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Problemy

[ 1 ] Marcin kupit nowy samochéd, ktéry przyspiesza od 0 do 100 km/h w 10 sekund i zwalnia od 100 km/h
do 0 w 6 sekund. W jakim najkrétszym czasie Marcin przejedzie droge pokazang na obrazku, jesli bedzie
przestrzegac¢ wszystkich przepiséw ruchu drogowego?

Oczywiscie na poczgtku i na koricu drogi jego samochdd nie porusza sig. Ograniczenia predkosci na znakach
drogowych podano w km/h.
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Beata znalazfa bardzo fajny odcinek autostrady biegnacy wzdtuz linii kolejowej. Udaje si¢ tam czasami,
aby $cigac si¢ z pendolino. Pociagg ten ma 150 razy wickszy ped, ale tylko 100 razy wiekszg energie kinetyczng
niz samochdd Beaty. Jaki jest stosunek masy pociggu pendolino do masy samochodu?

Spacerujac po targu, Marcin spostrzegt duzy balon wypetniony helem. Jego promien wynosit 50 cm, a
masa pustego balonu byta réwna 20 g. Balon bardzo mu si¢ spodobat i natychmiast go kupit... ale zaczat si¢
obawia¢, ze mogiby mu on odlecie¢. Pomyslatl, ze przywiazujac do niego co$ ciezkiego, mégtby zapobiec jego
bezpowrotnej stracie. Zdecydowal si¢ nadmuchac¢ kilka mniejszych balonéw powietrzem i przywigzac je do
balonu z helem. Masa kazdego malego, pustego balonu byla réwna 10 g, a jego promien po nadmuchaniu byt
réwny 20 cm. Ile, co najmniej, balonéw z powietrzem musialby uzy¢ Marcin, aby uniemozliwi¢ odlecenie
balonu z helem? Pomin rozciagliwos¢ balonow.

E Monika uczestniczyla w rejsie, z ktorego jako pamigtke przywiozla ozdobny ster. W celu przymoco-
wania go do Sciany, wbila gwo6zdz i umiescita na nim $rodek steru. Poniewaz nie miata wystarczajacej ilosci
miejsca na $cianie na nowe pamiatki, zawiesita chinski dzwonek o masie m po lewej stronie steru. Ster si¢ nie-
co obrdcil, wiec musiata zawiesi¢ kolejny dzwonek po jego prawej stronie. Jaka powinna by¢ masa drugiego
dzwonka, aby koto powrdcilto do pierwotnej pozycji?

Dwoch Szkotéw walczy o monete o wartosci jednego grosza. Kazdy z nich ciggnie jeden koniec monety,
do momentu uformowania si¢ z niej drutu o promieniu r, dtugosci ! i oporze R. Nie powstrzymuje ich to
jednak od dalszej walki. Jaki bedzie op6r drutu, gdy podwoi on swoja dtugosc?

Zaloz, ze objetos¢ monety nie zmienia sig¢ z powodu rozciggania.
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[ 6 | Sheldon lubi flagi. Postanowil uszy¢ wtasna flage Seszeli. Kiedy skoniczyt, zauwazyt, ze jej $rodek masy
nie znajduje sie dokladnie w geometrycznym $rodku flagi. Wazgc kawatki materiatu, ktérych uzyt do kazdej
czedci flagi, ustalil, Ze gestosci tkanin od lewej do prawej strony wynosity odpowiednio 600, 400, 300, 500 i
900 g/m?. W jakiej odleglosci od geometrycznego srodka flagi znajduje si¢ jej Srodek masy, jesli posiada ona
rozmiary 180 cm x 90 cm?

Szwy dzielg gérng i prawg krawedz flagi na trzy rowne czesci.

