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Dwaj przedszkolacy - fizycy, ktocili sie o to, ktory z ich starszych braci jest szybszy. Po dtugiej dyskus-
ji, ktorej towarzyszyly bojki i gtosne ktdtnie w piaskownicy, doszli do nastepujacych wnioskéw: starszy brat
Michata moze pokona¢ pét femtoparseka w nanowiek, a brat Grzegorza 25 piko jednostek astronomicznych
w mikrotydzien. Ktdry ze starszych braci przedszkolakow biegnie szybciej i o ile nanopologdéw wyprzedzi
wolniejszego na biezni o dtugosci 3 milisekund swietlnych?

Wyniki roznigce sie od doktadnej wartosci o 2 % bedg akceptowalne.

Irena przygotowywata kompot. Gdy konczyla, pozostaly jej dwie szklanki z roztworami cukru: pierwsza
zawierala 80 gram roztworu 20 %, druga natomiast 20 gram roztworu 80 %. Nastepnie Irena zmieszala oba
roztwory. Oblicz, jakie jest st¢zenie otrzymanego roztworu.

Piotr, Pawel i Artur wzieli udzial w biegu na 100 metréw. Podczas tych zawodoéw, kazdy z nich biegt ze
stala szybkos$cig. Artur pokonal Pawla o 20 m. Pawel pokonatl Piotra 0 20 m. O ile metréw Artur pokonat
Piotra?

[ 4 ] Do cylindrycznej szklanki o promieniu R wktadamy szeécienng kostke lodu o krawedzi a i gestosci p -
L6d zaczyna sie topi¢ przeksztalcajac si¢ w wode o gestosci p,, > p,. Jaki jest maksymalny poziom wody w
szklance podczas procesu topnienia?

Grzegorz poszedl na ryby. Sum o masie m nadziat si¢ na haczyk. Kiedy pociagnal za wedke z silg F, sum
poruszal si¢ w gore z przyspieszeniem a. Grzegorz zachecony tym sukcesem, podwinat rekawy i pociagnat
za wedke z silg 2F. Jakie wowczas bylo przyspieszenie suma? Zaldzmy, ze sum od poczatku pogodzit si¢
z zaistnialg sytuacja i spokojnie wisial na haczyku. Gesto$¢ suma jest minimalnie rézna od gestosci wody. W
obu przypadkach sum jest caly czas pod woda.

Zaniedbaj efekty hydrodynamicznego oporu. Wynik podaj w postaci wzoru.

El Trzy rezystory o nieznanych oporach s3 potaczone w uklad w ksztalcie gwiazdy. Jesli omomierz jest
podlaczony do dwoch z jego wierzchotki (A-B, A-C, B-C), to mierzone opory wynoszg odpowiednio 24 Q,
48 ()i 56 Q). Jakie opory zostalyby zmierzone, gdyby rezystory byly potaczone w uklad w ksztalcie tréjkata,
jak na rysunku?

23 wrze$nia w Nowym Jorku, wléczega Michat spal na tawce w Central Parku. Na dworze bylo zimno
i ciemno. Michatl bardzo tesknil za promieniami stonecznymi. Okolo péinocy czasu lokalnego zaczat sig
zastanawiag, jak daleko jest Stonce i jak dlugo musialby i§¢, aby je teraz rzeczywiscie zobaczy¢. Oblicz diugosé
tuku do najblizszego oswietlonego miejsca na powierzchni Ziemi. Nowy Jork znajduje si¢ na 40° szerokosci
poinocne;.
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Zatozmy, ze Slorice jest punktowym Zrédlem Swiatta w nieskoriczonej odlegtosci. Wynik zaokrqgglij do dziesigtek
kilometrow.

Grzegorz marzyl o tym, aby zosta¢ fizykiem, jednak zdecydowal si¢ na aktorstwo. Marzyl o tym, aby
wzig¢ udzial w scenie szybkiego poscigu policyjnego. Byl bardzo rozczarowany, kiedy dowiedzial sig, ze scena
bedzie krecona przy predkosci 50 km/h, a aby widz miat wrazenie poscigu przy predkosci 160 km/h, czgstot-
liwo$¢ odtwarzania klatek bedzie zwiekszona. Jednak plan si¢ nie udal, gdyz w tle zostala nagrana spadajaca
z parapetu okna doniczka. Jakie jest pozorne przyspieszenie ziemskie na filmie. Wynik podaj w jednostkach g.

[ 9 | Mateusz potozyt kamyk na idealnie gtadkiej réwni pochylej. Jaki powinien by¢ kat nachylenia po-
wierzchni réwni, aby sktadowa pozioma przyspieszenia kamienia byta maksymalna?

Mateusz jest malym nicponiem. Ostatnio znalazl galaz w ksztalcie litery Y i zrobil z niej proce. Pierwsza
rzeczy, ktorg prébowal zrobié to trafi¢ we wrdbla, ktéry leciat poziomo ze stala predkoscig. Mateusz wyrzucit
kamien z predkoscia v = 40 m/s. Kamien, lecac w gdére, minat wrébla w bardzo niewielkiej odleglosci, jednakze
trafif go lecac w dot. Oblicz predkos¢ wrdbla, jezeli wiadomo, ze podczas lotu kamien osiagnal maksymalng
wysokos$¢ réowng H = 20 m.

Ostatnim razem, gdy Adam poczut si¢ znudzony, zobaczyl stojace na stole puste pudetko po mleku so-
jowym,i ktérego podstawa byla w ksztalcie kwadratu o boku a, wysokos¢ pudetka wynosita b, a jego masa byla
réwna m. Adam zaczal pcha¢ pudetko poziomo na pewnej wysokosci tak, ze zaczelo si¢ ono poruszac ze stalg
szybkoscig.

Po pewnym czasie Adam zdal sobie sprawe, ze jesli popchnie je wystarczajaco wysoko, pudetko moze sie¢ pr-
zewrocic. Obliczy¢ maksymalng wysoko$¢, na ktorej mogltby on popychac pudetko, nie powodujac jego prze-
wrocenia. Wspolczynnik tarcie miedzy pudetkiem a stolem wynosi f.

Yukasz wedrowal po Norwegii. Dokladnie w samo potudnie 21 grudnia dotart do kota polarnego. Stonce
nie byto zbyt wysoko, ale mimo to potrafilo jeszcze roz§wietli¢ wierzchotek géry potozonej 150 km na péinoc.
Jak wysoka byta gora?

Podaj wynik zaokrgglony do catych metréw.
Znajdz mase¢ x w nastepujacym ukladzie dzwigni i krazka, aby caty uklad pozostawal w stanie rownowagi.

Czarne kropki stanowig trzpienie przymocowane do $ciany. Zauwaz, ze zaznaczone segmenty majg taki sam
rozmiar.

lkg 4kg lkg xkg
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Grzegorz z wielka niecierpliwo$cia oczekuje igrzysk olimpijskich w Pjongchang w Korei Poludniowe;j.
Nawet kupit sobie prostokatng blache o wymiarach 60 cm x 30 cm i wycial w niej kola olimpijskie. Jaka jest
odleglos¢ miedzy srodkiem masy jego kot olimpijskich, a srodkiem geometrycznym prostokatnej blachy?

Gaz A przeksztalca si¢ w gaz B w wyniku reakeji chemicznej A <> B. Wskaznik szybkosci przemiany
gazu A w gaz B jest dane wzorem:

An(A)
= ————= = —ksn(A),
Y an(4)
gdzie n(A) jest iloécig substancji gazu A w pojemniku, natomiast k4 jest statym wspotczynnikiem tej reakeji.
Wskaznik szybkosci reakcji B — A wyraza si¢ podobnym wzorem ze stalym wspoétczynnikiem reakcji k.
Umieszczamy w pojemniku 1y moli gazu A i pozwalamy, aby uktad osiggnal rownowage miedzy gazem A i B.

