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Problemy

[ 1 ] Mréwka Z znajduje sie w wierzchotku pudetka o dugoéciach bokéw a, b i ¢, gdzie a < b < c. Chce ona
przejs¢ z wierzchotka A do wierzcholka B, najszybciej jak to jest mozliwe. Szybko$¢ poruszania sie mréwki
Z wynosi v. Ile czasu zajmie jej ta podroz?

A

Andrzej uczy si¢ jezdzi¢ na monocyklu. Na wykresie pokazano, jak szybko porusza si¢ on podczas
jednej z podrdzy. Oblicz jego predkos¢ $rednig. Wynik podaj w m/s.
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Michat i Marcin postanowili pojech¢ autostopem do Krakowa. Michat stoi przy drodze, gdzie samo-
chody jadace w kierunku Krakowa, mijaja go z czestotliwoscig 50 samochodéw na minute, a Marcin stoi w
innym miejscu, gdzie samochody mijaja go z cz¢stotliwoscig 25 samochodéw na minute.

Podréz do Krakowa zajmuje 100 minut od miejsca, gdzie stoi Michal i 90 minut od miejsca, gdzie znajduje
sie Marcin. Statystycznie, ktory z nich i z jakim wyprzedzeniem przybedzie do Krakowa pierwszy. Opierajac
sie na wltasnym doswiadczeniu wiedza, ze co dwusetny samochdd zabiera autostopowiczow.

[ 4 | Babcia Iza znalazta w piwnicy ogromna butelke z nieznanym alkoholem. Odkryla, ze stezenie procen-
towe objetosciowe czystego alkoholu wynosito 40 procent. Jakie stezenie procentowe masowe mial czysty
alkohol, ktorego gestos¢ wynosi 790 kg/m?3?

Wynik zaokrgglic do czesci dziesigtnych.

Wojtek podrozuje z Gdanska do Krakowa. Od startu porusza si¢ ze stalym przyspieszeniem az do osia-
gniecia dozwolonej predkosci. Nastepnie porusza sie ze stalg predkoscia, az w koncu hamuje ze statym op6z-
nieniem az do zatrzymania. Przyspieszanie i zwalnianie trwalo acznie t,. W drodze powrotnej troche sig¢
spieszy, ale nie moze jecha¢ szybciej niz maksymalna dozwolona predkos¢. Zatem, jedyne co moze zrobi¢, to
szybciej przyspieszy¢ i zwolni¢. Przyspieszanie i zwalnianie w drodze powrotnej trwalo facznie t, < t,. Jaka
byta réznica pomiedzy czasami podrozy?
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E Ze zraszacza ogrodowego poprzez dysz¢ o promieniu r wydostaje si¢ pionowo w gore z predkosciag v
woda o gestosci p. Jaka jest masa wody wylatujacej ze zraszacza w kazdej chwili czasu w powietrzu ?

Pawel jest niesmialy i skryty, cho¢ niektorzy tak nie uwazajg. Czgsto boi si¢ réznych rzeczy i nowych,
niecodziennych sytuacji. Jednak tym razem zebral si¢ w sobie na odwage i podszed! do groznie wygladajacego
sprzedawcy.

“Czy ma Pan moze puste cegly” - zapytal niesmialo Pawet

“Oczywiscie. Jaki rozmiar ci¢ interesuje” - zapytal sprzedawca uprzejmym glosem, co nieco zdziwito Pawta,
gdyz sprzedawca byl znany w okolicy z nieco nerwowego zachowania w stosunku do klientéw zadajacych
niecodzienne pytania.

Pawel moze wybra¢ sposrdd idealnie pustych (catkowicie pustych) cegiet o dtugosci krawedzi k, 2k i 4444k.
Gesto$¢ powierzchniowa materiatu cegly wynosi 0,04 kg/m?. Jednak Pawel chcialby, aby jego pierwsza pusta
cegla byla wyjatkowa. Chce, zeby unosita si¢ w powietrzu, ktorego gestos¢ wynosi 1,3 kg/m?. Jaka zatem musi
by¢ wartos¢ parametru k, aby Pawel byt w petni usatysfakcjonowany.

Wynik powinien byc zaokrgglony do centymetréw.

W upalny letni dzien Artur nalal do szklanki swéj ulubiony napdj gazowany. Na wierzchu napoju
utworzyla si¢ warstwa piany. Gorny poziom piany opada z szybkoscig u, a gorny poziom napoju podnosi si¢
z szybkoscig v. Jaka czes$¢ objetosci piany stanowi powietrze?

[ 9 | Naboj fizyczny moze rzadzi¢ w Azji, Australii... a nawet w oceanach. Przede wszystkim jednak potrze-
bujemy odpowiedniego atrybutu wladzy. Znajdz wspotrzedne srodka masy tréjzebu. Diugos¢ boku kwadratu
W siatce wynosi a.

Wynik podaj jako pare wspotrzednych.
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W wysokiej wiezy Minas Tirith, zdarzyt si¢ drobny wypadek z winda. Liny utrzymajace kabine zerwaty
sie i spadla ona z wysokosci 3 m. W tej samej chwili w srodku znajdowal si¢ biedny hobbit. Na szczescie byt
on utalentowanym fizykiem i wiedzial, Ze uderzenie zostanie nieco zlagodzone, jezeli podskoczy tuz przed
katastrofa. Stojac na ziemi, hobbit jest w stanie wyskoczy¢ na wysokos¢ 0,7 m.

Z jakiej wysokosci powinien spas¢ swobodnie poza windg, aby uzyskac takg sama predkos¢ tuz przed ude-
rzeniem, jaka uzyska wewnatrz windy po wyskoku? Hobbit wyskakuje w ostatniej chwili przed uderzeniem,
a jego masa jest znikoma w poréwnaniu z masg windy.

Wynik powinien by¢ zaokrgglony do cm.
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Beata czula si¢ samotna. Postanowita wykorzysta¢ swoj talent rzezbiarski i storzy¢ swoja blizniaczke.
Pomimo duzego wysilku, rzezba nie réznita si¢ niczym od walca o promieniu 0,3 m, wysokosci 1,8 m i ge-
stoéci 200 kg/m?. Nie przeszkodzito jej to w zaprezentowaniu swojego dzieta publicznie i zabrala je na basen.

Zanurzyla walec w basenie tak, ze jego gérna podstawa znajdowala si¢ na poziomie wody. Nastepnie go
puscila, a sita wyporu wypchnela go w gére. Na jakiej maksymalnej wysokosci nad poziomem wody znalazta
sie gorna podstawa walca podczas tego ruchu?

Zaktadamy, ze walec podczas skoku pozostaje caly czas w pozycji pionowej. Zaniedbac skutki przeptywu wody
i napiecia powierzchniowego.

Pret o dlugosci L i masie 2m jest zamocowany do stotu tak, aby mégt sie swobodnie obraca¢ wokoét po-
ziomej osi. Na drugim jego koncu zamocowana zostala niewazka lina, ktéra swobodnie zwisa poza krawedz
stolu. Na koncu liny zamocowano przeciwwage o masie m. Odleglos¢ miedzy krawedzig stolu a uchwytem
mocujacym pret do stotu, rowniez wynosi L. Jaki jest kat miedzy pretem a stolem, gdy uklad pozostaje w
stanie rownowagi?

Obwdd elektryczny sktada sie z rezystoréw o oporach R, kondensatoréw o pojemnosciach C, zwojnic o
indukcyjnosciach L, idealnego amperomierza i idealnych przewoddéw. Zostat on podiaczony do zrédta pradu
stalego o napieciu U. Ile wynosi natezenie pradu, wskazywane przez amperomierz?

Mateusz zdecydowal sie na wykonczenie swojego domku letniskowego dachem. Chce umiesci¢ dach w
ksztalcie trojkata prostokatnego réwnoramiennego na dwéch prostopadlych scianach. Musi umiesci¢ go tak
gleboko, jak to tylko mozliwe (spdjrz na rysunek). Jaka czgs¢ dachu pokrywa wnetrze domku letniskowego?
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Podréznik Michal zagubit si¢ na pustyni. Jedyng rzeczg jaka posiadal byl prostopadloscian o podstawie
w ksztalcie kwadratu o dlugosci boku 10 cm, wysokosci 20 cm i wspotczynniku zalamania $wiatta 1,5. Z
niewiadomego powodu, gorna podstawa byla pomalowana na czarno.

Po kilku dniach bezkresnej wedréwki Michal zauwazyl, ze cien rzucany przez pomalowang gérng podstawe,
byt znacznie mniejszy niz rzeczywiste wymiary podstawy. Jaka moze by¢ maksymalna wysokos¢ Storica na
niebie, aby podstawa nie rzucala cienia?