Michat ciggnie Alicje¢ na sankach, uzywajac stalej sily F. Sanie wraz z Alicja maja mase m = 60 kg. Na
poczatku Michal ciggnie sanie po zamarznigtym jeziorze, gdzie nie wystepuje tarcie. Nastepnie ciagnie je
po $niegu, gdzie wspotczynnik tarcia miedzy $niegiem a saniami wynosi f > 0. Po chwili na sanie wskakuje
Piotrek. Predkos¢ san pokazana jest na wykresie. Jaka jest masa Piotra?
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Marcin przenidst sie do nowego, pustego mieszkania. Bedac astronomem nie mial duzo pieniedzy. Po-
stanowil, ze czes¢ potrzebnych do zycia rzeczy wykona sam. Postanowil wiec skonstruowa¢ wlasny zyrandol.
Jego zyrandol zbudowany byl z obreczy o promieniuR = 24 cm, ktdra zwisala z sufitu. Nastepnie przymoco-
wal do obreczy zarowke o masie m = 1 kg uzywajac czterech jednorodnych, niewazkich nici. Majac bardzo
ograniczony budzet wykorzystal niezbyt mocne nici. Wytrzymato$¢ na zerwanie byta réowna F = 6,5 N. W
jakiej najmniejszej odlegtosci od obreczy moze powiesi¢ zaréwke, aby nici nie ulegly zerwaniu?
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| 9 | Andrzej postawil w Bratystawie wysoki maszt, na ktorego szczycie powiewa monumentalna flaga o
powierzchni 10 m?. Jest potudnie réwnonocy jesiennej. Wiatr wieje z potnocnego zachodu. Jaka jest po-
wierzchnia cienia rzucanego na ziemie przez catkowicie rozwinigta flage?

Bratystawa znajduje si¢ na 48 rownolezniku szerokosci geograficznej potnocnej.

Karol podrézowal pociggiem, aby odwiedzi¢ swoich dziadkow. Kiedy sie nudzit, liczyl samochody,
ktdére mijaly pociagg na autostradzie biegngcej wzdluz linii kolejowej. Zaobserwowatl on cztery razy wiecej sa-
mochodéw na jednostke czasu jadgcych w przeciwnym kierunku niz w kierunku swojej podrdzy. Jakie byly
mozliwe predkosci, z ktérymi poruszat si¢ pociag Karola?

Ruch na autostradzie byt rownomierny w obu kierunkach, a predkos¢ samochodéw wynosita 90 km/h.

Dwa ksiezyce, kazdy o masie m, poruszajg sie po tej samej orbicie kotowej wokot planety o masie 2m. W
kazdej chwili wszystkie trzy obiekty leza na jednej prostej. Wykonujac pomiary Kasia stwierdzita, ze promien
orbity ksiezycow wynosil R. Ile wynosi okres obiegu ksiezycow wokot planety?

W cieple letnie noce bezpanskie koty bardzo halasuja i tym samym nie dajg spa¢ mieszkaricom akade-
mikéw. Pewnej, szczegolnie goracej nocy, Tomek nie mogac zasnac, stracit panowanie nad sobg, wyszed! na
balkon, ktéry znajdowal si¢ na wysokosci H nad ziemig i zaczal rzuca¢ w koty zgnilymi jajkami. Wszystkie
jajka miaty te sama predkos¢ poczatkowsy v, ale byty rzucane pod réznymi katami a.

Jaka jest najmniejsza predkos¢, jaka moze uzyskac jajko w momencie uderzenia o ziemi¢? Opory powietrza
nalezy poming¢.

Piotr i Pawel uzyskali niedawno patenty zeglarskie. Wynajeli dwa jachty i rozpoczeli podroz przez
siedem morz. Jednak ich umiejetnosci zeglarskie nie byly zbyt duze, dlatego ze wzgledéw bezpieczenstwa
plyneli tylko do przodu ze stalg predkoscia.

« Gdy Piotr przeciat droge Pawta ich wzajemna odlegd$¢ wynosita 3d.
o Po czasie t Pawetl przecial droge Piotra, wtedy ich wzajemna odleglos¢ wynosita 4d.
« Po kolejnym odcinku czasu réwnym 5¢ skonczylo si¢ im paliwo i natychmiast sie zatrzymali, a ich

wzajemna odleglos¢ wynosita 21d.

Pod jakim katem przecinaly si¢ ich drogi?

Odkad Jerzy otrzymal tytut magistra fizyki, jego zwyczaje pasterskie ulegly zmianie i wygladaja dos¢
dziwnie w ocenie pozostalych pasterzy. Jerzy z upodobaniem (bedac fizykiem teoretykiem), modeluje swoje
owce jako jednorodne walce o promieniu R i masie m. Kiedy owca koniczy wypas na wzgdrzu, ma w zwyczaju
podciagac nogi i staczac sie¢ z niego.