Jaka jest ilos¢ substancji B po osiagnieciu réwnowagi?

Czerwony samochéd porusza si¢ po prostej drodze z predkoscig v. Niebieski samochoéd porusza sig
réwniez po prostej drodze, ktora jest prostopadla do pierwszej, z predkoscia w. W chwili, gdy niebieski sa-
mochdd jest na skrzyzowaniu, czerwony jest w odlegtosci d od niego. Oblicz minimalng odlegltos¢ migdzy
samochodami podczas trwania ich podrozy.

Strazak Franek opuszcza sie na linie z drapacza chmur. Kiedy wisi na niej, na pewnej jej dtugosci, moze
odbic si¢ nogami i oddali¢ od $ciany wiezowca, liczac w kierunku poziomym, na odlegtos¢ 4 m. Jezeli dtugos¢
liny zwiekszy dwukrotnie, moze odbi¢ si¢ na odleglos¢ 6 m. Jak daleko bedzie mogl si¢ odbic, jezeli jego lina
bedzie dziesie¢ razy dtuzsza od dltugosci poczatkowe;j?

Jaka moze by¢ najmniejsza i najwieksza warto$¢ oporu, ktdrag mozna wyznaczy¢ migdzy punktami A i B
w ponizszym schemacie, jezeli opor rezystora R, moze by¢ dowolny?
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Lejek w ksztalcie §cigtego stozka o kacie wierzchotkowym « = 2 arctan 3 ma w dnie otwor o powierzchni
S = m mm?. Nalewamy do niego wode¢ z szybkoscia Q = 2m ml/s. Po pewnym czasie objetos¢ wody w lejku
staje si¢ stala. Ile wynosi ta objeto$¢?

Pomin wplyw napiecia powierzchniowego. Wynik zaokrgglij do petnych mm.
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Strongman Herkules ma mase m. Jeden z jego numerdw cyrkowych wyglada nastepujaco: stoi on na
drewnianej desce o masie M < m. Nastepnie chwyta dwie liny, ktére przechodza przez pare krazkow i sa
przymocowane do deski, poczym zaczyna si¢ podnosi¢. Jaka jest minimalna sifa, ktéra musi dziata¢, aby numer
sie udat?

Rozwazmy metalowa cegle o wymiarach a x b x c. Jesli wlozymy ja migdzy dwie doskonale przewodzace
plyty, mozna zmierzy¢ nastepujace opory: 12 Q3,27 )i 75 Q. Jaki byltby opér mozliwie najwiekszego szescianu,
ktéry mozna wyciac z tej cegly, jezeli umiescimy go migdzy tymi samymi ptytami?

Na ponizszym rysunku przedstawiono cykl przemian termodynamicznych dla gazu doskonalego o poc-
zatkowych warto$ciach ci$nienia py, objetosci Vj i temperatury T, w ukladzie p(T). Catkowita ilo$¢ gazu w
tym procesie pozostaje stala. Narysuj ten cykl w uktadzie V(T). Nie zapomnij zaznaczy¢ wszystkich waznych
wartosci objetosci i temperatury.

P

3p+

Bt
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Metalowy element o gestosci p, module Younga E i masie czasteczkowej M, krystalizuje tworzac sze-
$cienng strukture sieci krystalicznej. Nastepnie, z tego metalu wykonujemy pret, ktory przytwierdzamy jed-
nym koncem, a do drugiego konca, przykladamy sile F dzialajaca wzdtuz jego osi. Oblicz zmiane¢ odlegtosci
miedzy atomami, jesli sie¢ krystaliczna jest zorientowana tak jak na rysunku.

Irena podrézuje nocnym pociaggiem. Przez okno po jej lewej stronie widzi Ksig¢zyc, a przez okno po
prawej stronie, lampe uliczng. Jednakze, wewnetrzne powierzchnie okien odbijajg czes¢ swiatta, wiec odbicie
lampy jest widoczne po lewej stronie, a odbicie Ksiezyca po prawej stronie. Nie nalezy bra¢ pod uwage innych
odbié. Po lewej stronie rzeczywisty obraz Ksigzyca jest sze$¢ razy jasniejszy, niz obraz odbitej lampy. Po prawej
stronie lampa jest 50 % jasniejsza niz odbicie Ksiezyca. Jaki bylby stosunek natezenia $wiatta lampy i Ksiezyca,
gdyby nie bylo szyb w oknach? Przenikalnos$¢ optyczna szkta w oknach pociggu wynosi 50 %.

Brazylijscy Indianie zamontowali ling do suszenia ubran. Wzi¢li dwie niewazkie, elastyczne i nierozciag-
niete liany o wspolczynniku sprezystosci k i zwigzali ich konce razem. Nastepnie, umiescili ling na wysokosci
h pomiedzy dwoma drzewami znajdujacymi sie w odleglosci D od siebie. Nagle, z gatezi znajdujacej si¢ na
wysokosci H nad ziemia, zeskoczyla zuchwala malpa o masie M i chwycita $rodek liny. Na jakiej wysokosci
nad powierzchnig Ziemi malpa si¢ zatrzyma, zanim zacznie si¢ dalej hustac?

Na $cianie wisi niewazki, doskonale okragly zegar, podtrzymywany przez dwa gwozdzie. Jeden znajduje
sie dokladnie w $rodku zegara, a drugi w najwyzszym jego punkcie. Nastepnie, aby zegar stal sie wyjatkowy,
przymocowano do niego 12 matych odwaznikéw, w taki sposob, ze na pozycji o godzinie k przymocowano
ciezarek o masie km. W pewnym momencie gérny gwozdz nie byl juz w stanie utrzymac tego ogromnego
obciazenia, zerwal si¢, i zegar zaczal sie obracac. Jakie jest jego poczatkowe przyspieszenie katowe?

Jakub poszed! na pokazy lotnicze. Pilot, zanim przelecial nad widzami, uruchomit glosniki, znajdujace
sie na zewnatrz samolotu. Przypadkowo byla z nich odtwarzana ulubiona melodia Jakuba. Kiedy samolot si¢
zblizal, ton dzwigku, ktérego oryginalng czestotliwos¢ f Jakub dobrze znal, wydawala si¢ by¢ o potowe oktawy
wyzsza (czestotliwo$é byta /2 razy wyisza). Jaka czestotliwo$¢ dzwieku styszat Jakub, gdy samolot sie od niego
oddalat po linii prostej?
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Jozef lezal na dnie basenu. Jego oczy znajdowaly sie na glebokosci 2 m i w odleglosci 2 m od $ciany
basenu. Nastepnie na krawedzi basenu stangl Adam. Jak wysoki wydaje si¢ on Jézefowi, jesli wspotczynnik
zalamania wody »n = 1,33?

Problem ten nie ma rozwigzania analitycznego. Zalecamy uzycie kalkulatora. Doktadnos¢ rozwigzania kotico-
wego oraz rozwigzan czesciowych nalezy poda¢ do jednego miejsca po przecinku.

Standardowa zaréwka o mocy 100 W emituje tylko 4 % mocy jako $wiatto widzialne. W nocy, Jan potrafi
dostrzec $wiatlo takiej zarowki z odleglosci co najwyzej 100 km. Jak daleko Jan musialby odlecie¢ od Stonca,
aby nie byl w stanie zobaczy¢ jego $wiatla? Stonce emituje 36 % swojego promieniowania w postaci swiatta
widzialnego.

Wynik zaokraglij do petnych parsekow.

W jednorodnym polu magnetycznym o indukgji B, znajduje si¢ kwadratowy otwdr, prostopadty do linii
pola, gdzie indukcja pola magnetycznego jest rowna zero. Czastka o fadunku Q porusza si¢ wzdtuz przekatnej
otworu, opuszcza go i powraca wzdluz drugiej przekatnej otworu. Czastka przechodzi cala dlugos¢ przekatnej
w czasie t. Jaka jest masa tej czastki?

