel
reaches a stable rolling motion. Let’s find the time tv at which this occurs:

R(ω −
f mgR
I

tv) = f g tv ⇒ tv =
Rω

f g( + mR

I )
. (36.2)

The final translational velocity of the wheel is then simply

vv = vx(tv) = f g tv =
Rω

 + mR

I

. (36.3)

This is a known variable: what we want to find is the hamster’s running speed before the breakage vs, which
is simply equal to the initial cross-radial velocity Rω,

vs = Rω = vv( +
mR

I
). (36.4)

We see that we still need to find the mass and the moment of inertia of the wheel. These can be found by
linearly superimposing the properties of each metallic component. The moments of inertia of the 50 small
rods on the circumference and circular hoops are trivial to calculate: they all lie at the same distance from the
axis of rotation, and even if we cut them up into tiny parts, each part is at distance R from the axis of rotation.
Therefore, their total moment of inertia is λAR + λ(πR)R, where A is the length of each small rod.

The two diametral rods are more tricky. Each has mass Rλ, and in literature we can find that the moment of
inertia of a rod of length X and mass M rotating about an axis passing through its centre and perpendicular
to the rod itself is 

MX.

We have X = R and by substituting the mass we find that each diametral rod has moment of inertia of 
 λR.

Hence the total moment of inertia of the wheel is

I = λR(A+ (π + 

)R). (36.5)
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We swiftly express the wheel’s mass from its dimensions and linear density as

m = λ(A+ (π + )R), (36.6)

hence the hamster’s running speed is equal to

vs = vv
⎛
⎝
 + A+ (π + )R

A+ (π + 
)R
⎞
⎠
≐ . m/s. (36.7)

37 At first glance, it may seem that the satellite would leave the Sun’s gravity field. However, if the force is
sufficiently small, the satellite will still be bound to the Sun. Its trajectory will not be a conic section anymore
but it will remain on some curve which will have a point with maximal radial distance from the Sun. We are
looking for force F so that the maximum will be in radial distance of R from the Sun.

Before the engines started firing, the satellite was orbiting the Sun on a circular trajectory with radius R with
speed of v =

√
GM
R . After the engines started firing, the trajectory changed but the law of conservation of

angular momentum still holds since the force F has only radial component. Let us denote v the speed of the
satellite in distance R. As this is the furthermost point from the Sun on the trajectory, the line joining the
Sun and the satellite is perpendicular to its velocity. Therefore, we can write

vR = vR (37.1)

and thus

v = v

= 


√
GM
R

. (37.2)

Next, we use the law of conservation of energy. We must be careful, since the force F does work, too. We
divide the trajectory into many small pieces ∆ #—s and calculate the work done ∆W = #—

F ⋅ ∆ #—s by the force on
the piece, and then sum all ∆W . If we decompose ∆ #—s into radial and transversal component, the dot product
can be calculated as product of magnitude of the force

#—

F and magnitude of ∆ #—s as a result of properties of
dot product. Therefore, the total work done by the engines from the start of their firing to the moment when
the satellite reaches distance R from the Sun is equal to FR (the heliocentric distance of the satellite changes
by R). Thusly, the law of conservation of energy can be written as



mv −G

Mm
R
= 

mv −GMm

R
− FR. (37.3)

Initial velocity is v =
√

GM
R and velocity in the distance R is expressed in 37.2. Now we simply solve for F.

The result is

F = 

GMm
R . (37.4)

38 We need to realise what forces act on the golden sheet. Firstly, we have the gravitational force given by
the Newton’s gravitational law. Secondly, the reflected photons transfer momentum to the sheet. We use the
alternate form of the Newton’s second law F = ∆p

∆t , where ∆p is the difference in momentum. The difference
in momentum of the photons that are reflected during a time ∆t from the sheet is ∆p = E

c , where E is the
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energy incident on the sheet. The photons hit the sheet perpendicularly7 and after reflection, they have an
equal momentum in the opposite direction. Therefore the difference in momentum is doubled.

If the star radiates some energy Ec, the sheet, which is located in distance D, reflects

E = A
πDEc , (38.1)

where A is the unknown area of the sheet.

The radiated energy can be determined from the Stefan-Boltzmann law for black body radiation as

Ec = P ∆t = σTS ∆t = σTπR ∆t. (38.2)

The force exerted by the radiation must be equal to the gravitational force. This yields the equation

GMm
D = ∆p

∆t
= E
c ∆t
= AσTπR

πDc
, (38.3)

from where

A = GMmc
σTR (38.4)

Noticeably, the area density does not depend on the distance from the star. This is an expected result, because
both forces are proportional to D−.

39 This problem, as is usual in special relativity, can be approached in two ways: rigorously or with a trick.
Let us denote the flight time of the journey’s duration as τ =   years and the distance between galaxy
M31 and the Earth as D = cτ =   light-years.