Nie jest to jednak takie tatwe jakby sie wydawalto. Gdy owca zje dostatecznie duzo trawy, jej Srodek masy T
przesuwa sie o R/4 od $rodka S wzdtuz promienia. Jaki jest najmniejszy kat nachylenia wzgdérza, aby owca z
pewnoscia stoczyla si¢ z niego, niezaleznie od poczatkowego kata utozenia ciata (walca)?
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Mata ksiezniczka Leia siedzi na swojej matlej planecie P-314 i jest bardzo zdenerwowana. Gwiazda jej
planety zachodzi co 60 godzin, co oznacza, ze aby zobaczy¢ wystarczajgco duzo romantycznych zachodow
stonica, musi ciggle przesuwac swoje ciezkie drewniane krzesto. Z drugiej jednak strony rok ma tylko 300
godzin, co pozwala jej $wietowac wiele urodzin.

Po jednym z przyje¢ urodzinowych przesuneta krzesto na nocng strone¢ planety i spojrzata w gwiazdy. Po
chwili zdata sobie sprawe, ze odlegle gwiazdy wydaja sie krazy¢ wokot planety z innym okresem obiegu niz
jej stonice. Jaki jest faktyczny okres obrotu planety wokdt wlasnej osi?

Zatézimy, ze planeta krgzy wokot gwiazdy w tym samym kierunku, w ktérym sig obraca, i Ze jej orbita jest
okregiem. Os obrotu jest prostopadta do plaszczyzny orbity.

Stawek kupil Ani na urodziny naszyjnik ztozony z dwdch takich samych, symetrycznych serc. Ania
byta oczarowana, ale poniewaz jest fizykiem, uzekla ja nie tylko estetyka, ale takze elektryczne wlasciwosci
bizuterii.

Dowiedziala sie, ze opdr na jednostke dlugosci drutu, z ktérego wykonany jest naszyjnik, wynosi p. Jaki
jest calkowity opor serc migdzy punktami, w ktérych sg one polaczone z tancuszkiem? Promien krzywizny
okraglych czesdci naszyjnika wynosi r.

Lukasz lubi budowac¢ proste urzadzenia gospodarstwa domowego. Ostatnio zakupil trzy rezystory o
oporach 20, 30 i1 60 Q2 i zmontowal z nich grzejnik elektryczny. Niestety nie jest on dobrym projektantem,
wiec kiedy chce zmieni¢ moc grzejnika, najpierw musi go rozebra¢, a nastepnie ponownie polgczyc¢ rezystory.
Ile r6znych ustawien mocy (nie wiaczajac w to stanu wylaczenia) moze uzyskac, jesli gtowny wylacznik pradu
ustawiony jest na 15 A?

Napiecie sieciowe wynosi 230 V. Lukasz nie musi za kazdym razem uzywac wszystkich rezystoréw.

Krystian ma piekny zegar $cienny. Ma on tylko wskazéwke godzinowg i wskazéwke minutowa, ktére
przemieszczaja sie skokowo co sekunde. Wskazdwka godzinowa ma dlugos¢ d i mase 2m, natomiast wska-
zéwka minutowa ma dlugo$¢ 2d i mase m. O ktorej godzinie w ciggu doby suma momentéw sit wskazowek,
liczonych wzgledem osi przechodzacej przez srodek tarczy zegara, bedzie maksymalna?

Znajdz przynajmniej jedno rozwigzanie. Wynik podaj w postaci HH:MM: SS. Nie obawiaj si¢ uzywac kalkulatora.

Szescian Darek bardzo lubi ptywa¢ w basenie. Jesli lezy on tak, ze jego podstawa jest réwnolegta do
powierzchni wody, wtedy wystaje 4 cm ponad powierzchnig lustra. Natomiast, jesli sie odwrdci tak, aby jedna
z przekatnych ciata byta prostopadia do powierzchni wody, jego widoczng czescig jest trojstronna piramida
wystajaca 18 cm ponad powierzchnig lustra. Jaka jest gestos¢ Darka?
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Mateusz podnidst kamient o masie m i polozyl go na przednim krancu deskorolki o dlugosci L i ma-
sie M. Pomiedzy deskorolka a podlozem nie wystepuje tarcie, a wspdtczynnik tarcia migdzy kamieniem a
deskorolka wynosi p. Mateusz pchnat deskorolke tak, ze zaczeta sie ona porusza¢ z predkoscia v. Jaka jest
najwyzsza mozliwa predkos¢ v deskorolki, aby kamien na niej pozostal?