Grzegorz ma pchly domowe o masie m kazda i wybratl si¢ z nimi na przejazdzke karuzelg tancuchows.
Kazdy fancuch karuzeli ma dtugos¢ L i jest przymocowany do struktury karuzeli w odleglosci r od jej srodka.
Oblicz najwieksza predkos¢ katowa, przy ktorej pchla nie odpadnie z glowy Grzegorza, jezeli jest w stanie
trzymac sie jej z silg F.

Rosalinda, to rezolutna malpa, ktéra zjada tyle banandéw, ze przebywanie w jej poblizu jest niebezpiecz-
ne. Jej aktywno$¢ promieniotwdrcza wynosi 108 Bq! Przecietny banan ma dtugos¢ 20 cm i zawiera 60 pg
radioaktywnego potasu “°K o czasie polowicznego rozpadu 1,25 mld lat. Ile metréw bananéw na sekunde
powinna je$¢ Rosalinda, aby utrzymac swoj niebezpieczny poziom promieniotwdrczosci?

Zrédlo protonéw jest umieszczone w potowie odlegtosci miedzy dwoma réwnolegtymi, nieskoriczenie
duzymi, naladowanymi plytkami o gestosci powierzchniowej o, znajdujacymi si¢ w odleglosci d od siebie.
Zrédlo wystrzeliwuje protony o fadunku +e, z szybkoscig v we wszystkich kierunkach. Do ktérych punktéw
na plytkach protony moga dotrzec?

o
V% ‘ % d2
ds2
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Marcin jest gluchy na prawe ucho. Kiedy nosi stuchawki chroniace przed halasem, musi zwigkszy¢ glo-
$no$¢ prawego nausznika o 3 dB. Jezeli stucha dzwickow z glosnika, wowczas potrzebuje wzmocnienia o 13 dB
z glosnika po prawej stronie. Oblicz odleglo$¢ miedzy gtosnikami, jezeli odlegtos¢ miedzy uszami Marcina
wynosi 15 cm.

Wynik zaokrgglij do 1 centymetra. Zauwaz, ze lewe ucho rowniez styszy prawy glosnik i vice versa. Pomin
rozchodzenie sig déwigku w glowie.

Na orbicie okolostonecznej uruchomiono satelite w ksztalcie szescianu, ktéry jest cialem doskonale czar-
nym. Jest on idealnym przewodnikiem cieplnym i posiada system kontroli, ktéry umozliwia swobodne zmiany
jego ustawienia. Jaki jest stosunek najwyzszej i najnizszej temperatury, ktére mozna osiaggnac, jezeli promie-
niowanie sfoneczne jest jedynym Zrédlem energii?

Klara zniechecila si¢ ciagtymi awariami zasilania w instalacji elektrycznej. Kupila zatem maly reaktor
jadrowy wykorzystujacy fuzje helu. Produktem ubocznym fuzji, ktéra tam zachodzi jest promieniowanie beta,
czyli elektrony emitowane z jadra. Rozwazmy jadro helu o promieniu R, ktére emituje elektron. Elektron jest
wowczas przechwytywany przez proton, w stalej odlegtosci » = 11R od jadra helu. Jaka musi by¢ minimalna
energia kinetyczna elektronu opuszczajacego jadro, aby mégt on dotrze¢ do protonu?

Marcin znalazl na strychu swojego domu ogromng ilo$¢ kondensatoréw, kazdy o pojemnosci C. Ilos¢
ta byta praktycznie nieskoniczona, dlatego postanowil zbudowa¢ nieskonczong sie¢ kondensatorow. W pier-
wszym kroku polaczyl ze sobg cztery kondensatory, w drugim kolejne osiem, w trzecim 16 itd. Jaka bedzie
pojemnos¢ elektryczna ukladu Marcina, kiedy zostanie ukonczony?

A u g

i

Metalowa ramka sklada si¢ z trzech drazkéw: dwdch pionowych o dlugosci a i poziomego o dlugosci
b. Polaczenia migdzy ramka a $ciang umozliwiaja swobodne poruszanie si¢ pretow. Gesto$¢ liniowa drazkéow
wynosi A. Jaki jest okres malych drgan ramki, jezeli porusza sie ona tylko w swojej pierwotnej ptaszczyznie?
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Planeta o masie M posiada jeden ksi¢zyc o masie M/10, ktdry jest umieszczony na orbicie kolowej. Nagle
pojawia si¢ Gandalf i w magiczny sposéb zmienia mase planety. Jej ksiezyc, zachowujac swojg bezwladnosc,
odlatuje do nieskonczonosci. Jaka jest gérna granica nowej masy planety?

Statek piracki ma maszt o wysokosci h. Ze szczytu masztu zwisa lina o dlugosci L < h. Pirat Jan biegnie
po pokladzie z predkoscia v. Kiedy znajduje si¢ tuz obok masztu, chwyta za ling i zaczyna si¢ husta¢ w plaszc-
zyznie prostopadlej do pokladu, przechodzacej przez maszt. Jaki jest maksymalny moment sity wywierany na
podstawe masztu podczas jego ruchu?

Zaloz, ze szybkos¢ Jana jest niewystarczajgca do tego, aby mogt on wznies¢ sie wyzej, niz wynosi wysokosé masztu.
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The problem is not difficult from the physics point of view, all we need are more conventional units.

From the table of constants, we can get the value of 1 pc = 3,086 x 10'® m. The femto- prefix means we multiply
by 10715, Thus half of a femtoparsec is approximatelly 15,43 m.

One year has 365 days', each day has 24 hours, and every hour is 3600 s long. A century is 100 years. The
nano- prefix means that we multiply by 10~?, therefore one nanocentury equals 3,1536 s.

Astronomical unit can be found in the table of constants as 1 AU = 1,5 x 10" m. Pico- prefix is a simple
multiplication by 10712 so a picoastronomic unit equals 0,15 m. Each week has seven days, which is equal
604 800 s, thus one microweek is 0,6048 slong.

Using a calculator, we can calculate the velocity of Michael’s brother as vy = 4,8929 ms™!

as ] = 6,2004 ms~!. We see George’s brother is faster.

, and George’s brother

Now let’s calculate the length of the race: alight-microsecond is the distance light travels in exactly 1 ps, which
iss = 3-300 m = 900 m. Now we can calculate the times #\; = 183,943 s and t; = 145,152 s, and also the
difference

38,791 s.

Finally, we need to express the result in nanopostpartum periods. One postpartum period is exactly 10! s =
3628800 s, hence a nanopostpartum period is 3,63 ms. We divide to find the final result: George’s brother
beats Michal’s by 10 690 nanopostpartum periods.

The total mass of the solution is 100 g. The mass of dissolved sugar is 0,8 - 20 g + 0,2 - 80 g = 32 g, thus
the concentration of the mixed solution is 32%.

Denote speeds of Arthur, Paul and Peter vy, v, and v; respectively. While Arthur covered an entire track,

thus 100 m, Puul covered only 80 m. Therefore, the ratio of their speeds is % = < = 2. Similarily, while Paul
100

v2 80
covered 100 m, Peter covered only 80 m, thus a speeds ratio is {2 = 37 = 2. The ratio of Arthur’s and Peter’s
speed is

Vi vivy 25

V3 Va V3 16 '

Providing Arthur covered 100 m in time ¢, Peter covered only

V3 16
mt=—100m=—100m = 64 m.
1 25

Therefore, Arthur beat Peter by 100 m — 64 m = 36 m.

[ 4 ] The cube melts and after a certain time, it starts to float. Denote an initial volume of the cube V., = a2,
the volume of the unmelted remnant of the cube V;, the volume of water V,, and the volume of the immersed
part of the remnant of the cube V. Archimedes’ principle states that the cube displaces water with volume V,
which leads to a rise of water level in the glass. Therefore, we need to calculate a volume V = V,, + V,, and find
its maximum as a maximum volume means maximum water level.