Rigorous approach

Let us consider the situation in two reference frames, writing down the spacetime coordinates of the Earth
and galaxy M31 in each. In the Earth’s frame of reference let the Earth be at t = , x = . Then, galaxy M31
is at t = tG , x = D, where D is the given distance and tG = D

v , where v is the traveller’s velocity which we want
to find. In the traveller’s reference frame, these coordinates change under a Lorentz transform. The Earth is
still at t′ = , x′ = , but galaxy M31 is now at

t′ = γ(t − vD
c
), x′ = γ(D − vt), (39.1)

where γ = ( − v
c )
−/

is the Lorentz factor.

Since in this second reference frame the traveller is stationary, the difference of the time coordinates of the
Earth and galaxy M31 (equal to t′) is also the proper (and flight) time which the traveller measures as the
duration of the journey – hence t′ = τ. Let us substitute the derived expression for t and express the traveller’s

7we know this because D ≫ R
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velocity

τ = γD( 
v
− v
c
) = 

v
γD( − v



c
) = 

v
γDγ− = D

vγ
,

D
τ
= v
√
 − v

c

=
¿
ÁÁÀ c

c
v − 

,

v = c
√
 + cτ

D

.

(39.2)

But since τ
D is simply the inverse of the speed of light c− (this is how these quantities were given – we could

have specified a different value of τ and the solution would be different), hence

v = c√

. (39.3)

Trick approach

Since we are interested in the flight time, which is the traveller’s proper time, let us imagine we are aboard
the travelling spaceship and consider which relativistic effects we observe. Clocks moving relative to us slow
down, but that is not of interest to us. Moreover, the distances between points moving relative to us shorten
by the Lorentz factor – and this is the effect that causes us to measure a shorter duration of our journey.
So if we move at the velocity v, the observed distance to our destination is D = D

√
 − v

c and the journey
duration is τ = D

v . And since we are given τ = D
c , we find

D
√
 − v

c

v
= D

c
(39.4)

From this it is trivial to express the expected result we found in 39.3.

40 Let us consider a wall of thickness h, area S, and thermal conductivity λ. If we maintain its faces at
temperatures t and t, respectively, a heat flow

P = λS
h
(t − t). (40.1)

will be present.

To simplify matters, let us define coefficient λS/h =∶ X. Now, let us look at a wall with two layers with coeffi-
cients X a X, respectively. Continuity demands that

P = X(t − t) = X(t − t), (40.2)

where t is the temperature of the inter-layer interface. This temperature can be computed as

t = Xt + Xt
X + X

, (40.3)
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and we can write an equation for the heat flow

P = XX

X + X
(t − t). (40.4)

We can observe that a composite coefficient can be defined as

X ∶=
XX

X + X
. (40.5)

With these preparations, we are ready to tackle the task itself.

Before styrofoam installation, the heat flow from Bob to neighbour was

P =
XfloorXceiling

Xfloor + Xceiling
(tBob − tneighbour) = Xfloor + ceiling(tBob − tneighbour). (40.6)

If we neglect neighbour’s personal heat production, this heat flow is balanced with losses going outdoors

P = X(tneighbour − toutdoors), (40.7)

where X is (for now) unknown coefficient describing heat losses to outdoors. With vital help of two equations
above, we can determine it as

X = Xfloor + ceiling
tBob − tneighbour

tneighbour − toutdoors
. (40.8)

After insulation, the coefficient describing heat flow between Bob’s place and his neighbour becomes

Xfloor + ceiling + styrofoam =
Xfloor + ceilingXstyrofoam

Xfloor + ceiling + Xstyrofoam
. (40.9)

Once again, the flow from Bob to neighbour is balanced with the losses, so

Xfloor + ceiling + styrofoam(tBob − t′neighbour) = X(t′neighbour − toutdoors) (40.10)

Now, we can simply write

t′neighbour =
Xtoutdoors + Xfloor + ceiling + styrofoamtBob

X + Xfloor + ceiling + styrofoam
. (40.11)

We can evaluate this result as . °C.
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Answers

1 

2  m

3



4 . g/cm =  kg/m

5 . s = − h

6
√



s ≐ . s

7 . h =   s or 4 hours, 53 minutes, 11 seconds

8 

9  ∶ 

10 . l

11 . m. Accept results within the interval  –  m.

12 2 Ω

13 . m

14 . kg, accept results that fall within interval  –  kg.

15
π

r + r = (π


+ )r

16  l, accept also . m =  l

17
○

n + 
, n ∈ N
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18
√
 m/s ≐ . m/s. Accept results in interval . – . m/s.

19

√



s ≐ . s

20  °C

21 . Ω

22  W

23  kg/m, accept results that fall within interval  –  kg/m.

24  cm/s

25 Accept results that fall within the interval . – . m/s.

26 Length L
K

k + K
, stiffness k + K. Accept only if both expressions are correct. If only one of the expressions

is correct, do not indicate which one is wrong.

27
√

F
ML

28 170

29 . MW

30 0.94 m

31 . ns

32 . N

33
mgℓ
∆ℓ

34  kg

35
√


= √
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36 2.11 m/s

37
GMm
R

38
GMmc
RσT

39
c√


40 . °C

built by kvik with dgs master: de7de07

at 2023-11-07 10:04:45 from branch master: 36267647
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