Zatézmy, ze deskorolka zostata przyspieszona natychmiast, a kamieni w pierwszej chwili pozostawat w spoczyn-
ku wzgledem Mateusza.

Tomek przypadkowo zrzucil ze stotu swo6j nowiutki smartfon, o wysokosci ekranu I = 16 cm. Na szcze-
$cie w ostatniej chwili udalo mu si¢ wprowadzi¢ go w ruch obrotowy. Poniewaz posiadal nowoczesny telefon
z wyswietlaczem obejmujgcym calg przednig $ciang, jego jedyna nadziejg byto to, Ze telefon wyladuje bezpo-
$rednio na tylnej $cianie. W przeciwnym razie wyswietlacz prawdopodobnie uleglby kosztownemu uszko-
dzeniu. Wysokos¢ stolu wynosita & = 0,8 m, a telefon pierwotnie lezal na tylnej $cianie. Ile maksymalnie
obrotéw moglby wykonac¢ telefon w powietrzu, aby wyladowal bezpiecznie na tylnej $cianie, tak jak chcialby
tego Tomek?

Zatozmy, Ze smartfon nie dostat zadnego dodatkowego impulsu w kierunku pionowym podczas rozpoczynania
obrotow.

Paulina wzi¢la dwa lustra i postawila je na stole, tak aby kat miedzy ich powierzchniami odbijajacymi
wynosil a. Nastepnie skierowala wskaznik laserowy miedzy lustra tak, ze wigzka byla réwnolegla do jedne-
go z nich. Zauwazyla, ze wigzka powrdcila do niej wzdtuz dokladnie tej samej trajektorii, w jakiej zostata
puszczona. Jakie s3 mozliwe wartosci kata o miedzy lustrami, aby taka sytuacja mogta zaistniec?

W kieszeni swoich spodni Marek niespodziewanie znalazl sprezysta piteczke. Bez zastanowienia rzucit
ja z predkoscia v = 12 m/s z wysokosci h = 1 m w strone $ciany, ktora znajdowata si¢ w odleglosci d = 5 m.
Pileczka uderzyla w $ciang, a nastepnie odbila sie od podtogi i z powrotem trafita do reki Marka. Jak diugo
trwala cala podréz piteczki, jesli wszystkie jej odbicia byly idealnie sprezyste?

12 m/s

1m

A
Y

5m

Ania byla tak zachwycona prezentem otrzymanym od Stawka, ze teraz kocha go jeszcze bardziej. W
zwiazku z tym postanowita wprowadzi¢ kilka zmian w naszyjniku. Nadal sktada si¢ on z dwdch takich sa-
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mych, symetrycznych serc, opdr na jednostke dtugosci materialu wynosi p, a promien krzywizny okraglych
fragmentow r. Jaki jest calkowity opdr serc miedzy punktami, w ktérych sg one potaczone z fancuszkiem?

Mateusz, bedac organizatorem zawodéw fizycznych ,,Nabdj”, przynidst dla uczestnikéw w duzym me-
talowym pojemniku w ksztalcie cylindra, napelnionego do potowy, ciepta herbata. Pojemnik miat zamon-
towany w dnie kran, dzigki ktéremu istniala mozliwo$¢ przelania herbaty do mniejszych naczyn. Wysokos¢
cylindra wynosi 1 m. Mateusz postanowit przela¢ herbate do kubkoéw, jednak po chwili zauwazyl, ze przestata
sie ona wylewa¢ z pojemnika, poniewaz do $rodka nie moglo dosta¢ si¢ powietrze. Jak bardzo powierzch-
nia herbaty moze opas¢, jezeli nie wpuscimy powietrza do $rodka pojemnika? Powietrze wewnatrz cylindra
przed otwarciem kranu, miato standardowe ci$nienie atmosferyczne.

Wynik podaj z doktadnoscig do 1 mm.

Michalina uwielbia tworzy¢ systemy mechaniczne za pomocg sprezyn. Kupita kwadratowg ramke, kto-
rej kazdy bok ma mase m i dtugos¢ d. Boki ramki sg potgczone za pomocg specjalnych kostek w rogach, co
sprawia, ze podczas wyginania cala ramka pozostaje w tej samej plaszczyznie.