'A civil non-leap year we could also use a tropical year, the result will still fit within the precision range
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The upthrust is F,, = V,p, g. The cube floats, thus gravity and upthrust are balanced F, = F,,. We obtain
V, = V,»%. Let’s express the volume V,, as a multiple of V;. Its initial mass is m = a’p,. Mass must be preserved,
thus the equations m = m; + m,, must be valid throughout the entire proces of melting.

3 - iP; . .
The volume of water is V,, = '”p " thus V,, = %V’P’. Finally, we obtain the volume

3p. — Vip. ) )
TP Vipi lp’+Vi&:a3&.

V=V, +V,=
P P P

It implies that the water level does not depend on the amount of melted ice if the cube floats. Teoretically, if

the glass was wide enough, it might happen that the ice remnant would not start floating at all. In that case, the

whole cube would melt and the volume of water would be V = a3% which is the same result as in the previous

w

occassion. Therefore, the maximum water level is

h Pia3

PR

According to Newton’s Second Law of Motion, the acceleration is proportional to the acting force. What
forces act on the catfish? Firstly, it is the force of George pulling the fishhook. Secondly, there is the gravitational
force and the buoyant force. All the forces are constant and act only vertically, therefore they can be added
simply. Let us denote their sum F'.

In such a case we can state ma = F'. After George pulls with force of 2F (ie. the pulling force gains another F),
the force F' remains constant, thus ma’ = F + F'. Excluding the F’ we get the final acceleration a’ = a + £.

E Let’s label the measured resistances as Ryp = 24 ), Ryc = 48 Q) a Rpc = 56 () and single resistors as Ry, R,
a R;. When measuring, there is always one resistor lying on a disconnected branch, not affecting the measured
value. With this we can write:

R; + Ry = Ry,
Ry + R; = Ry,
Rz + R3 = RBC-

Figura 1: Resistors connected into the shape of a star

Single algebraic adjustments give R, = 8 O, R, = 16 Q2 a R; = 40 Q). After reconnecting it into a triangle, we
would measure a simple combination of serial and paralel architectures. Resultant resistances are:

https://physics.naboj.org/ 10 info-pl@physics.naboj.org


https://physics.naboj.org/
mailto:info-pl@physics.naboj.org

S
'@5@3 20. Nabéj Fizyczny, 2017 Rozwigzania
R (R, +R
Ry + Ry +R;
R, (R; +R
Ry = RRAR) o
R, +R, +R;
R;(R; +R
mm——iii—;ﬁ =15 Q.

" R+ R, +R,

Figura 2: Resistors connected into the shape of a triangle

At midnight on an equinox, the sun is exactly on the opposite meridian to New York. The interface
between the dark and light hemispheres is called the terminator.

Figura 3: Solari rays illuminating the Earth

It should be obvious that the nearest place from which we can see the Sun is the North Pole. If we walked along
the terminator, we would be either getting closer or further from New York at every point except for the poles.
Because our direction is not perpendicular to the line connecting New York and us at either of the poles, we
know that the closest place must be one of the poles.

It is certain that the South Pole is further from New York than the North Pole, therefore it must be the North
Pole. The latitude difference is then 50°. The Earth’s radius is R = 6378 km so the arc distance is

5
d= l—gR = 5566 km = 5570 km.

First of all, we calculate the ratio of the real framerate to the played framerate. We can do this by looking
at the velocities, denote the distance the car moves between two frames d. If the frametime is 7, the velocity ob-
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served in the video is v = g = df, where f = 1 is the framerate. We see that the velocity observed is proportional

50 kmh™' _ 5
160 kmh™' ~ 16°

to the framerate. The ratio of framerates is equal to the ratio of the respective velocities k =
What about accelerations, how do these transform? Assume a fall from height / at constant downward ac-
celeration. Height and time are related by h = 1gr2. We know the height remains constant if we change the
framerate, but the time transforms to kt. Thus the expression for the observed acceleration is h = 1¢’ (kt)2

-2
where ¢’ is the observed gravity. To reach the result we divide these equations and see that: g = £ = (i) =

16
3,22 = 10,24¢.

E When the rock is placed on the inclined plane, its acceleration is gsin «, from which the horizontal part
is of magnitude gsinacosa = g%

horizontal acceleration is for a = 45°.

. One obtains sine maximum with 90° as argument, so the greatest

As the stone hits the sparrow twice, one knows the stone and the sparrow have the same horizontal
velocity. Maximum hight, which the stone reaches, determines the initial vertical velocity v, = \/2gH. The
horizontal velocity can be calculated using Pythagorean theorem as v, = | /v* — v which is also the velocity of

the sparrow 203 ms™! =35 msL.

Let us analyze the forces acting on the box when it is pushed. Firstly, there is the weight Fy, that acts at
the center of gravity. Second, there is the normal reactive force N acting at the interface between box and table,
the force of friction F,, that acts against the motion and our push force F.

\4

K

Figura 4: A finger pushing the box

To achieve constant speed , the horizontal forces must be equal, therefore F = F,. The box does not fall through
the table, so the vertical forces are equal as well, N = F,. We also know F; = fF,. When the box starts turning
around its edge (H), the forces of N and F; will move to the edge. We can calculate the torque about the edge
(H) efficiently, because the torques of N and F, equal zero. Now we have only torques of F and F,.

The box does not fall over, so the torque of F must be smaller than the torque of F,. The position of F, is a/2
(the center of gravity is a/2 from the edge of the box)and the position of F is s, the perpendicular distance from
the table.

The box does not fall over,therefore:

a
F,— < Fs,
£2

mgg < fmgs,

<s,

Kl
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from which we can calculate the maximum height where we can push of %(

We label the lattitude difference between mountain top and Lukas as ¢. From this:
(PRZ = d)

where R, is the Earth’s radius. If the mountain height is h, trigonometry helps us (see picture below) to simply

write:
R,

cos ¢ =

R,+h

Figura 5: Solar rays iluminating the Earth at the investigated moment

Combining these two expressions yields the mountain height:
1
h =R, ——~ 1] =1764m.
cos ( 5 )

Denote the force a rope exerts on both levers F and the gravitational acceleration g. A balance of torques
on the left lever is described by the equation 1 kg-g-0+4kg-g-3 = F-4, thus F = 3 kg- g. Analogously,
a balance of torques on the right lever can be used to calculate the unknown mass x:

F-1=1kg-g-2+x-g-5=>x=0,2kg.

The olympic rings can be divided into shapes that we can describe easily. As we can see in the picture, the
rings consist of rectangle 40 cm x 10 cm, five half-circles and two quarters of a circle with radius of » = 10 cm.

Figura 6: Division of rings to more elementary shapes
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Let the origin of our cartesian system be in the center of the original rectangle. This will make the problem
easier, because the distance of the centers will be the position vecto r of the new center of gravity. The olympic
rings are symetrical according to the vertical axis, the x part of the position will be zero. We need to calculte
the y part. This is done by weighted aritmetic mean:

_ 2 MY

= 2im; '

The rings can be divided into a rectangle, three half circles and two quarter circles (marked in the picture). The
sum of the y parts of these shapes is zero.The remaining half-circles’ center of gravity is in yx = 5 cm. Let the
density of the material be 0. We now get the position of the center of gravity.

_ 20%% _ 57t
o4r: +o3nrr  3n+4

cm = 1,17 cm.

yr

Balance occurs when rates of gas transformations are same. Denote balanced number of molecules of
gases 1 and ny!. The condition of balance gives

eq _ eq
kAnA = anB .

The total number of molecules of gases must be preserved due to stoichiometry of the reaction, thus ny + ng =
ny. Therefore, the number of molecules of gas B is np = —2~

Consider two cars moving down two mutually perpendicular roads. Denote the road of the red car x and
the road of blue one y. We need to find a mutual distance which encourages us to change a frame of reference.
Let’s look at the situation in the frame of reference of the red car. That means the blue car moves askew with
velocity W = vV + w.