Rybka Dory ptywa powoli w morzu na glebokosci 1 km, i jak zwykle rozmysla nad sensem zycia. Tem-
peratura wody na tej glebokosci wynosi 4 °C. Dory wypuszcza babelek o promieniu 2 cm, ktéry natychmiast
rozpoczyna ruch ku powierzchni. Jaki bedzie promien babelka, gdy znajdzie si¢ on tuz pod powierzchnia,
gdzie temperatura wody wynosi 18 °C? Zalézmy, ze woda morska jest niescisliwa, a udziat cisnienia kapilar-
nego w catkowitym cisnieniu w babelku jest znikomy. Ponadto, powietrze wewnatrz babelka jest natychmiast
podgrzewane do temperatury otaczajacej go wody.

Wynik zaokrgglij do mm.

Filip postanowil sprobowac sportéw ekstremalnych. Jego decyzja padta na skoki narciarskie. Trenowat
on na skoczni narciarskiej pokazanej na rysunku ponizej. Dtugos¢ plaskiego rozbiegu nachylonego pod ka-
tem 43° wynosi 50 m po czym fagodnie przechodzi we fragment uku o promieniu 50 m. Prég ustawiony jest
pod katem 13° do poziomu. Jakie byto maksymalne przecigzenie Filipa, podczas jego zjazdu w dot skoczni?

Wynik podaj w jednostkach g.

Adam lubi skoki na bungee. Kiedy jego zotadek jest pusty, jego masa wynosi M, a okres jego oscylacji
wynosi T. Ile nalesnikéw musialby zjes¢, aby wydluzy¢ okres drgan o potowe, jesli jeden nalesnik ma mase
m?

Kasia w tym roku spedzita wakacje w Egipcie. Po powrocie zlutowala piramide ztozong z o$miu iden-
tycznych drutéw o oporze wlasciwym p i dlugosci L, jak pokazano na ponizszym rysunku. Jaki jest stosunek
opor6éw miedzy parami wierzchotkéw A-Bi A-C?

7
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Ksawery jest astronomem. Prowadzil badania w wielu egzotycznych krajach. Kiedy lezal bezposrednio
na rowniku, zauwazyl sztucznego, bardzo jasnego satelite zblizajacego si¢ do niego z zachodu. Podroéz satelity
z zachodu na wschod, wzdtuz horyzontu trwata doktadnie 8 minut. Jak wysoko nad powierzchnig znajdowata
sie orbita, jesli zatozymy, Ze jest ona okregiem? Nie zapomnij uwzgledni¢ ruchu obrotowego Ziemi.

Ten problem nie ma rozwigzania analitycznego. Akceptowalne sq wyniki, ktore réznig si¢ od doktadnego roz-
wigzania o nie wigcej niz 1 km.

Idealny gaz o ci$nieniu poczatkowym p,, objetoscig Vj i temperaturze T, zostal poddany cyklowi prze-
mian termodynamicznych przedstawionemu na wykresie pV. Przerysuj ten cykl w ukladzie VT. Ilo$¢ gazu
podczas przemian nie ulegla zmienie. Pamigtaj, aby zaznaczy¢ wszystkie wazne wartosci na osiach.

P
2 . 3
2p0.. .
1
p()" - 4
v, 4, V

Izotropowe zrodlo elektrondéw zostalo umieszczone na powierzchni dolnej oktadki nieskonczonego,
plaskiego kondensatora. Odleglos¢ pomigdzy okladkami wynosi 1 m, a natezenie pola elektrycznego pomie-
dzy nimi 1 uV/m. Elektrony wylatuja ze Zrédla w kazdym kierunku z szybkoscia 1 km/s. Jaka jest calkowita
powierzchnia elektrod, ktéra moze by¢ uderzona przez elektrony?

Wynik zaokrggli¢ do m>.

1uV/m 1km/s Im

XN

Karolina ma dos$¢ gotowania. Polozylta potkulista, pusta miske o promieniu R do géry nogami na stole
i wywiercila w jej srodku otwdr. Potem zaczela przez ten otwdr wlewaé wode o gestosci p. Zanim miska
wypetnila sie w calosci, woda ja podniosta i zaczeta wyciekac¢ spod krawedzi. Jaka jest minimalna masa miski,
ktéra nie uniesie sie pomimo wypelnienia w calosci woda?

[~
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Kawalek sera o masie m znajduje si¢ wewnatrz pustej cylindrycznej beczki o masie M. Wspdtczynnik
tarcia pomiedzy beczka a serem wynosi . Beczka zostala umiejscowiona na stromym zboczu. Jaki moze by¢
maksymalny kat & nachylenia réwni (zbocza), aby beczka pozostata w spoczynk? Tarcie pomiedzy beczka a
zboczem jest wystarczajaco duze, aby beczka nie doznala poslizgu.

M

Umiescilismy dielektryk o wzglednej przenikalnosci elektrycznej ¢ pomiedzy okladki dwoch takich
samych kondensatoréw. Dielektryk zajmowal gorng polowe pierwszego kondensatora i prawg potowe dru-
giego kondensatora. Jaki jest stosunek pojemnosci pierwszego kondensatora do drugiego?

Karol, Pola i Hubert wspigli si¢ na szczyt Tarnicy. Probujac uciszy¢ Huberta na jakis czas, Karol za-
proponowal gre opartg na nasladowaniu prostego wiatromierza. Staneli w trzech z czterech wierzchotkow
kwadratu o diugosci boku90 m, ale tak, aby Karol i Pola stali w przeciwleglych wierzcholkach. Najpierw
krzycza Karol i Pola, a Hubert stucha i mierzy czas potrzebny na dotarcie dzwigku do niego. Czas w jakim
dzwigk dotart do Huberta od Karola wynidst 255 ms, a od Poli 285 ms.

Niestety gra miala jedng wade. Aby wiatromierz dobrze dzialal, teraz to Hubert musial krzycze¢. Czas w
jakim dzwigk dotart od Huberta do Karola wynidst 304 ms, a do Poli 272 ms. Jaka byla predkos¢ wiatru na
szczycie Tarnicy? Zaldz, ze predkos¢ dzwigku jest nieznana.

Wynik podaj z doktadnoscig do czesci dziesigtnych m/s.

Sieci opornikéw w ksztalcie kostek juz nie sa tak interesujce. Zamiast budowac kolejng z nich, Staszek
postanowit zmierzy¢ wielkosci pol magnetycznych. Kiedy prad ptynal wokot pojedynczej $ciany szescianu,
indukcja pola magnetycznego wyniosta B;. Nastepnie wygial drut w inny ksztalt (patrz rysunek). Ile razy
indukcja pola magnetycznego w drugim przypadku bedzie wigksza w poréwnaniu z indukcjg pola magne-
tycznego w pierwszym przypadku?

1 1

B1 BZ

Karol kupit karton mleka o kwadratowej podstawie o dlugosci boku 1 dm i wysokosci 3 dm. Chce wypi¢
troche mleka i nastgpnie umiesci¢ karton na réwni pochytej o kacie nachylenia 30°. Jaka jest maksymalna
objetos¢ mleka, ktérg moze zostawi¢ w kartonie, aby sie on nie przewrdcit?
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Wokot gwiazdy po orbicie kotowej powoli krazy planeta. Jednak, przestrzen kosmiczna w jej sasiedz-
twie nie jest juz taka spokojna jak dawniej: dookola latajg niezno$ne asteroidy, gwiazda zbyt jasno $wieci i
pobliska cywilizacja zaczeta wysyla¢ w przestrzen kosmiczng coraz wigcej samochodoéw elektrycznych. Nic
dziwnego, Ze planeta stracila cierpliwos¢ i gwaltownie podzielila si¢ na dwa fragmenty.

Oba fragmenty planety poruszaja si¢ w dalszym ciggu w pierwotnej plaszczyznie orbitalnej, jednak ich tra-
jektorie zmienily ksztalt na parabole z wierzchotkiem w miejscu wybuchu planety. Jaki jest stosunek mas
poszczegolnych fragmentow (1zejszego do cigzszego)?

Gollum bawil si¢ starymi, elektronicznymi elementami na brzegu swojego podziemnego jeziora. Wziat
swoj ulubiony ztoty pierScien o promieniu R, oporze wlasciwym p i podiaczyt go do napigcia U. Punkty
polaczenia przewodow z pierscieniem tworzyly kat ¢ w stosunku do $rodka pierscienia. Ile wynosita indukcja
magnetyczna w $rodku pierscienia?

U

Karol bawil si¢ wahadlem matematycznym. Umiescit je migdzy dwiema réwnolegtymi plytkami, aby
ograniczy¢ jego ruch w samolocie. Potem krazyl wraz z uktadem woké! pionowej osi ze stala predkoscia
katowa. Wahadlo wychylito si¢ z polozenia réwnowagi o kat ¢,. Nastepnie lekko je wychylil z “nowego”
potozenia rownowagi i wahadlo zaczeto drga¢. Znajdz stosunek okresu drgan wahadta wokét osi pionowej
do okresu drgan wokdt “nowego” polozenia rownowagi.

Crépearth to mityczny $wiat w ksztalcie nieskonczonego, plaskiego dysku. Powyzej niego, na wysokosci
h = 500 km, znajduje si¢ kuliste Storice o promieniu R, = 10 km, i temperaturze T, = 5777 K. Gdzie$§ na
Crépearth powstala strefa zamieszkania, w ktdrej osiggnieto réwnowage termiczng w zakresie temperatur
0 - 30 °C. Jaka jest powierzchnia tej strefy?