Michalina polozyta ramke poziomo na ziemi. Nastepnie wzigta dwie sprezyny o wspdtczynniku sprezystosci
k i rozciagneta je wzdluz przekatnych ramki. Potem zaczgla odsuwac od siebie dwa przeciwlegle rogi. Jaka
sita F musi ciggnac rogi, aby kat przy jej dfoni wyniost a?

Kiedy Jerzy zorientowal sie, ze owce bezpiecznie staczaja si¢ ze wzgorza, wpadl na kolejny pomyst, jak
moznaby wykorzystac ich cylindryczny ksztalt. Toczyl owce po plaskiej powierzchni z predkoscia v, az do
podnéza wzniesienia o kacie nachylenia a. Do jakiej maksymalnej wysokosci trawa na wzgdrzu polozy sie,
az do zatrzymania sie owiec? Promien gtodnej owcy wynosi r.

Kasia bada alternatywne Zrédla energii. W ostatnim czasie kupila w bardzo okazyjnej cenie wiele ar-
kuszy blachy o gestosci powierzchniowej o i skonstruowata z nich proste $migto. Sklada si¢ ono z trzech
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topatek, kazde w ksztalcie rownoramiennego tréjkata o dtugosci ramienia a. Lopatki sg przymocowane do
piasty rownomiernie co 120°. Jaki jest moment bezwtadnosci zbudowanego przez Kasi¢ $migta wzgledem
osi piasty?

Horacy znalazt sprezyne o dtugosci 1 m. Stosujac pewne sekretne metody, wyznaczyl wspotczynnik
sprezystosci tej sprezyny, ktéry byt rowny 70 N/m. Postanowit zbudowac¢ platforme. W tym celu pociat spre-
zyne na kilka mniejszych, réwnych kawatkow tak, aby moc potozy¢ na nich drewniang deske o masie 10 kg.
Na ile kawalkéw musi Horacy pocia¢ sprezyne, by stajac na desce byl utrzymywany nad podlozem? Masa
Horacego wynosita 100 kg.

Tomek mial duzy batagan w pokoju. Nieoczekiwania znalazt w nim magiczng latarni¢. Ma ona sze-
$cienny ksztalt, a $wiatlo jest emitowane przez cztery otwory w bocznych $cianach, ktére majg ksztalt okre-
géw wpisanych w kwadrat. Jaki kat brytowy moze oswietli¢ latarnia, jesli Zrédto swiatta znajduje sie doktadnie
w jej srodku?

Oliwier wzigl dtugi cylindryczny pojemnik i zamknat go ttokiem. Przymocowal tlok do dna pojem-
nika za pomoca sprezyny, ktorej wspolczynnik sprezystosci wynosi k (sprezyna nie jest rozciagnieta). W
pojemniku znajdowal si¢ gaz doskonaty o objetosci V, ci$nieniu p, i temperaturze Tj.

W pewnym momencie zdal sobie sprawe, Ze stopien wydtuzenia (rozciggnigcia) sprezyny h, moze by¢ wskaz-
nikiem stanu gazu doskonatego. Natychmiast narysowat schemat h—T procesu adiabatycznego dla gazu znaj-
dujacego si¢ w pojemniku. Zalozyt, ze zadne sily zewnetrzne nie moga oddziatywac na tlok, a jedynymi sitami
dziatajacymi na niego sa: sita parcia gazu wewnatrz pojemnika i sita sprezystodci sprezyny. Narysuj, podobnie
jak Oliwier, odpowiedni schemat i zaznacz na nim wszystkie istotne parametry.

info-pl@physics.naboj.org 7 https://physics.naboj.org/


mailto:info-pl@physics.naboj.org
https://physics.naboj.org/

L
Problemy 22. Nabéj Fizyczny, 2019 el

k
po Tp Vo

Szymon pilnie potrzebuje $wiatla spolaryzowanego poziomo. Do dyspozycji ma zrédio swiatta spola-
ryzowanego pionowo o natezeniu I, i 10 idealnych filtréw polaryzacyjnych. Chce ustawic filtry w taki sposéb,
aby obrdcity plaszczyzne polaryzacji. Jakie jest najwieksze natezenie swiatla spolaryzowanego poziomo za
filtrami, jesli $wiatto nie moze zawiera¢ zadnego elementu spolaryzowanego pionowo?