Figura 7: Moving cars

Now consider a moment when the blue car crosses the crossroad and mark it as initial. We find an angle
between velocity @ and x axis. Vector i can be decomposed as follows: v = ucos « and w = usin . A quotient
of these equations gives tana = .

In the red car’s frame of reference, a trajectory of the blue car is deflected from x axis by an angle «. The shortest
distance between cars correspond to the perpendicular line on the blue car trajectory passing the red car. We
know that the red car is d away from the crossroad and we also know the deflection of the blue car trajectory.
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Therefore, a perpendicular distance is

w w
dypin = d sin (arctan (—)) =d——.
v Vv +w?

Denote the lenght of the rope L and the speed the fireman can reach immediately after the bounce v.
Energy must be conserved, therefore, if he bounces with maximum speed, he will always be lifted same hight.

Figura 8: Fireman on the rope

Let’s compare the hights he reached in the first and the second occassion:
L-VI?-4m’=2L-\4L? - 6’ m’.
We need to find the lenght L:

L-VI?2-16m?=2L - \4L? - 36 m*
V4L2 -36 m? = L +\/L? - 16 m /()2

L[> -10m? = LV 12 - 16 m /()2

[’=25m>=L=5m

The height which the fireman can be lifted to, is # = 5 m — v/52 m? — 42 m? = 2 m. In the last occassion, the
fireman bounces to the distance ds:

2m=50m-1/2500 m* - d2 = d; = 14 m.

The resistor R, can be replaced by a resistor with an arbitrary resistance. That means we can change it
continuously between values 0 and oo (). We are concerned about a range of the overall resistance which also
changes continuously, therefore, we just need to find total resistances in extreme occassions.

If we put R, = 0 Q, the resistor behaves as an ideal conductor. The ideal conductor has zero resistance, thus
its lenght can be changed arbitrarily. Therefore, we can join nodes connected with the ideal conductor to one
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node. The scheme can be redrawn this way:

Figura 9: The circuit with R, = 0 Q)

We obtain only series and parallel connection of resistors. The two parallel resistors in the bottom branch have
a total resistance %, thus

If we put R, = oo (), it behaves like there is an ideal insulator. Therefore, this branch can be removed from the
circuit. We obtain following scheme:

Figura 10: The circuit with R, = oo Q

The resistance of the parallel resistors is 2R, thus the total resistance is

The overall resistance varies between 2R and 2R.

Some of you may object that we do not know exact value of total resistance for general R,. After all, the fact
that a function is continuous, does not mean that it is also monotonic. Therefore, it may reach extremal values
also out of limit cases. Hence, we will show briefly how total resistance of the circuit Ry can be calculated for
general R,.

Firstly, let’s focus only on three resistors R in left part of the circuit. They are connected to the triangle. If we
measured resistance between either two nodes, we would get exactly 2R in all three cases. The resistance of
these resistors is fixed, thus we can replace them with any configuration of resistors which gives same result.
Lets do it. We will replace the original configuration with three resistors with resistances £ connected to the
star. This transformation is called triangle-star (or A-Y). We let you verify that these two configurations are
really equivalent.
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3
R
A 3 | B
R
3
R

Figura 11: Transformed scheme

Now, a final scheme consists of resistors connected only in series and parallel, thus we can easily obtain total
resistance

R 2R(2+R,
R
ERAIRA

It is really monotone function at interval [0; oo ], so our original result is correct.

The stable level is achieved, if the flow rates of incoming and outcoming water are equal. The outcoming

flow rate is from the Torricelli’s equation: Q = \/2hg, where h is the water level. Now we only have to calculate
the volume from geometry:

Figura 12: Cross section of funnel

The radius of the smaller cone is r = 1 mm, its heights is d = 2 mm. The bigger cone is higherby h: D =d+h =
202 mm, the big radius is R = 101 mm. The final volume of water is 2158 cm?.

If the strogman pulls ropes with a sufficiently large force, he starts to move upwards. Since we are in-
terested in the stable mode, we are dealing with static problem. In such problems, detailed analysis of acting
forces leads to a correct result.

The strongman acts on each rope with force T. Since we consider all ropes and pulleys as ideal, force T will act
with the same magnitude along whole rope length. According to Newton’s third law, the ropes act upwards on
the strongman with force 2T. Besides this, there is the strongman’s weight mg and normal force N emerging
from the board. The board is lifted up with force 2T (ropes), its weight is Mg and it also feels the normal force
of strongman, pointing down.

info-pl@physics.naboj.org 17 https://physics.naboj.org/


mailto:info-pl@physics.naboj.org
https://physics.naboj.org/

S
Rozwigzania 20. Nabdj Fizyczny, 2017 pesatc

T} e pr
v rf | fr

Mg

Figura 13: Left: forces acting on the strongman. Right: Forces acting on the board

We find the system in equilibrium, so the sum of forces has to be zero:
2T-mg+N=0,
2T-Mg—-N=0.

Extracting N and substituting it to the other equation gives:

~ (m+M)g
=

T

Resistance of the block with resistivity p, lenght x and cross-section Sis R = pz. It is clear that the resis-
tance of the block is the least when the biggest faces touch conductive plates and the shortest edge determines
the distance between plates. Denote the shortest edge a. It is an edge of the biggest cube we can cut from the
block. Its resistance is

a_p
R=ra=a

Notice what we obtain if we multiply two largest resistances - R, = pa% and R, = p-7 - and calculate its square

root:
b ¢ 1 a
VRR =N\ PPy =P =P

This is exactly the resistance of the biggest cube we can cut out. Using numerical values do we obtain a nume-

rical result \/R,R. = /27 Q-75 Q =45 Q).

Before we start with redrawing the pT diagram into VT diagram, we have to find out, what thermody-
namic processes, volumes and temperatures are present during each step. We will use the ideal gas equation
pV = NKkT, where N is constant number of particles.

Obviously, the first step 1 — 2 is an isobaric process, where temperature becomes two times higher, so volume

also increases from the value Vj = ]% to2V,. Second step 2 — 3 is due to linear relationship between pressure

and temperature (ratio £ = 2% is constant) considered as isochoric. Pressure gets three times higher, 6T, and

volume stays 2V,. Process 3 — 4 isobaric and 4 — 1 again isochoric. With this, we can say that in state 4, the
volume is V, and temperature 37,

The isobaric part of the VT diagram will look very similar to the isochoric in the VT diagram. Ratio ¥ = Nk

stays constant, so it will be a linear function, intersecting the graph origin. The redrawn VT diagram thus looks
as follows:
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2Vt 2 3
Vit - 4
T, 2T, 3T, T 6T, T

Figura 14: Cycle redrawn to VT diagram

By Hooke’s law, the relative extension of the rod is & = . The relative extension of the rod is an intensive
quantity, then it is also the relative extension of interatomic distances a of the lattice. We can determine the
initial value of a by considering density of the rod. The crystal in question has cubic lattice, i.e. each atom has
six neighbours in a cube with edge of length a. Atomic mass of this crystal is N%, where N, is the Avogadro
constant. Therefore, the material density can be expressed as

M ™
p = = ad = _—
NAa3 NAP
and the total extension per horizontal bond is
M F

On the left side, Irene sees the Moon's brightness to be 2, where Iy is the true apparent brightness of
then Moon, and a lamp of brightness r’, where r is the unknown fraction of reflected light. Furthermore, we
know that the relation between the brightnesses on the left is

We can perform analogous steps for the right side of the train, obtaining

I 3 Iy

—_ = —r—

2 2 2

Since we are interested in the ratio 7, we can just divide the upper two equations. Let’s call the ratio p. Notice
that the information about 50 % passed light is completely irrelevant (each photon passes through exactly one
window) and also that the unknown parameter r disappears. After dividing the equations we obtain

31

P=1 '3
After solving this, the answer to this problem takes the value

L
p=3
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We will solve this problem using the conservation of energy law. Assume, that the rope consists of two
springs. The potential energy of a spring is %k(AL)z, where AL is the length by which the spring is extended.
At the begining the ropes had zero length. When it is strained between the trees, both springs have length of

D/2. Thus the initial potential energy is %k(%)z, and the potential energy of both springs is %k(?)z.
The initial potential energy of the monkey is MgH. We will call the height where the monkey stops h. The

velocity of the monkey is zero, therefore the kinetic energy of the monkey is zero. The potential energy of the
ape is Mghy. The energy of Mg(H — hy) is now added to the potential energy of the springs.