Zaréwno Crépearth, jak i Storice sg ciatami doskonale czarnymi. Crépearth nie przewodzi ciepta a tylko wypro-
mieniowuje je w gore. Mozesz zaniedba¢ kgtowg wielkos¢ Stovica widziang z powierzchni Crépearth. Akcepto-
walne bedg tylko rozwigzania, ktére rézniq sig od doktadnej wartosci nie wigcej niz 10 000 km?.
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Astronauta stoi na matej asteroidzie o masie M i promieniu R. Po kilku godzinach, zdat sobie sprawe, ze
powierzchnia tej asteroidy wcale nie jest ekscytujaca. Nie ma tu wi-fi, a skafander kosmiczny uniemozliwia
obgryzanie paznokci. Aby utrzymac swoje wysokie morale, postanowil rozejrze¢ si¢ troche wokot. Zaczat
wyskakiwa¢ pod katem 45° do powierzchni asteroidy, po czym, po krotkiej chwili ladowal w odleglosci row-
nej jednej czwartej obwodu asteroidy. Ile czasu trwat taki lot?

Asteroida jest duzo cigzsza od astronauty.

Nieostrozny kierowca Jarek, przejechal skrzyzowanie na czerwonym $wietle i zostal za to zatrzymany
przez policjanta. PéZniej probowal go oszuka¢, méwiac, ze czerwone $wiatto wydawato mu si¢ zielone. Teraz
Ty musisz pomdc policjantowi. Jak szybko kierowca musialby jecha¢, aby czerwone $wiatlo o dlugosci fali
660 nm wydawato mu sig¢ jako zielone o dtugosci fali 550 nm?

Odpowiedz podaj w utamku predkosci Swiatla.

Rzekotka drzewna Janina i ropucha Jan wiszg na dwdch koncach liny przerzuconej przez nieruchomy
bloczek. Oboje znajdujg si¢ w odlegtosci H od niego. Jan jest dwa razy cig¢zszy od Janiny. Aby utrzymac
réwnowage calego ukltadu, do konca liny, na ktérej znajduje si¢ Janina dotaczono przeciwwage. Kiedy Jan,
pomimo wielu ostrzezen, nie przestaje rechota¢, Janina zaczyna wspinac si¢ po linie z predkoscia v wzgledem
liny. Ktdra z zab pierwsza dotrze do bloczka i jak daleko od niego w tym momencie bedzie znajdowata si¢
druga zaba?

Raper Szymon zarobil duzo pieniedzy i kupit sobie luksusowy kabriolet z idealnie btyszczacymi, chro-
mowanymi alufelgami o promieniu R. Gdy ich wnetrze jest oswietlone laserem w plaszczyznie prostopadiej
do osi, promien odbijany jest praktycznie w nieskonczonos$¢. Jaka sila rozciagajaca dociska obrecz alufelgi,
jezeli moc lasera Szymona wynosi P, a wnetrze jest oswietlane w czasie ¢, pod katem a.

Janusz kupil ogromng cebule i pozostawit ja na balkonie. Niestety zapomnial o tym i jej cze$¢ wyschla.
Teraz cebula ma sferyczny ksztalt o promieniem R ze sferyczng dziurg w $rodku o promieniu 2R. W tej

dziurze znajduje si¢ pelna sfera cebuli o promieniu ( z )2 R, w ktdrej znnajduje si¢ kolejna sferyczna dziura o

promieniu (%R)3. W tej dziurze znajduje si¢ kolejna pelna sfera... i tak dalej.

Jaki jest moment bezwtadnosci cebuli wokoét osi symetrii pokazanej na rysunku, jesli jej masa wynosi M?
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Obwadd elektryczny sktada si¢ z rezystorow o oporach R, kondensatoréw o pojemnosciach C, zwojnic o
indukcyjnosciach L, idealnego amperomierza i idealnych przewoddw. Tym razem obwdd zostal podtaczony
do generatora pradu przemiennego o napieciu maksymalnym U i czestotliwosci w. Ile wynosi maksymalne
natezenie pradu, wskazywane przez amperomierz?

—

Y Y\

_]_i:—
NY\T:_
[|
I

()
O
U

Woznica Jan jechal wyboista droga, tak charakterystyczng dla regionu, gdzie Jan mieszkat. Nagle, jedno
z kot jego wozu o promieniu r utkneto w nieprzyzwoicie wielkiej dziurze o promieniu 5r. Co wigcej, jego
gwaltowne proby ratowania si¢ z opresji doprowadzity do uszkodzenia uwiezionego kota. Powstata w nim
réwniez dziura o promieniu 7/2 (jak pokazano na rysunku). Jednak Jan, bedac dociekliwym obserwatorem,
zaintrygowal sie ruchem drgajacym zepsutego kota w dole. Jaki byl okres matych drgan kota?

Grzegorz jest inzynierem oblezniczym. Jego nastepng misja jest zniszczenie zamku. Na zakupach w
szwedzkim sklepie, ktérego nazwy nie podamy, kupit wspanialy TREBOCHET - bezmasowy pret o dtugosci
L, przeciwwage o masie M, pocisk o masie m i sworzen wokol, ktérego moze obracac si¢ pret.

Jednakze, trebeusz byl dostarczony w czeéciach i niestety Grzgorz musial go samodzielnie zlozy¢. Jak daleko
od przeciwwagi powinien zainstalowac sworzen tak, aby przyspieszenie liniowe pocisku po zwolnieniu go
byto najwigksze?
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[ 1] All we need to do is to draw the net of the cuboid. The shortest path on the planar net is the shortest
path between points A and B as well. However, there is more than one possible link as there are multiple
possible nets. From the Pythagoras’ theorem we can say that the length of the shortest link is either

s=\(a+b)+3 s=\/(b+o)’+a or s=\/(cta)’ +b

According to the condition from the task a < b < ¢ the shortest link is the one that includes the diagonal of
the rectangle most similar to the square. In our case it is s; and thus the final time to reach the point B is

\/(a+b)2+c2.

14

t=

The average velocity is calculated as a ratio of the total distance to the total time. We can obtain the
total time from the graph. Total distance is calculated as the area under the curve of the graph, which is:

12-10 (15-5)-4 (18-10)-6 , 73 .
s = 5 + +5-4+10:4+ ——-"—+10-6+18-4+ 3_T +15-3 =342,931.
After substitution, it equals
s 342931 m
v=-=———=10,39 m/s.
t 33s

First of all, we need to find out the average time the boys have to wait until a car picks them up. Then
we add their travel time to Krakow. On average, every 200% car picks up a hitchhiker, so the average time the
boys need to wait is 22, where k is the frequency of the cars passing them.

The solution is then as follows: Michael arrives in Krakow in 22 + 100 = 104 minutes and Martin arrives in

50
% + 90 = 98 minutes. The answer is then that Martin arrives in Krakow 6 minutes sooner.

[ 4 ] Ttis necessary to realize what “percentage by volume” means. In our case, it is the ratio of the volume
of ethanol to the volume of the whole drink. Percentage by volume can be converted to percentage by mass
if we know the density of ethanol and the density of the drink. Percentage by mass o then equals

Vet P et _ Mt
Vdrink P drink Mdrink

:Q.

Density of ethanol is given, density of the drink can be calculated. The drink consists of water and ethanol.
We know the percentage by mass of ethanol, the rest is water:

Prink = 0’4pethanol + O’6pwater’
Parink = 054 - 790 kg/m® + 0,6 - 1000 kg/m”,

Pdrink =916 kg/m3
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After substituting into the equation for percentage by mass we get:

Vetpet :04 Pet

Vdrinkp drink P drink

790 kg/m?
916 kg/m?’

0=0,4
0= 0,345 = 34,5 %.
The drink contains aproximately 34,5 percent of alcohol by mass.

To calculate the total distance, we need to calculate the area under the curve of a v(t) graph. According
to our problem, the shape of this curve is a trapezoid. The area of the trapezoid is

_ v(a+c)
2

b

where a and c are the bases of the trapezoid and v is its height.

As we know, the total distance passed is the same in both cases, so are the areas of the trapezoids.

(2T1 - tl) 1% _ (2T2 - tz) v
2 - 2

b

where T is the total travel time on the journey there, T is the total travel timeon the journey back and v is
the speed limit, which, as we can see, cancels out. The time difference between the travel times is thus

-t
TI—T2:¥.

E We know that the water leaves the sprinkler with velocity v upwards. Each small element of water is
then decelerated by the gravity. Time necessary to fall back on the ground can be derived from the kinematics

1
0=vt— —got’.
vi->g

Total time in the air is then
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Now, we just have to calculate how much water flows through the nozzle during that time. According to the
equation for mass flow Q,, = nr?vp, we can easily obtain the final mass of water in the air in any moment

_2nr*vip
P

Due to Archimedes’ principle, two forces affect our hollow brick in the air: gravitational and buoyant
force. For the floating brick, the magnitude of these forces must be equal, thus

p,Vg=mg,

where p is density of air. The volume of the brick is V' = k - 2k - 4k = 8k>. The mass of the brick is calculated
as its surface area multiplied by its surface density, thus

m=o0-2(k-2k+k-4k + 2k - 4k) = 28k*0.