Idealny filtr polaryzacyjny przepuszcza cate Swiatto w kierunku polaryzacji i blokuje cate Swiatto w kierunku
prostopadtym do niego.

Adam postanowit zniszczy¢ pewna instytucje w swoim sgsiedztwie. Pomyslal, ze najlepszym sposobem
bedzie wykorzystanie dziala o dtugos¢ lufy L i przekroju poprzecznym S. Nastepnie wsunat do lufy pocisk o
masie m. W wyniku tego pozostate za pociskiem powietrze mialo objetos¢ Vi cisnienie py. Wybuch prochu
dostarczyt do powietrza energie E. W wyniku tego powietrze zaczelo si¢ rozprezac adiabatycznie wyrzucajac
pocisk. Oblicz predkos¢ pocisku w momencie, gdy opuszczal on lufe. Zal6z, ze powietrze to doskonaly gaz
dwuatomowy.

Syreny Hanna i Nina prébujg zwabi¢ zeglarzy za pomocg swiatla swoich latarni (latarnie sg identyczne).
Nina zawiesila swoja latarni¢ na uchwycie, skad $wieci ona izotropowo z mocg P. Hanna natomiast umiescita
swojg latarnie w wielkim sze$cianie wykonanym ze szkla o wspdtczynniku zatamania $wiatla » i ustawita ja
tak, Ze jedna ze $cian byla skierowana w stron¢ morza.

Ktdralatarnia jest jasniejsza dla marynarzy i ile razy, jesli patrza oni prostopadle do brzegu z duzej odlegtosci?

Justyna bardzo lubi fizyke czastek elementarnych. Zbudowata wtasng komor¢ mgtowa (komora Wil-
sona) i umiescila ja w silnym polu magnetycznym o indukcji B = 10 T. Zauwazyla, ze w pewnej chwili w
komorze zostaly zarejestrowane $lady protonu i mionu. Mialy one ksztatt dwoch wspoétsrodkowych potokre-
géw. Obydwie czastki poruszaly sie z ta sama predkoscia v = 0,99¢ prostopadla do linii pola magnetycznego.
Wektory predkosci czastek przed wejsciem do komory byly réwnolegle. Jaka byla wzajemna odlegtos¢ mie-
dzy czastkami wpadajacymi w pole magnetyczne?

Mion ma tadunek rowny tadunkowi elektronu i jest 207 razy cigzszy od niego.
Za oknem stacji kosmicznej rozwieszono na linach jeden z drugim trzy duze, idealnie czarne koce.

Stonice $wieci prostopadle na pierwszy koc z mocg na jednostke powierzchni Fy = 1370 W/m?. Jaka jest
temperatura rownowagi trzeciego koca, jesli za nim jest tylko pusta przestrzen kosmiczna?
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Mateusz postanowit si¢ wybra¢ na spacer po znanym Podkarpackim Szlaku Winnym. Juz w pierw-
szej piwnicy bardziej zainteresowal si¢ samymi beczkami niz ich zawartoscia. Mialy one ksztalt cylindra o
promieniu podstawy 0,5 m i wysokosci 1,6 m. Zrobione byly z prostych listewek spietych metalowymi ob-
reczami. Zaciekawito go ile, co najmniej metalowych obreczy jest potrzebnych, aby stojaca i wypelniona
catkowicie winem beczka nie rozpadta sie.

Maksymalne dopuszczalne naprezenie metalowej obreczy wynosi 20 MPa, jej przekroj poprzeczny 30 mm?, a
gestos¢ wina réwna jest 1000 kg/m?.

Szymon wcigz bawi sig¢ filtrami polaryzacyjnymi. Po wielu eksperymentach filtry troche sie ubrudzity.
Teraz kazdy z nich przepuszcza tylko 90% wpadajacego w plaszczyznie polaryzacji $wiatta (ale nadal nie ma
swiatla w plaszczyznie prostopadlej).

Jakie jest najwigksze natezenie $wiatla spolaryzowanego poziomo, ktére Szymon moze uzyskac po przejsciu
przez filtry? Padajace $wiatlo nadal jest spolaryzowane pionowo, a jego natezenie wynosi Iy. Szymon ma 10
filtréw polaryzacyjnych, ale nie musi uzywac ich wszystkich.