Figura 15: Monkey in the lowest point

Applying a bit of geometry, we get the length of the springs when the monkey stops \/ (h—he) + (%)2. Now
we can state the consrvation of energy equations for this problem.

2

Mg (H - hk)+2 k ot k(\/(h he)? + )

Mg (H - hy) + 2%k(§)2 = Z%k((h—hk)z + (?)2)
Mg (H - k) = k(h - h)*.

We now have a quadratic equation which roots are

hk_h—E zk\/]\/ﬂg + 4kMg(H - h).

We now need to determine, which solution makes sense. We can get this by solving special case for H = h:

Mg (h—h) =k(h-h)> = hy = —A%g

This prooves that the one with minus sign is correct. Therefore, the solution is

2
_ Mg Ai?) Mg ..
2k V(zk g HR)

https://physics.naboj.org/ 20 info-pl@physics.naboj.org



https://physics.naboj.org/
mailto:info-pl@physics.naboj.org

S
peat 20. Nabdj Fizyczny, 2017 Rozwigzania
or

—];i]f(l+\/1+:7kg(H—h)).

In this problem we only need to calculate all moments of inertia and torques. Since all weights are point
masses, the total moment of inertia can be calculated immediately:

I=mr? +2mr* + ... + 12mr* = 78mr>.

Then we need to calculate the torques:

1 3 3 1 1 3 3 1
N= 12-0+11-—+10-£+9-1+8-£+7-—+6-0—5-——4-£—3-1—2-£—1-— mgr,
2 2 2 2 2 2 2 2

N=6(2+\/§)mgr.

The result is thus ¢ = ? = 2+1\3/§‘§.

Intuitively we expect the frequency of a source to change if its speed changes in our frame of reference.
This is described by Doppler effect with the following formula used to calculate the frequency change:

f= i

cxv,

CF v

where c is the speed of sound, w, is the velocity of the receiver and v; is the velocity of the source. The signs
depend on whether the source approaches or receeds from the receiver. In this case, we know that when the
plane was approaching, the frequency was half an octave higher, this means

V2f = Lf’

-
where v is velocity of the aeroplane. Rearranging this expression we find

2-2

2

V= C.

If the aeroplane is moving away from the receiver, the frequency becomes

C

f= ok

c+v

substituting in for velocity we find

f= 4+7ﬁf

We label the single distance as 4 and draw a picture. Let’s look at a beam, coming from Adam’s head and
pointing towards Johny’s eyes. The beam’s way will break at the distance x from the pool’s edge. With this,

info-pl@physics.naboj.org 21 https://physics.naboj.org/


mailto:info-pl@physics.naboj.org
https://physics.naboj.org/

NABOJ

Rozwigzania 20. Nabéj Fizyczny, 2017

Adams illusive height H can be simply found using triangle similarities:

H=h—.

h-x

Figura 16: Situation analysis

In order to find x, we can use either Snell’s law or Fermat principle
Snell’s law
Writing Snell’s equation
sina = nsin f3,
x (h-x)
Va2 + h? ) n\/(h_x)z +h2’

X - 52 (h_x)z
24kt (h-x)’+ b

0=(n*-1)(2x*h* - 2°h + x*) + n* (h* - 2xh*).

This equation is sadly of 4th order, so it is extremely hard to solve. But there is still a way, if one is not afraid
of numerics. Clearly, the simplest method one can use is the binary search algorithm. Firstly, we transform the
above equation to the function: f(x) = (n? — 1) (2x2h? - 2x3h + x*) + n? (h* — 2xh3). Now we will watch how
the sign of this function changes over some interval.

If the sign changes over some interval, there has to be the zero point somewhere between. > The strategy is

based on the technique of shortening the interval until the zero point is found.

o In the very beginning, we just make a guess on that interval [I;7]. In our case, it’s easy to guess since the
solution must exist somwhere between 0 and h = 2 m.

This holds only for continuous functions — drawable with a single move.
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» Now let’s look at the result’s sign at point & = l;—’ Depending on which sign we found, we will replace

the middle point a = %r with either left edge [ or right edge r.

» We iterate these steps until the intervall is so small, that the searched result won't change on first decimal
place.

After couple of itterations, we come to value x = 1,18 m, which give us the estimate for H interval from 2,8 m
to 3,0 m (depending on rounding of metaresults)

Fermat principle

The Fermat principle claims that light is travelling along such path, which optimizes total time of traveling. In
our case, we want to minimize the time of traveling beam along certain path:

t(x) = l\/x2 +h?+ E\/ (h-x)* + 22,
¢ ¢

Now the task is find such x, which would minimize the time. Since x lies between x € [0 m; 2 m], we can
calculate the time 10 times for increasing x with step 0,2 m. This can be repeated within new-found interval
and so on... With this, one can come to result x = 1,18 m, which give us for H values from 2,8 m to 3,0 m.

The smallest light flux, recognisable by Johny, can be derived using bulb info:

min — 0,04 100 w 7= l X 10_10 Wm_2.
47(100000m)> 7

The solar constant F, expresses the solar energy flux in distance of R = 1 AU = 1,5 x 10! m = 4,86 x 1076 pc.
The power of visible light radiation is then 0,36 - F;4nR% and the flux of visible light made by the Sun in

2
distance D is F = 0,36 F@I;—?. We are looking for such a distance, at which the flux will be equal to F;,. Simple
calculation reveals it as 19 pc.

It is known that charged particles follow circular trajectories in a magnetic field. From a balance of
centripetal force and magnetic force, one can obtain a radius of the trajectory r = &z, where m denotes mass
of the particle and v its speed.

Diagonals of the square with edges a have to be tangents of the circular path of the particle, thus its radius is
V2a
o

®B

Figura 17: Path of particle
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Time ¢ links speed and lenght of the diagonal \/2a: v = @ Substituting speed in the expresion for the radius,
one obtains
QBr _ QB QB

m:v:@ 2
t

In the case of limiting angular velocity the flea has to act by maximum force of F to compensate for the
forces in the rotating system, ie. gravitational and centrifugal force.

George has to be in equilibrium, but unlike the flea he is attached by the chain. This means the simmilarity of
imaginary triangles in the picture.
R-r mw’R

Because the centrifugal and gravitational forces are perpendicular, we can state the
mw’R = \/F2 - m*g.

We can now remove all R from the first equation, thus we get

/P22
mwn;g -r JFP-m?g

L F

After a rather unpleasnt, but not conceptually difficult task of finding w, we get the result

P 2
w8

r+L\/l—$

In order to maintain constant radiation levels, decayed atoms of potassium have to be refilled. We know
that Rosalinda’s activity is A = 108 Bq, which means that 108 atoms of potassium
40K decay every second. These need to be refilled by consuming bananas. Each banana contains N =
atoms of radioactive potassium, where M,, ~ 40 gmol™! is the molar mass of °K.

w =

mNa
Mm

When the monkey is in dynamic equilibrium, the number of decayed atoms must equal the acquired atoms,

therefore A = fN where fis the frequency at which Rosalinda eats bananas. The speed at which Rosalinda eats

bananasisv =Lf= L;:TM:, where L = 20 cm. is the lenght of the banana.