Having substituted the mass and volume into the first equation, we get

70
k= 2 =10,77cm =11 cm.

v

Let us assume that the layer of foam vanishes in time ¢. In the glass, the drink level rises by v, while ut
is the height of the glass filled with air that was originally trapped in foam; since the thickness of the foam
layer was (u + v) t. Therefore, the volume fraction of air in the foam was —-.

@ We can determine the centre of mass of a complicated body by splitting it into simpler shapes, then
summing the products of their coordinates and masses and dividing the result by the total mass:

miX, + MyX, + MzXz + ... + MmyX,

b

mp+my,+ms+..+m,

B myy, + myy, + Mzys + ...+ m,y,
My +my+ms+..+m,

Y

Let’s start with the x-coordinate of the centre of mass. We can use the fact than the center of mass of a triangle
is located in the first third of its height. Using this information we obtain the equation

_16m-10a+2m-17,5a+2- % - 7 8a +3.3m-19,5a + 3 - 5 - 22 2g 2521

16m +3m+9m +3m 177

a=14,242a.

With the y-coordinate, it is much easier, because the whole trident is symetric about the handle. Due to this
fact, the y-coordinate is trivially

Y =6,5a.

Poor hobbit. He jumped up with the hopes of surviving. Indeed, was he right? When jumping from
ground, he reaches height /. Therefore, his muscles provide effective energy mgh. As the elevator cabin was
much heavier than the hobbit, the amount of energy received by the cabin was negligible. The same happens
when he jumps on the surface of the Earth.
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Hobbit’s impact velocity is thus equal to the difference between the speeds of the elevator and the jumping
speed of the hobbit. From kinematic equations we get:

Vimpact = Viift = Vjump = \/ ng_ \ Zgh = \/Zg(\/l_i— \/ﬁ) s

where H is the height from which the lift was falling. Finally, we need to find the equivalent free-fall height.
For motion with constant acceleration, the total distance is s = 2—2 . For v we put Vimpac» and we get

vl 2 2

= 2= L (VE(VA-VR)) = (VA VA

In the end, we plug in & = 0,7 m and H = 3 m. The result proves that the hobbit was right. His impact velocity
was same as if he had jumped from just about 0,8 m.

We can solve this problem by comparing the initial and final energies of our system. Let us denote the
height of the twin h, her density p, and volume V. Let us set the reference level to the depth //2 under the
water.

A cylinder’s center of mass is in its middle. When the twin emerges from the pool, her place will be taken by
water. Its potential energy will decrease by

E,=p Vg,
w pW gz *
In the final state, only the twin possesses non-zero potential energy. If we denote the height of its center of

mass above the reference level x, its value will be

E; = Vgxp,.

Comparing the energies tells us the height x

h

2p,
which happens to be the same as the height of the upper base above the water level.

We want the system to be stationary. In equilibrium, the net force and torque in any particular direction
is equal to zero. The net force is pretty easy to calculate from free body diagram (there are no reaction forces
in the picture). It is obvious that it is torque what causes the rod to move. Therefore, we need the net torque
acting on the object to be zero. Let’s calculate torques about point O, about which reaction forces have no
torque.
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As the picture shows, the moment arm of rod’s weight Fg; is £ cos a, the moment arm of the mass’s weight
Fg, is Lsin f.

In order to keep the system balanced, the equality of torques is required

T1=T)
L .
2mgcos oz = mgL sin 3,
sin 8 = cos a,

Based on the given lengths, we know that the massless rope and the rod create the isosceles triangle. From
the fact, that internal angles of a triangle sum to 180° we have

2B+ (180° — a) = 180°,

2B=a

The torque equation about point O is then
.«
sin — = cosa.
2

We either see the solution directly, or we can calculate it properly. The half-angle formula for sine sin § =
/24 s utilized. After few steps we get

5 1 1
Ccos oc+—cosoc—§=0,

it is the quadratic equation in cosine. Its solution is

1 3
cosq=——+—.
4 4
We are interested in the plus sign solution because we expect the solution to be from interval (0 ; ’5[) It gives

the angle
1
o = arccos — = 60°.
2
Current flowing through the ammeter can be calculated quite easily. Since ammeter is connected into

main branch right next to the DC-generator, it is sufficient to calculate total resistance of the circuit. At first
sight, it could seem to be complicated, but since it is only DC circuit, our problem could be simplified.
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In DC circuit, capacitors behave like ideal insulators — current does not flow through them. Contrary, coils
behave like ideal conductors - their resistance is zero. Therefore, entire circuit is equivalent to 3 parallel
resistors with resistance R connected to DC-generator and ammeter. Hence, total resistance is § and ammeter

shows current

U

I=—=3—.
R

x|

The roof is affected by both weight and normal force. Its stability is ensured by total torque being equal
to zero. Axis of rotation is determined by position of roof’s resting points. Maximal protrusion goes with
centre of gravity being positioned directly above the axis.

Remaining problem constitutes of total covered area calculation. Straightforward approach is to subtract the
area of two smaller triangles formed by roof overlapping the walls from total area of roof S; = %2, where a is
length of cathetus. Brief thinking about geometry provides us with information that little triangles are right
and isosceles as well as the large one. Next, we utilize that a median of a right triangle is also its altitude and
an axis of angle opposite its hypotenuse. A centroid is located in one third of the median, closer to a side.
That means that all small triangles are one-third in size.

Therefore the surface of the roof without small triangles can be calculated as

5:“_2_2.(1)2.“_2:1612,
2 3/ 218

Hence the portion of the roof covering the summerhouse is

In fact, this situation cannot happen except one particular case: the beam’s angle of incidence and the
angle of refraction are both a. We can really shorten the shadow using the prism, but it can never fully
disappear, unless the light beams would be spreading horizontally with an angle 0°. Then the ground would
not be illuminated at all and the base would not cast any shadow on the ground.
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A common bubble contains the air that can be considered to be an ideal gas. Ideal gas law says that:

pV = NkT.
In our case k and N are constants, so the equation can be written as 1%/ = const.. Due to this fact, we can
compare the bubble’s final state near the surface with the state at the beginning

2% _ p2Va
T, T,

Temperatures T; and T are given, volume V; can be calculated from the radius r; as V; = %ﬂﬁ’. Radius r; is

then equal to:
[pi T
1y, = X p—l 27’1.
T.p>

Now we have to determine the pressures p; and p,. It is obvious that the pressure on the top of the sea is
D2 = patm. Due to hydrostatic pressure, the value of the p; has to be p; = hpg + p,. Then:

T
) = \ FZ (1 + hpg)rl
1 a

After the substitution of the given values into the equation, we obtain a final result:

7, = 9,5 cm.

Let’s notice we could have neglected surface tension, as the pressure caused by it is about five orders of ma-
gnitude smaller than atmospheric pressure.

First of all, why should Philip feel any g-force when he just freely moves down the hill? After a short
brainstorming, we find out that in the final phase of movement he is on the curved hill, so there is centrifugal
force F,; exerted on him. The magnitude of centrifugal acceleration is a, = "if, where R is radius of curvature
of the end of jumping hill.
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30°

13°

13°)

'E

G

Let’s take a look at the geometry of the jumping hill. There is vertical distance h between the highest and the
lowest point of hill. That consists of an inclined plane of length d = 50 m and the change of height of the
curved part, which is

h=dsin43° + x.

With a little bit of trigonometry, we can find out that

x =R (cos13° - cos43°).

We also know that on a circular arc of length / = 50 m, the slope tilt changes by 30°. Using this information,
we can calculate radius of curvature of the hill as

6l
R=—.
s

We can get velocity at the moment of Philip’s taking off from the law of conservation of energy. We know that
2v? = gh. Then for centrifugal acceleration applies

v2_2h

ag = E = Eg
Using the geometry of the jumping hill, we get

2 d
aq= 4 [dsin43° + R (cos 13° — cos43°) | g = [% sin43° + 2 (cos 13° — cos43°) | g.

Let’s not forget that Philip is in the Earth’s gravity field. That means that also his weight contributes to the
total g-force, specifically its normal component F;, = F cos 13°. For the total g-force, we get

nd
a=ag+gcosl3® = (E sin43° + 3 cos 13° - 2 cos 43°)g =2,17¢.
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An elastic rope that is commonly used for bungee jumping behaves as a spring, therefore Adam” mo-
vement can be described as a movement of a harmonic oscilator. Period of a such oscilator is generally
T= 271\/% . When Adam is hungry, his period on the rope is

| M
T,=2 —.
1 4 K

Having eaten N pieces of pancakes, Adam’s period changes to

[ M + Ni
T2:27T %

From the task, we know that the new period should be 2T} = T,. Then we can say

E271 A—/I =27 —M+Nm
2V TV ok

After taking the derivation we obtain the final equation
5M
N=2Z,

4m

The task is clear, we have to calculate resistance of individual circuits.