Maria puszczata banki mydlane. Jest ona osobg sympatyczng i o dobrych checiach, zatem nie podobato
sie jej, ze powietrze wewnatrz banki bylo $ciskane. Z tego powodu postanowila rozmiesci¢ na bance fadu-
nek elektryczny. Jaki tadunek powinna umiesci¢ na bance o promieniu 4 cm, by ci$nienie wewnatrz banki
bylo réwne atmosferycznemu? Zaldz, ze napiecie powierzchniowe wody mydlanej jest réwne Y/3 napiecia
powierzchniowego czystej wody. Wynik podaj zaokraglajac do trzech cyfr znaczacych.

Emil stale ulepsza swoja makiete kolejowa. Ostatnio zajal si¢ liniami elektrycznymi. Ling nosng za-
wiesza si¢ przez pare kot pasowych umieszczonych u gory stupéw i naciaga sie ja ciezkimi obcigznikami
przymocowanymi do jej konicow. Podczas rutynowej kontroli swoich linii, Emil doznatl tajemniczego wy-
padku, w wyniku ktérego hustat si¢ na srodku liny zawieszonej migdzy dwoma stupami. Znajdz okres drgan
pionowych jego ruchu. Zalt6z, ze & = 2 i ze stupy sa oddalone od siebie 0 D = 25 m

D

"R
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Rozwigzania
[ 1] First of all we express the acceleration and deceleration of the car in units that are much easier to use:
100 km/h km/h 100 km/h 100 km/h
a, = =10 a a=———=— .
10s s 6s 6 s

To avoid manipulating ugly numbers, we keep accelerations in this form and we transform time so that it fits
these units. Hence, when given acceleration and time, the expression a#? takes units
km/h km/h

h-s=
s s

-3600s-s.

For clarity, let us divide the path to segments between traffic signs:

I. First we need to accelerate from rest to 90 km/h, which takes 9 s. The distance covered within this
period is

1
Sl = §a+t2 =112,5m.

We have to stop at the end of the first segment. Deceleration takes 5,4 s and the distance is

54s 1 (@km/h)‘ (545) e 5m

1
c=wt—--a t=60kmh- ——— - —-
e m T oe " 3600sm 2 \6 s ) 3600s/h
The remaining part of the first segment sy, = 990 m is travelled at constant speed. Therefore the resul-

ting time to travel the first segment is

SIb
hH=9s+ —+54s=54s.
V1

II. The beginning is same as in the first segment. Namely, we accelerate in 9 s and we cover a distance of
Sia = 112.5 m. At the end, we have to slow down to 60 km/h. It takes time 1,8 s and the car travels a

distance of
1 100 km/h
Stie = 90 km/h - 1,8 s — E . ?— . (1,8 5)2 =37,5m.
s
The rest of the segment is travelled at constant speed, thus resulting time is

S
ti=9s+ 2 4 18s5=18s.
Vi

III. Deceleration at the end of the ride takes 3,6 s and corresponding distance is
1
Sty = Vit — Ea_tz =30 m.

The remaining part of the segment is sy, = 1190 m long. We pass it with constant speed, thus in the
third segment we spend time
Siila

tp = +3,6s=75s

Vi1

Summing it all together, the total time of the drive is 147 s.
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Denote the mass of the train M, the speed of the train V and mass and speed of Kate’s car m and v,
respectively. From the task, we know that the ratio of their momenta is
MV

= =150, 2.1)
mvy

from which we can figure out the ratio of the speeds

\%4 m
— =150—. (2.2)
v M

The ratio of the kinetic energies is
MV?

1
2

=100. (2.3)

1,12
Smv

IF we substitute the ratio of speeds from the equation 2.2 into the equation 2.3, we obtain

M V2 100 M? M
—=100— = ——, from where — =225.
m V2 1502 m? m

Let us denote the mass of the helium balloon M, smaller balloons m and their radii R and r respectively.
The balloon cluster does not float away if its total weight is not smaller than the lifting force acting on it.
Having realised that a weight of the air inside the smaller balloons balances the lifting force acting on smaller

balloons, we get a condition for not floating away

4 3 4 3
M+ Nm + gﬂR Pre 2 gnR P,

For the least number of balloons, we obtain

N:F”P(P“_”He)_ﬂ

m

When we put in the numerical values, we obtain N = 6.