Plugging in numbers, we find the speed at which Rosalinda has to eat bananas equals v = 2,2 x 107! m/s =
22 pm/s.
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It is known that a charged plate creates a homogenous electric field in its surroundings with intensity
5 and with a dirrection away from the plate. However, electric fields of two parallel plates charged by same
charge compensate each other, so the overall electric force exerted on protons between plates is zero. Therefore,
protons will reach all points of the space between the plates after certain time.

Firstly, lets revise the definitions of sound intensity and sound intensity levels. The formula for intensity
is I = =, where P is the source power and r is the distance from the source. The sound intensity level is
L;=10log,, %, where I is the reference intensity. What does it mean?

When he listens to music on earphones, the right ear only hears the right earphone and the left ear only hears
the left earphone. If the right earphone is boosted, it has no effect on what the left ear hears. In this case he
needs a +3 dB correction on the right earphone. Hence the intensity of the right increases by a factor of 107,
Then the sound going into the right ear is suppressed by a factor of k = 1071 = 0,5.

The situation becomes more complicated if he uses loudspeakers because both ears hear the sound from both
speakers. In this case Martin needs a +13 dB correction on the right speaker, which means the intensity ratio
of the right and left speaker is g = 10%. Denote the distance between the speakers by 2L and the distance
between Martins ears 2x = 15 cm, then the intensities heard by each ear are as follows:

P gP P qP
L= 2+ Z’IR :k 2+ N E
ar(L-x)" 4n(L+x) 4 (L+x)” 4n(L-x)

However, in the problem it is claimed that both ears hear the sound with the same intensity. Hence we subtract
these equations to get a quadratic equation L:

P-kqP  kP-gP 1-kq _L+xL_x1+ = _xk—q+1—kq+2\/(1—kq)(k—q)
an(L-x)" 4n(L+x)" \ k-g L-x 1 1k—_kq’ k—q-1+kq :
-9

After plugging in the values we find the distance between speakers to be 2L = 79 cm.

Let us denote the satellite’s edge by a. As the problem statement suggests, the satellite can be assumed
to be a perfect black body. This means all radiation incident on the surface is absorbed and the re-radiation
follows the Stefan-Boltzmann law. It also implies that the total electromagnetic radiation power is proportional
to the satellite’s area and to fourth power of its temperature.

If thermodynamic equilibrium is to occur, the absorption and radiation powers must be equal. Radiation
power is independent of the spatial orientation as the body is perfectly conductive and its total area is constant.
Hence we can express the radiation power as 06a>T*, where o is the Stefan-Boltzmann constant and T is the
satellite’s surface temperature.

Because the radiation power is constant, equilibrium is determined solely by the amount of incoming radiation.
The absorbtion power will be proportional to the effective surface area S. The equilibrium temperature can then
be easily found by equating the radiation and absorption powers. Let F be the solar radiation flux’, then

./ FS
FS=06a’T' = T=1/ )
06a?

*radiation power per unit area
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Minimum effective crossection area is achieved by positioning the cubic satellite such that one of its faces is
rotated directly towards the sun, the crossection is then a°.

A

Figura 18: A cube inclined to the Sun with the greatest possible surface

Maximum possible effective crossection is obtained by aligning one of the body diagonals to point at the Sun.
In other words, the plane defined by points A, B and C is perpendicular to the aforementioned line. Looking
from the Sun, the satellite then appears as a regular hexagon with an inscribed equilateral triangle ABC of side

V2a.

Area of a regular hexagon is equal to twice the area of the inscribed equilateral triangle (see picture). By basic
geometry height of the triangle can be found to be gﬂa. Then the hexagon’s area is equal to \/3a2.

Minimum and maximum obtainable temperatures are then

T . _‘4/P_a2
min O'6a2’
1 [ F\/3a?
Tmax=\/ﬂ~
064a?

Tmax
= /3.

Tmin

From these expressions follows the ratio

A note about the cross section of a cube

A meticulous reader might have been curious whether there is a proof that the cross section of a cube is minimal
when it is inclined with its face and maximal when its body diagonal points to the Sun.

A projection of a cube face - i.e. square — of unit size can be expressed as dot product of unit normal vector
and unit vector determined by direction of projecting. From any direction can we see at most three faces of
the cube, normal vectors of which are perpendicular to each other (denote them X, y and z). A total area of
projection when looking from general direction (x, y, z) would be a sum of projection areas of individual faces

(Ixls [yl [2]) - (2 + 7+ 2) =[xl + [yl + [2].

A symetry of the cube implies that one needs to consider only one octant, e.g. the first one (so that x, y,z > 0).
Therefore, the original problem can be transformed to the problem of function extreme finding. In our case,
we need to find minimum and maximum of the function ¢ (x,y,z) = x + y + z with respect to the aditional
condition x? + y* + z? = 1, as a norm of the vector (x, y,z) is 1. The considered function reaches its
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« minimum, if one of the vector coordinates is 1 and the remaining two coordinates equal to 0 what cor-
respond to the projection axis perpendicular to a cube face

3

o maximum, if x = y = z = £ what correspond to the projection in direction of a body diagonal.
The electron is in a potential well near helium nucleus. Another potential well is near the proton. We

want to calculate the minimal energy to escape from the potential well near helium, ie. to break through the
potential barrier between two wells.

\%

Figura 19: The potential as a function of distance

Firstly, we need to calculate the maximum of the potential barrier of 4. When the electron reaches the potential
barrier, the sum of all forces acting on it equals zero, thus the electrostatic force of the helium nucleus and the
electrostatic force of the proton. Mathematicaly:

122 1 &
dmey d*  4me, (r—d)*

From this we get the maximum:

d:(2—\/§)r.

Now we find a function of potential between the proton and the helium nucleus. Let x be the distance from
the helium nucleus. The potential can be found by superposition:

1 2e 1 e e 2r—x

V(x)=-

dmey x  dmegr—x  Amepx(r—x)

Finally, we can calculate electron needs in order to escape fro the reach of the helium nucleus. We can get
this from difference of the potential energy of electron at the barier and the potential energy of electron at the

helium core.
e 2r-R V2
~ 4meg \ R(r—R) (2_\/2)(\/5—1)1' .
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Using r = 11R, we get:

E=
4meg

¢2 (201 —20\/5)

110R

An infinite amount of capacitors may seem to be an infinite amount of work, but one needs to realize only
a few things and it simplifies solving of this problem significantly. Firstly, Martin adds same components com-
posed of 4 capacitors again and again, secondly, we can create Martin’s infinite scheme from 2 infinite schemes
joined to the elementary component. What a beauty of infinities! If you have not got it yet, contemplate a bit
more and you may become enlightened.

Denote an overall capacitance of the scheme C,,. We can redraw the scheme as follows:

Figura 20: Redrawn scheme

It is only a series and parallel combination of capacitors. Capacitances of parallel capacitors are to be summed.
In case of series capacitors, an inverted values of capacitances are to be summed. We obtain the following
equation
 C+CCy N
© 3C+Ca

It leads to a solving of a quadratic equation which is sattisfied by

_—Cx VC? +16C?

2

Ceo

As the capacitance cannot be negative, the correct solution is

17 -1
cooszc.

Since we are interested in the small oscillation period, it is necessary to describe motion of all frame parts
via their centers of mass. The short rods of length a, hanging on wall, will perform rotational motion about
their fixed points. In other words, their centers of mass will move on circles of radius 7. In the case of longer
rod of length b, the center of mass will rotate on circle of radius a, as depicted on picture bellow
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R fﬁ a

a r ;

2"

Tf\‘— - ___¢X X
: )(T
v

Figura 21: Angle ¢ is quite big, just for illustration purpose.