Firstly, we calculate resistance between vertices A and B. Resistance will not change if the top vertex of pyra-
mid is replaced by ideal conductor which connects conductors from vertices A and B to other two. This ideal
conductor lies at the axis of reflection symmetry of the circuit. Therefore after connecting voltage generator
to circuit, both ends of ideal conductor have identical potential. That means, no current flows through it and
this identical conductor could be removed from circuit. Equivalent circuit is shown below.

I I

Figura 1: Equivalent circuit between vertices A and B

Resistance of every conductor is replaced by resistor with resistance R = L and ideal conductors. We can
easily see, that it is ordinary series and parallel circuit, hence total resistance is

2RR | 2RR
R - 2R milain 8
N 2R-R 2RR :
2R+ 2R+R + 2R+R 15
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An identical trick (removing of conductor with no current flowing through it) could be also used for calcu-
lation of resistance between vertices A and C. This time, two conductors lies on the axis of symmetry. If we
remove them, we will get equivalent circuit

= ]
==

Figura 2: Equivalent circuit between vertices A and C

It is easy to calculate final resistance

2
Ruc= =R
AC =3
The sought ratio of resistances is
Rup _ 1R _4
Rye 3R 5

Let’s assume that the flying satellite’s height above the surface is h and its trajectory is circular. It is held
on its trajectory by gravity in the role of centrifugal force, so we can write
Mm

G(R+—h)2=1’l’lw2(R+h),

where R is the Earth’s radius, M is the Earth’s mass, m is the satellite’s mass and w is the satellite’s orbital

[ aMm
“"N ®Ren)

angular velocity. Then

Let the time of the overflight be T. Over this time it changes its position by angle ¢ = wT. The angle determi-
ned by horizons and Earth centre is ¢ = 2 arccos . Let’s not forget that due to the Earth’s rotation Martin’s
position changes by angle ® = QT, where Q is the Earth’s angular velocity. After putting it in equality we get

M R
G—3T: QT + 2 arccos ——,
(R+h) R+h

from which we would like to determine height A.
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Here comes the problem - we got the equation we cannot solve analytically. Hence, we will solve it numeri-
cally using the binary search algorithm. For this purpose let’s define function

F(h) = G—M3T— QT - 2arccos
\ (R+h) R+h

and we will search for its zero point F (h) = 0.

The principle of binary search is the following: First of all we estimate the interval (a; b), where we suppose
we find root of the equation.

Due to the fact, that the function F (h) is continuous, if F (a) - F(b) < 0, i. e. if the signs at the end points of
the interval are opposite, then 3c € (a; b) : F(c) =0.!

Subsequently we split the interval in two halves, which gives us two intervals (a; “7”’) and (“7”’; b).

If we are lucky and get F (%b) = 0, we finish the algorithm. Otherwise we continue searching in one of two

intervals - the one that has opossite signs at its end points. We finish the algorithm after getting the required
accuracy. In our case, we require accuracy 1 km, which means that we finish the algorithm when the length
of the interval gets smaller than this value.

Now, we are interested in height of the satellite above surface. It is seemingly smaller than 1000 km, so as
our initial estimation we can use interval (0 km; 1000 km). Our goal is to reach the accuracy 1 km. Due to
the fact, that after every iteration the interval’s length is reduced by half, we need at least 10 iterations, which

gives us the interval size 2% < 1 km. We can write down the whole calculation into the table.

Iteration a [m] b [m] 0 [m)] F(a) F(b) F(%2)
0 0 1000000 500000 0,56 -0,61 -0,27
1 0 500000 250000 0,56 -0,27 -0,02
10 230469 231445 230957 0,00048 -0,00073 -0,00013

In the tenth iteration, we finally got b — a < 1 km, so we reached the required accuracy. As our estimating
numerical solution, we can use the value from the middle of the interval h = 231,0 km. If we continued with
iterations, we would get the accurate solution h = 230,9 km.

Before we start drawing the VT-diagram, we need to find out what exactly happens with temperature
and volume during the cyclical process. The only thing we need is to use the ideal gas law pV = NkT, where
N is non-changing number of particles.

o During the transition 1 — 2 pressure rises proportionally to volume which means that based on the
ideal gas equation ‘%/ = konst., we know that volume and temperature change according by V o< \/T.
Thus, the gas has volume 2V}, and temperature 4T in point 2.

o The transition 2 — 3 is an isobaric process which means that volume changes proportionally to tem-
perature. Then the gas has volume 4V, and temperature 87T in point 3.

'In addition, the function — arccos ﬁ is monotonically increasing over the interval h € [0; oo ] and similarly  / (1571\;)3 is mo-

notonically decreasing over the interval, so the equation F(c) = 0 has just one solution.
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 During the transition 3 — 4, pressure decreases proportionally with volume. The gas has volume 2V
and temperature 27T, in point 4.

o During the transition 4 — 1, volume changes linearly with the temperature as well.

While drawing the VT-diagram we need to make sure that all the curves cross the origin of the coordinate
system after their prolonging. The cycle in VT-diagram is then:

\%
4V, 4

0 T 21, 41, 8T, T

Figura 3: The cycle redrawn to VT-diagram

Since the electrons move through a homogeneous electric field, a constant force Ee will act upon them.
This force will impart constant downward acceleration £ to each electron. We can note that this acceleration
is much greater than the gravitational acceleration, therefore the later can be neglected. As the whole setup
is rotationally invariant, we will analyze only electrons moving in a single plane containing the source.

Similarly to motion in a homogeneous gravitational field, we can describe the x and y coordinates of an
electron launched at an angle ¢ as

X=wl=vcosQ-t,

1 1
=y, t——at* =vsing-t- —at’.
yEnwtTs ¢ >

lof

Generally, three following situations must be distinguished depending on electron’s initial velocity and their
angle of elevation:

o electron hits the upper plate of capacitor;
« electron just skims the upper plate of capacitor;

« electron does not reach a sufficient height for touching the upper plate of capacitor.
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Let us look at the electron which will just skim the upper plate. A flying electron reaches its maximum height

after time T
T Yy _ vsin ¢
a a

Substituting this time into the equation for the y-coordinate and setting it equal to d tells us the angle under
which an electron has to be launched in order to reach its maximum height right at the upper plate

v’sinfg  ?sin’¢p  1?sin’g

d

>

a 2a 2a

. V2ad
¢ = arcsin _—

If we substitute in the given values, we obtain the value ¢ = 36,37°. This is less than 45°, which means that any
electron which could potentially reach further distance hits the upper plate. To find how far the electrons fly
before they skim the plate, we substitute this angle together with time T into the equation for the x-coordinate

V2 cos @ sin ¢
Xp= ———.
a

If we remark on the fact that electrons attain their maximum height at one half of the total horizontal distance
traveled, it comes as no surprise that the maximum reach of electrons on the bottom plate is x; = 2x;,.

After entering the given values we get x;, = 2,715 m, which means that electrons on the upper plate will be
hitting a circle of radius 2,715 m and a circle of radius 5,43 m on the bottom plate. The whole area hit by the
electrons is

S=m(x}+x3) =5mx = 116 m”.
Let us analyze the force acting on the table. It has to be the gravity of the bowl F,,; = Mg as well as the

gravity of the water Fer = 37R?pg.

Now, let us look at the force pushing the bowl up. It is essential to consider pressure of the water. Following
the third Newton law, the same force as is acting on the table has to act from the table on the water. It is this
pressure p = hpg that causes the uplifting of the bowl. Which gives us the force F = pS = pgnR>.

Now we just compare the two forces in an equation and derive the mass of the bowl:
3 2 3
pgnR’ = Mg + gﬂR Pg

from which

M 1R3
= —TI .
3 P

Let’s determine the torques about a point that connects the barrel with the hill. Two different torques
must be considered.
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Figura 4: Barrel with cheese inside

The torque due to gravity of the barrel rotates the barrel clockwise, the torque due to gravity of the cheese
rotates the barrel anticlockwise. The torques have following magnitudes:

Mcheese = mgR (sin f —sina),
Mbarrel = —MgR sin «.
In case of equillibrium, the sum of all torques has to be zero, thus:

M heese + Myparrel = 0,
mgR (sin  — sina) = MgRsin a,

and then
m

M+m
To maximize the value of &, we have to maximize sin &« and then evaluate it. The sin « is proportional to
sin $ and due to this fact we have to maximize even the $”Pangle. Therefore, the equality between tangential
component of gravity and friction force has to be satisfied in order to reach the stable state of the cheese in
the barrel:

sinf = sina.

mgsin 3 = mg cos u,
tan 3 = .
According to formula cos 8 = /1 — sin’ 8, we obtain equation
#

sinf} =

After subtitution
m H
M+m 1+ [,[2

sina =

And finally:

. m U
« = arcsin .
M+m\/1+ 2
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We know that if we fill a whole capacitor with a dielectric with relative permittivity &, its capacitance
will increase e-times. But what if we fill only a part of it? One option is to find an equivalent scheme which
consists only of capacitors which are either completely filled or empty.