One way to solve this problem is to calculate all forces and torques, but that will be time consuming and boring.
A more interesting way is to do it using energies. Let’s start with the kinetic one. In general, the moment of
inertia of a rod of length [ with respect to its ending point is $m/?, so its kinetic energy would be:

1 1
E} = -Lw* = -\d’w?,
2 6

where w is an angular velocity. It would be too complicated to calculate the whole motion of longer rod.
However, if one realizes that all parts of longer rod have to move with the same velocity, which is equal to the
angular velocity of short rods ends, the kinetic energy of longer rod can be written as

1
b
E/. = Embvz = E)Lbazwz,
so the total kinetic energy of the frame is

1 1
Epin = (—a + —b) Aa*w?.
3 2

Now let’s calculate the potential energy change, whene deviated by an angle ¢. The centers of mass of the
shorter rods will raise by x = §(1 — cos @) and by y = a (1 - cos ¢) for the longer one. Total potential energy
change is then

Epor = 2Aa gx + Abgy = Aa(a + b)g(1 - cos ¢).

When dealing with small oscillations, potential energy should depend quadratically on deflection - then we

obtain simple motion equations. Using Taylor expansion around minimum, we can simply replace the term
2

1 - cos ¢ with £-. Then we obtain

(pZ
Epot ~ Aa(a + b)g?.

Now we are able to build motion equation, solve it and achieve the wanted period. Although, we can do it much
easier, since it is an analog of a classic oscillator. Note that the energies for a classic oscillator are Ey;, = %mvz,

Epot = skx? and the period of small oscillations can be calculated as T' = 271\/%. Analogously, we can now
assign values from our expressions to m and k and simply calculate the period. The final result is:

T:Zn\l (Ya+1b)ra2 (2a+b)a

=2n\| ———.
a(a+b)g (a+b)g
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Consider a planet of mass M and its moon of mass m = 2 in the mutual distance R. Masses of these two
objects are similar, therefore, one must consider they orbit around their mutual centre of mass.

Firstly, let’s find distances of these objects from the centre of mass. Denote the distance of the moon from the
centre of mass r. Then

M
R, R-r=

= R.
M+m M+m

r

Secondly, let’s find velocities of the planet and the moon. From the balance of a centripetal force and gravity
acting on the moon, one can obtain

Mm v G
G—=m— — Vo= — M.
R? r R(M + m)

The same condition aplied for the planet gives

Mm %6 G
G— =M — Vo= ———m.
R? R-r R(M+m)

Suddenly, Gandalf appeared and changed the mass of the planet, while its velocity remained untouched. Thus,
there is a planet of mass M’ moving with velocity V, and the moon with mass m moving in the opposite
dirrection with velocity vo. Energy of this system is

. Gm? 1 GM? M'm

1 Mm 1
—_— == +—-m -G
R 2 R(M+m) 2 R(M+m) R

1
E= EM'Vg + Emvﬁ -G

Consider the entire system as a whole. As there are no external forces, the momentum of the system must
be preserved. That implies the velocity of the centre of mass of the system remains constant. Let’s find this

velocity
v _mVO—M,VO_ G m(M—M’)
" M+m  \VRM+m) M+m

What is a condition for escape of the moon from the planet’s gravitationl field? Usually, if a stationary planet
is considered, zero kinetic energy of the moon at the infinite distance is required. However, we consider the
moving planet and if the moon stopped in the infinity, the potential energy of the system would keep changing
due to the planet movement, therefore, the stop of the moon would not correspond to the minimum of energy
and thus the moon would start accelerating again. The condition for the moon escape must be zero mutual
velocity of the moon and the planet at the infinite distance. Potential energy at the infinite distance is zero,
so the system will have only kinetic energy. However, we know that the velocity of the centre of mass cannot
change, therefore the energy of the system at infinity is

Gm? (M - M')*
2R(M+m) (M +m)’

1
E:E(M’+m)v2T:

As the energy must be preserved, we obtain

1, Gm? 1 GM M'm Gm? (M - M')’
M ——+—m -G = .
2 R(M+m) 2 R(M+m) R 2R(M+m) (M +m)
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It leads to the result
M M-m
)
As m = 3, we finally obtain
9
M =—M.
20

Firstly, let’s think about the force acting on the mast, trying to rotate it. There is tension T acting in place,
where rope is attached to the mast. In every moment, this force has to compensate Johny’s weight mgcos ¢
and centrifugal force mu?/L, since Johny is rotating on circle of radius L. In this u is Johny’s actual velocity.
Therefore:

2
T =mgcos ¢ + %

- =)
L(1-cos (p)I Q
mu’
L
mg

Figura 22: Situation with sketched forces

Velocity u can be determined from conservation law of energy. The zero reference level of potential energy is
set to the place where free rope would reach. If Johny is deviated by an angle ¢, potential energy would raise by
mgL (1 — cos ¢). In the very beginning, Johny had zero potential energy and non-zero kinetic energy mv?/2.
Conservation law yields:

mu>
— =——+mgoL(1-cosgp),
5 5 gL ( )

mu* = mv* — 2mgL (1 - cos ¢),

Torque acting on mast, as a function of angle ¢, is then

2_ —
M(¢) = Thsing = h(mgcosgo+ my ngII:(l cosgp))Sin(P’

M(gp) = % (mgL cos ¢ + mv* — 2mgL (1 — cos ¢)) sin ¢,

M(gp) = % (mv* - 2mgL + 3mgL cos @) sin ¢.
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Maximum of this function can be found by using differentiation technique. We obtain

M
d d(q)) _ % ((mVZ _ ngL) cos ¢ + 3mgL (—Sinz(p + COSZ(P)) >
¢

Using trigonometrical identity sin®¢ + cos?¢ = 1, one can rewrite the differentiation to the form containing
orders of cos ¢:
dM(gp)
de

= % ((mv* — 2mgL) cos ¢ + 3mgL (-1 + 2cos’g)),

If maximum is present, the differentiation should equal zero and therefore, we have to deal with quadratic
equation for cos ¢

% ((mv* - 2mgL) cos ¢ — 3mgL + 6mgLcos*g) = 0,

(v* —2gL) cos ¢ — 3gL + 6gLcos’p = 0.

By solving we obtain two possible results:

224l BRTEEAS
cos<p=—v g T\ 1+ < £
12¢gL 2\v*-2¢L

Since we know that Johny wasn’t moving with enough velocity to jump over the top of mast, it holds v* < 2¢L.
We can now formulate the result as:

2
2gL —v? 1( 12gL
cos ¢ = -V f1aq| 1+ &
12¢L 2\v2-2¢L

Apparently, we obtained two results. We can pick the correct (physical) one by using the fact that, the second
differentiation should be negative if the first differentiation equals zero. After doing this, we are picking the
result with minus sign. Therefore, the bottom part of mast is most stressed, when the angle equals

201 — v 1( 1248 '\’
¢ = arccos I+|1+=
12¢gL 2\v?-2¢L
The result can be also written in this form:

20l — 12 20L —2\°  12¢L 12
(P:aI'CCOS g v + g v + — g v .
12gL 12gL 2 12¢gL
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1 | George’s brother is faster and beats Michael’s brother by 10690 nanopuerperia. Accept results in the
range of [10401; 10 827] nanopuerperia.

32%
36 m

pia

PR

a+i

70,12 Q a 15 Q. Accept only if all three resistances are correct.
5570 km

1024g=22¢

45°

20v/3 ms~! = 35 ms~!

)
2| 1764 m
3] 0,2kg
3224 cm = 1,17 cm
15 kAkka o

[
=)}

dsin (arctan (%)) = d—r==

14 m

Resistance of the scheme can reach values in the range of [%R; gR]

2158 cm?, also accept 2284 cm? which can be obtained if ¢ = 9,81 ms™2 is used.

(m+M)g
4

N
(=]

E I =T = 3 = = = = = 1 O R C A S R B

[

45 Q
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Heed that the submited graphs are labeled with all important values on axes, arrows determinating the
course of the process have correct orientation and isobars lays on straight lines containing the origin.
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(%a+%b))ta2 _ (%a-%—b)a
2m %Aa(a+b)g _27-[\/ (a+b)g

s
arccos(zgé;

2

1 _12¢L
(1 +1/1+ 2(_v2—2gL
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2
) )) = arccos (2%;2 + (
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