Imagine that we insert a thin metal board parallel with the capacitor’s plates into it. This does not change
the electric fields inside the capacitor, since the total charge on the board is zero. That means that electrical
properties of a such capacitor are same as before.

If we now cut the board parallel with its surface into two boards and connect them with a conductor, we
effectively obtain two series-connected capacitors. Don't forget that the new capacitors’ capacitance will be
doubled, due to the halved distance between their plates.

We find out that we can replace the first capacitor with an equivalent of two capacitors connected in series,
each with capacitance 2C, and only one of them filled with the dielectric:

_2C-e2C 2

S 2C+e2C l+e

1

In the second case, it is obvious that if we cut the capacitor vertically, perpendicularly to its plates, the fields
again does not change and we get two capacitors connected in parallel. This time, the new capacitances will
be halved, due to halved area of the plates. Thus we can express the capacitance of the second capacitor as

cC C 1
Gr=CycColre
2 2 2
And finally, their ratio is
C 4
C, (1+¢)”

Firstly, let’s probe the first phase, in which Nina and Martin shout and Oliver listens to them. The sound
propagates as spherical wavefronts with respect to the air. Its movement can be described by an unknown
constant vector v . This vector is composed with a vector ¢ denoting the propagation of soundwave in the
air, so that the resulting vector points towards Oliver.

kv +v, =0 a Cki + Ve = ——,
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L being a distance of both Nina and Martin from Oliver and T; be given time which is needed for the sound
to propagate from Martin to Oliver. Analogously, a vector cy fulfills

L
CNe TV =0 and CNy + V) =
and naturally both vector must be equal to each other

— —
|CK| = |CN‘ =C.

The expressions above allow us to eliminate cx and cy from further calculations.

The situation turns around in the second phase. The sound propagates from Oliver to Martin and Nina in
phase.

directions cx’+ v and ¢y’ + v respectively. They must follow analogous relations to the ones in the previous

v
Ne
/// \‘
\
\
\
\
\
, \
& \
v \\\\\\
J > 1/ K K
CK 4
/ _ / — L
Cy + vy =0, Crr + Vi ,
et V=0 Ny F L
Cne T Ve =0, Cny T Vy oy
JN

- -
|CK = |CN | =C.
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Furthemore, having combined it with the other expression for ¢?, one gets

s o L L
Vet Vp+ 2 — |Vt | =] =
2
s 2 L L
=V AV, + 2| — |t | =
TN] TN]
2
s o L L
=ve+ v, =2 =— v+ |=— ] =
T]K T]K
2
L L
2 2
=vi+v, =2 — v+ | —
K v T]N v T]N

This set of equations can be simplified by subtracting of the first two terms of each part of equation.

2

(LY, (L
— |V JR— =
Tg) © \Ty
L LY
o =)y, (=] =
TN] TN]
L1 (L g
= — _ ‘VK _ =
T]K T]K
L LY
- =, +[=
T]N T]N

An equality of the first and the third row, and the second and the fourth row respectively leads to

L(l 1) q L(l 1)
Vo= =\ = an VWw==|l=—-=1
2 T]K TK] 2 T]N TN]

2 2
L 1 1 1 1
|7|:_ (___) +(———) =29,43 m/s.
2 Tix Ty Iy Ty

Total magnetic field can be determined by superposition of magnetic fields of the individual edges
of the original square. However, who would want to divide squares into pieces if we could put final circuit
together from individual squares?

which gives

It is enough to take three original circuits and place them on designated places, so that they create final
formation. In our case, it is the one square on the left side, the second one on the right side and the third one
on the top side. Because of superposition of currents, there is no flow through two edges of the top base.

Magnetic field is perpendicular to original square, therefore fields from left and right side cancel out. Resul-
tant magnetic field points from the top base to the centre, and its magnitude is same as magnitude of the
original one. In other words, B, = B;.
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Let’s assume that the surface of the milk is in the high h. If we place the milk on the inclined plane with
the inclination of «, the milk surface will by still horizontal.

According to the problem, there is a reasonable amount of milk in the box. It will take the shape of a truncated
prism. Its side face will have the shape of a trapezium (picture).

In the limiting case, the centre of mass of the milk has to be above the axis of rotation. Let’s find the center
of mass of the system. Firstly, we define coordinate system axes of which coincide with the edges of the box.

The trapezium consists of the rectangle with size ax (h — x) and a righti-angled triangle, whose perpendicular
sides have sizes a and 2x. The coordinates of the center of mass of the rectangle are [g, }%‘], The coordintaes
of the center of mas of the right triangle are [g, h - §] Therefore, the coordinates of the center of mass of the
trapezium are

. _Sra(h-x)+5-ax _a_ax
r ah 2 6k

_h;—x-a(h—x)Jr(h—g)ﬂx _E+x_2
Ir = ah "2 6n

It can be easily seen that the inclination of the liquid’s surface is

X
tana = —.
a

Moreover, from the condition that in the boundary case the center of mass of the milk has to be above the
edge of the box we get

&y 12ah-2a’tana
tana = — = .
Ny 12k + @’ tan’
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We eliminate the unknown x and we get the quadratic equation for the unknown hight / of the milk in the

box.
2 a h+a2(tan2a+1)_0
tana 12 6)

a tan2a 2
h= 1+1/1-tan?a +=1].
2tan«a 3 3

Which result are we to take? The one with the plus “+” sign! The second solution (with minus sign) will
decrease if we increase the angle of inclination. It would mean that the smaller angle we have the less milk is
required for the tipping of the box. In the terminal case, the minus sign solution says that the box would tip
over even when there would be no milk in the box. It is wrong of course!

Its solution is

For given numeric values of quantities a = 1 dm and «a = 30° we get h = 1,6 dm and therefore the volume of
the milk in the box is

V=2a’h=1,6dm>.

Before its break-up, the poor planet had been orbiting with a circular velocity at a distance r

/| GM
ve=y\/—.
r

After the break-up, both pieces were travelling on a parabolic trajectory, which means they were moving
exactly with the escape velocity. Its value at the distance r is

2GM
Ve = .
r

That means the velocity of the first piece changed by

Avlzve—vkz(\/i—l) GTM

and the velocity of the second one by

Av2=v6+vk:<\/5+1) GTM

The law of conservation of momentum provides us with a constraint on the masses and velocities

Av1m1 = AVzmz,

and so

my _Av \/5_1:3_2\/5

m Av, \/2+1
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Having connected the ring to voltage U, a current starts flowing through the circuit. As we know, the
current takes the path of less resistance. However, as the length of the wire increases, the resistance increases
as well. It corresponds to the formula R = pi, where S is the area of the cross section of the wire, p is resistivity
and [ is length of the wire. Based on this information, we know the shorter the arc of the ring is, the larger
current flows through it. Therefore
1 1
JTx = = Jx 7

The magnetic field around a conductor is proportional to the current and effective length of the conductor. We
can imagine bend arc as really short conductors in the same distance from the center. Both of them contribute
to the net magnetic field by same weight. Be aware! The direction of the magnetic field is important as well.
It can be easily determined by the Amper’s right hand rule. Therefore

Bup o< Iy - ll a  Bgown < Ir- 12-

What does it mean? While the current decreases with increasing length, the magnitude of the magnetic field
increases. From the fact, that the net magnetic field depends linearly on I and /, these two quantities cancel
out and the net magnitude of the magnetic field in the center does not depend on the angle at all.

For each component of the net magnetic field, we get

Bup = Bdown-

However, the first one is directed upside, the second one down. Therefore, the net magnitude of the magnetic
field is zero, no matter where the points of connection are.

Lets assume that the pendulum is rotating with angular velocity w. Then it performs one rotation in
time T, = 27/w. An equilibrium corrsponding to this angular velocity is deflected from the vertical direction
by an angle ¢,. Two forces determine this deflection - centrifugal force F¢ = mw?R sin ¢ and gravity F = mg.
The deflection is described by

Fc  w’Rsing,

tang, = =
q)O FG g

b

and from there
2
_ 8. - _ g
cosq)o—ﬁ, sing, = 1_(ﬁ) .
Let’s write down an equation of motion of the pendulum. Denote the angle measured from equilibrium as ¢.
Then the equation of motion takes the form

mR%e = —mgRsin (¢, + ¢) + mw’Rsin (¢, + ¢) Rcos (¢, + ¢).
It can be simplified utilizing sum formulae for goniometric functions

€= —% (sin ¢, €Os ¢ + sin ¢ cos goo) +w? (sin ¢, €Os ¢ + sin ¢ cos ‘Po) (cos ¢, COs ¢ —sin @, sin go) .
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This equation is not tempting at all, therefore we attempt to linearize it. We can use following approximations
for small angles: sin ¢ ~ ¢ and cos ¢ ~ 1. Thus

ew —% (sing00~1+<p-cosgoo)+w2 (sinq)o-1+(p-cos<p0) (cosgoo-l—Sin‘Po"P)

(w2 sin g, cos ¢, — %sin <p0) - (a)2 cos” ¢, — w’ sin’ ¢, — %cos ‘Po) ®.

R

Recall that we have already found a relation between angle ¢, and angular velocity w and the length of the
pendulum R. Having substituted the expresions for sines and cosines into the equation of motion, the con-
stant term drops out and we obtain the equation of a harmonic oscilator

2
ew(g——wz)(p,

w2R?

a period of small oscilations of which is

Therefore the sought ratio of the periods is

which can be expressed in terms of equilibrium angle as

k=sing,.

Our job is to find the thermal equilibrium between two radiating black bodies. The Sun radiates iso-
tropically, equal power in all directions. As Crépearth absorbs this radiation, it eventually reaches some tem-
perature and radiate on its own. In the equilibrium, both the absorbed and radiated power have to be equal,
so we have an equilibrium condition to look for. Let us first draw a diagram with all the relevant quantities:

The flux density is inversely proportional to the square of the distance to the source. Therefore, it is clear that
the greatest temperature will be attained directly below the sun, at a point which we have marked with H. Let
us denote the temperature in this point as Ty. Every other point on Crépearth is located further away from
the Sun, furthermore, the rays come in at an angle, which means the same flux is distributed across a larger
area. So we can say that for large distances the temperature will decrease and approach zero.
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Let us denote the boundaries of our desired temperature interval as T} and T, with T} < T,. There are three
options for the possible shape of our habitable zone:

o If Ty < T}, the whole Crépearth will be too cold to sustain any habitable zone.
o If T) < Ty < T, the habitable zone will form a disk around the point H.

 Andfinally, if T, < Ty, the point H becomes too hot, but since the temperature decreases with distance,
our habitable zone will shift away from the middle, and form an annulus around it.

So let’s start with the calculations. We can easily determine the total power radiated by the Sun by using the
Stefan-Boltzmann law:

P=Sx0Tg =4nR% 0Ty,

where S is the Sun’s surface area. What we would like to know next is what fraction of this power hits a small
area located at distance d. As the Sun is located sufficiently far from Crépearth, we can consider it a point
source. Since the whole power distributes across a sphere, the flux at a distance d is

© - 4nR?0T§  oRT§

4nd? d?

Furthermore, since the flux reaches our surface at an angle ¢, we need to multiply our expression by sin ¢.
But we can express that by using known quantities:

sing = E
¢ = d
So we have worked how much of the power reaches a small surface of Crépearth located at distance d. Now

for our equilibrium condition we know that the radiated power has to be the same as the absorbed power

oR?TZh
d3

T4\
dz(thT—j) .

This is the direct distance to the Sun, so we can translate between it and the distance to the point H, denoted
x, by using the Pythagorean theorem

!
=0T

We can express the distance d as

x*=d* - h.
If we substitute the given values, we find two real solutions, which means that the third option occurs — our

zone has the shape of an annulus. Finally, we can calculate its surface area as the difference between two
circles

4\23 T4\ 23
S:ﬂ(xg—xf):ﬂ((thT_?l) _(thT_cz) ):ﬂR4/3h2/3Tg/3(T18/3_T28/3).
1 2

Substituting the values gives us the result

S = 3538765 km?.
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It is obvious that the astronaut will move along an ellipse with its focus in the middle of the asteroid.
The best thing we can do right away is to draw a picture:

45°

\d -
P!

Figura 5: Geometry of an elliptical orbit

As according to our problem’s premises, the launch and landing points are separated by one quarter of the
circumference and thus the trajectory forms an angle of 45° with the planet’s surface. The ellipse’s semi-minor
axis becomes immediately clear: b = %. It is also clear that the astronaut’s motion will run along exactly half
of the ellipse.

In order to find the semi-major axis, we need to use a property that the sum of distances to two focal points
is same for any point on the ellipse. If we pick the top point in our picture, where the astronaut originally
stood, we get 2R to be the sum of distances to the foci and 2a if we pick the leftmost point, the pericenter.
This means that a = R. Having determined the ellipse, we can now move on to the time. We will start with
the general formula for the orbital period around the entire ellipse?

The next thing we need is the second Kepler’s law, which says that a line connecting the focus and the orbiting
body always sweeps an equal area in a certain amount of time. That means the time needed to move along half
of the ellipse is in the same proportion to the total time as the swept-out area to the total area. The swept-out
area is

mab R?

S=—+—,
2 2

the total area is

therefore

*In case you don’t remember this, it can be derived by finding the period around a circle and then replacing the radius with
semi-major axis, which can be justified by the third Kepler’s law.
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Why should Martin see the red light as green? After short brainstorming, we can figure out it can only
be caused by Doppler’s effect. But there is a catch! The light travels with the speed of light (surprisingly). Due
to this fact we are forced to use the relativistic Doppler effect. Then the observed frequency can be calculated

using:
c+v
T2V =

If Martin should have seen the red light as green, the velocity of his car would have been

:fz—fécz?té—kzc
fP+fE AN+ A

v

Having inserted the numeric values of wavelengths of red and green light, we get the final velocity

11
v=—c=0,18c.
61

For comparison, we can also calculate the final velocity using the classic Doppler equation. Let’s choose the
reference frame of the traffic light. In this reference frame the final observed frequency would be f = f, <%, so

the velocity will be ‘
V= (i—l)c: (@—I)C:O,Zc.
fo A

In the beginning, the system is in equilibrium. There is the same mass on the both sides. Katy’s mass is
m, Mike is two time heavier, so his mass is 2m. We added to Katy’s side a weight of the same mass. Therefore,
mass of 2m is on both ends of the rope.

The question is, what happens when the lighter frog starts climbing up with the velocity v in the rope’s refe-
rence frame? The solution lies in answering the question how exactly the lighter frog has accelerated up to
the velocity v? Accelerating frog causes the force F(¢) to start acting on one side of the pulley. This force can
have arbitrary development.

According to the 3rd Newton’s law a force of magnitude F(¢) acts on the Katy in the direction upside. The
pulley is massless and frictionless. Therefore, net force and net torque acting on the pulley is always zero.
For that reason, the force of magnitude F(t) acts on the heavier frog as well. Both, lighter and heavier frog
receives impulse J.

1)
J= Fdt,

t
Impulse J causes the change of the momentum Ap = J on the both sides of the pulley.

Denote the velocity of the heavier frog as u and it is directed upward. Also, it is the velocity of the rope. From
the fact that the momentum has to be the same on both sides of the pulley, we get

2mu=m(v-u)-mu,

Thus, u = . Therefore, the lighter frog climbs up to the pulley with the velocity equal to 3v and she is the
first who to reach the pulley. It takes her time

H
Il
|
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During this time, the centre of mass of the heavier frog is shifted by distance h = ut = Z. Therefore, the
distance between the frogs is 2H.

Let us note a short comment to the momentum of the system and another type of the solution (using the
principle of conservation on angular momentum). Notice that center of mass of the system (two frogs and
the rope) is moving upwards. It means that the momentum of the system has changed. Therefore, it cannot be
constant. Why is not the total momentum of a system constant (conserved)? When the monkey accelerates
and thereby acts with the force on the rope, it causes a reaction force in the pulley. The reaction force in the
pulley is bigger i. e. the external force is acting on the system. However, the momentum of the system will
not change anymore after the frog starts moving with the constant velocity.

We can solve this problem using the principle of conservation of angular momentum. There is no external
torque acting on the system. Therefore the net angular momentum of the system is conserved. If we set the
net angular momentum equal to the zero for a whole duration of the motion (frog climbing), we get

2mu=m(v-u) - mu.
It is exactly the equation for the momentum on both sides of the pulley - just look a little bit above!

Have you ever heard about solar sail? The same principle is applied here - light reflected off a surface
results in a force. Since light produces force, it has to posses momentum. Thanks to some very clever people
in the past, we can today view light as some kind of a stream of particles, photons, every single of which has
an energy

E=hf
and momentum
B E
p= o

The photon stream is reflected oft the inner side of the wheel at an angle of 90° — « to a normal to the surface.
Each reflection causes a change in the photon’s momentum

E
Ap =2pcos(90° - a) = 2—sina.
¢

The flight of the photon between two reflections takes time

2Rsin
At= ——.
c

Now, the crucial idea is applied. Since the photons are discrete particles, the force on the wheel is irregular.
But as the photons travel so fast, they are hitting the wheel very often. And since the time At between two
collisions is really short, we can calculate the average force, neglecting the fluctuations, and considering the
force to be constant, equal to this average force.

We can express the average force caused by a single photon as

Ap 2Esina I

At ~  2Rsina _R'

c
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And because the photon is wildly flying around the whole wheel, we can use the same argument as before
and consider the force uniformly distributed across the whole wheel. We can also note that the force is inde-
pendent of the angle by which the laser shines — smaller angle means collisions happen more often, but each
requires smaller change of momentum.

When Saymon shines his laser for a time #, he creates a beam with an energy Pt. This beam will consist of
B photons, each with the same energy E. Since the same arguments can be used for all photons, we can find
that the force caused by £ photons is % times greater, thus we can express the total force as

_PtE Pt

" ER R’
We can again note that the force does not depend on the energy of a single photon, since greater energy
means greater force, but fewer photons in the whole beam. This is of course the force acting in the radial
direction, so we must determine the tensile force. To do this, we can imagine that the wheel expands slightly,
and look at the work done by all the present forces. The law of conservation of energy will then allow us to

find the unknown force 7°. If we increase the wheel’s radius by Ar, its circumference will increase by 27Ar.
The radial force will do the work

bt
W=—Ar
R
and the tensile force
W = T2nAr.
Their equality provides us with the unknown force
Pt
~ 27R’

If we want to determine the moment of inertia of Samuel’s dried up onion, we have to remember several
facts. The first one is trivial, moment of inertia of solid sphere is 2mR?, where m is mass of a solid sphere. The
second one is, that moment of inertia is aditive - if the final object is composed of multiple parts, resultant
moment of inertia about arbitrary axis is sum of moments of inertia of individual parts about the same axis.
The last thing to remember is also easy. If every dimension is increased k-times, mass will increase k*-times.
In other words, you have to know scaling.

After this quick intro, we can finally begin calculation. Moment of inertia of a solid sphere can be composed
of moment of inertia of the onion and its dried up part, which has shape of onion, but two-thirds dimensions.
Let’s denote moment of inertia of the onion I. General formula for moment of inertia is ¢ x MR2, where c is
constant determined by shape and chosen axis, hence moment of inertia of dried up part is (%)5 I. Therefore,
moment of inertia of solid sphere is

2 2\°
-mR*=1+|=| L
5 3
In this case, m is mass of solid sphere. If the mass m is determined by scaling of onion’s mass M, equation
m=M+ (%)3 M can be written. Trivial calculation gives

[SA11 8}

I= %1+—()3MR2 - %MRZ
51+()5 275

W

*principle of virtual work
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Contrary to the identical circuit connected to DC-generator, the result is significantly influenced by
capacitors and coils. In AC circuits, Ohm’s law is applied to peak voltage U and peak current I

U=|Z|IL,
where |Z| is magnitude of impedance. Therefore, it is sufficient to calculate impedance of the circuit.

It is easy to notice that two central branches consisting of coils and resistors are symmetric. Therefore, po-
tentials at both ends of the central capacitor have to be identical, hence voltage and current flowing through
the capacitor are both zero. In other words, central branch with capacitor can be eliminated. Our problem is
now reduced to calculation of impedance of series and parallel circuits. Total impedance of AC circuit is

L 1, 2 . 3R-wRLC+i(wR*C+wl)
Z R R+iowL R? + iwRL '

Magnitude of impedance is

7= R* + ?R2L2
(3R - w?RLC) + (wR2C + wL)*’

hence

. U\/(3R — w?RLC)* + (wR*C + wL)?
- R* + w?R2L2 '

We start by answering the question how Jonas’s wheel was created. Let’s suppose that it is homogenous
with the area density o. The original (full and unbroken wheel) has a mass o7r2. The centre of mass is in the

middle and its coordinates are [0;0]. The hole inside the wheel would have the mass o7 (%)2 and its centre

of mass is in the point [O; g] That means that the broken wheel has the mass 20772, The x coordinate of the
centre of mass is zero. The y coordinate can be calculated from equation for torques

0'711’2'0—0'7T§~§ r
y: = ——,
2omr? 6

The minus sign represents that the y coordinate is on the opposite side to the hole in the wheel. We denote
the distance between the centre of mass of the broken wheel and the centre of mass of the unbroken wheel
T

ast,t=-y=c.

Remember, that we focus on small oscillations. What happens when the wheel is deflected by an angle ¢? Or
in other words, what happens if the wheel’s contact point with the pit moves by an arc with lenght r¢. The

angle between the new and the old contact point is & = £¢ = £ with respect to the centre of the pit.
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Figura 6: Geometry of Jonas’ oscilating wheel

Potential energy with respect to the bottom of the pit is

E, = mgh = ionrzgh,

where the height # is

1 4
h=5r(1-cosa)+rcosa—tcos(¢p — a) zr[S(l—cosg) +cos%—gcos?¢].

In this case, the kinetic energy can be expressed as the rotational energy around the axis of rotation. However,
the axis of rotation is constantly changing. Therefore,
1 2
Ek = EIA(A) ,
where I, is the moment of inertia around the actual axis. The distance of the centre of mass from this axis is
I. From the law of cosines we get > = r? + 2 — 2rtcos ¢ = 12 (1 + 3¢ — 3 €OS (p).

Only one unknown remains - the moment of inertia of the Jonas’s (broken) wheel. Firstly, we have to calculate
the moment of inertia around the centre of mass, I7. Secondly, we will use the Parallel axis theorem (Steiner’s
theorem) and the fact that we can sum up the moment of inertia of the broken wheel and the one which fell
out, in order to get the moment of inertia of the full, undamaged wheel. The moment of inertia of a disk is
ImR2, so

1 3 11 ry> 1 r\’
—onr’r? = (IT+—O'7TT’2t2) - ——0'7'[7’2(—) + —onr* (—) :
2 4 24 2 4 2
We get that the moment of inertia around the centre of mas is I+ = 2o7r. Next, we use Steiner’s theorem

again. Subsequently, for the moment of inertia around the current axis of the rotation, we get

3 37 1
Iy=1 +—a7rr212:0714(——— )
a=lre g '35 1089
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The small oscillations are of our concern. Therefore, we estimate I,. We will use approximation cos ¢ ~ 1%
Afterwards, our equation is

29

I, = —onr.

32
In the end, we evaluate the net energy of the broken wheel’. For the potentional energy, we use the appro-
ximation of the term cos x by the Taylor’s polynom up to the second order of precission (cosx ~ 1 — %). We
get

29

1
E=—norge* + —nor*w® = const.,
10 64

what is the energy of harmonic oscillator with the period which is defined by the constants in front of ¢? and

w?.

Finally, we find out that Jonas’s broken wheel oscilates with the period

2 rort 145
T= 21 164—3 =27 —t
\ 671018 32 g

Let us denote the distance between the counterweight and the pivot as x. The problem doesn't require
us to maximize the acceleration for any particular angle of the rod’s tilt, which is alright, since the acceleration
only depends on the angle by a factor of cos a. That means that maximizing the acceleration for any particular
angle maximizes it for all angles. Let us write down the expression for the linear acceleration of the projectile
at zero angle of tilt

a=(L-x)¢
T
Z(L—X)f

Mgx —mg (L —x)

=(L=x) Mx2+m(L-x)"

Our task is to maximize this expression with respect to the variable x. We will first rearrange it into a more

convenient form
MLx

a= 5 —1
Mx?+m (L -x)

If we want to maximize this expression, we can disregard the constant term. Furthermore, we can simplify
our work by using the fact that a maximum of a positive expression implies a minimum of its reciprocal.
Hence we are to look for a minimum of the expression

Mx2 +m (L - x)*
a= :
MLx

We can now proceed in two different ways - either by using calculus and differentiating, or using so-called
inequality of arithmetic and geometric means. The later states that an arithmetic mean of any sequence of

*from the Taylor’s polynom
>except the constant element
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numbers is always greater than or equal to their geometric mean. For the case of two numbers

a;bz\/ﬁ

what can be proven by simple squaring of both sides. If we substitute a - ax and b — £ into this, the right-
hand side does not change and the inequality will acquire the form

ax+)—1222\/%.

We are lucky and our original expression can be (almost) rearranged, so that it matches the left side of the
inequality
- m+M mL 2m

a= X+ — - —.
ML Mx M

Fortunately, the leftover term is only a constant, so it can be ignored. From the AM-GM inequality, it follows
that for any number x, this expression is always greater than or equal to

2\/(m+M)m'

M

But we want to find such x, that the expression is as small as possible which implies equality. Thus we obtain

an equation for x
m+M  mL 2\/m(m+M)

X+ —=2—",
ML Mx M

which can be rearranged into a quadratic equation whose solution is

m
m+M

X =

For completeness, we will also demonstrate the solution by using derivatives. An expression attains its mi-
nimum when its derivative is zero
d Mx?+m(L-x)° _ 2Mx-2m (L -x) Mx2 +m(L-x)’
dx MLx ) MLx MLx?

!
=0

Solving this equation for x leads us to the same result as above.
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4

-
5
230,9 km. Akceptowalne sq wartosci miedzy 229,9 km a 231,9 km.

Upewnij si¢, Zze na osiach sq oznaczone wszystkie wazne wartosci, procesy termodynamiczne majg pra-
widlowy kierunek, a proste po przedtuzeniu przechodzg przez poczgtek uktadu wspotrzednych.

v
4V,

116 m?

=

arcsin(M+m 111#2)
26| 29,43 m/s.

27| 1 - wielkosci pdl s takie same

28| 1,6 dm?

\/5—1_ B )2
\/5+1_3—2\/§_(\/§ 1)

0, pole jest réwne zero.

N
O

W

W
(=]

1] sing,

3538765 km?. Akceptowalne sq wartosci z przedziatu (3 528 765 km?; 3 548 765 km?).

3/2

VGM
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