E To prevent the ship’s wheel from rotating, the total torque calculated with respect to the wheel’s axis
has to be zero. Therefore

1
mgr = Mgrcos45° = M= m-—_s = V2m.
2

Tecos 45°

¢ r
mg
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A resistance of the wire depends on its length, cross-sectional area and material’s resistivity p as

I
R=pe.
Ps

Plastic deformation of the wire change neither its volume nor specific resistivity. If the length of the wire is
doubled due to pulling, the cross-sectional area decreases to one half because of conservation of volume. The
resistance of the elongated wire is thus

—

2
R =p-=4p-=4R
5 S

[ 6 | Denote area densities of individual triangles gradually from left ¢, to 6. Their masses are calculated
simply by multiplying the densities by their areas. We obtain

my=162g, m,;=108g, m3=81g, my=8lg, ms;=135g, mg=243g.

H [0, 90] G [60, 90] F [120, 90] E [180, 90]
D [180, 60]

C [180, 30]

N B [180, 0]

Figura 6.1: Vlajka na stvorcovej sieti.

Next, we find centres of mass of individual triangles. Let’s begin with triangle A AGH. The centroid, and thus
also a centre of mass, of a triangle is at the intersection of its medians, which is in one third of any median
measured from its base. If we place the triangle onto a regular grid, draw a median connecting vertex A with
the midpoint of edge GH and find the point in two thirds of its length, we see that coordinates of the centroid
are [20 cm; 60 cm]. Analogously we can find the coordinates of centroids of other triangles:

Ty =[20cm;60 cm], T, =[60 cm;60 cm], T3 =[100 cm;60 cm],

Ty =[120 cm;50 cm], Ts5=[120 cm;30 cm], Ty =[120 cm;10 cm].

Consequently, we need to find the centre of mass of the whole flag. In general, the formula for the x-coordinate
of the centre of mass of objects with masses m,, m;,...,m, and with x-coordinates of their centroids x;, x,,
ey Xy 1S

x mix; + MyXy + M3X3 + ... + MuX,

m;+m,+ms+..+m,
In our case, we obtain X = 90 cm.
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Analogously, the y-coordinate of the centroid can be calculated:

B mi)1 + myy, + ms)s + ...+ MyYn
m; +m, +ms+..+m,

Y =39 cm.

The coordinates of the geometric centre of the flag are xg = 90 cm and ys = 45 cm, therefore the distance of
the centroid of the flag from its geometric centre is approximately 6 cm.

Accelerations of the sled in the individual segments can be determined from the graph:

a; = 1,5 m/s?, a, =0,5m/s? a; = —0,25 m/s>.
In the first segment, Isaac pulls with force F. According to the second Newton’s law

— (7.1)
a;

In the second segment, a friction force F;; = fmgacts as well, where fis a friction coeflicient between the sled
and ground. The sum of forces acting on the sled is thus
F - F; = F - fmg = ma,. (7.2)

In the last segment, there are two differences — higher total mass m + M and a higher friction force F;, =
f(M + m) g. We obtain

F-Fp=F-f(M+m)g=(M+m)as. (7.3)

Now, we are able to determine everything we are interested in. From equation 7.1, we substitute for m in 7.2
and we obtain

a, —ay
-
4
Then we substitute for fin 7.3 and we finally obtain Peter’s mass as
as—a
M=m——=— -60kg.
a; —a; —4as

Since the chandelier is radially symmetric, we can consider just a simpler two-dimensional problem:
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It is clear that the vertical component of the tension force in each string is Fcos a. In order to prevent the
chandelier from falling down, the resulting force acting on the bulb must be zero. As there are four strings
attached to the bulb, we obtain

mg
4Fcosa =mg = o =arccos—.
4F
We want to know height h. It can be expressed from the equation above, as
mgR

V16F2 —m2g?’

After plugging in the numeric values, we obtain & = 10 cm.

R
t =— h=
an« p =

[ 9| Firstly, we calculate the height of the Sun on the sky in Bratislava. At noon, the Sun shines directly
from south. On the day of equinox, the Sun is directly above the equator. The closest point of the Earth to the
Sun is on the intersection of the equator and the meridian passing through Bratislava. Light beams arrive in
Bratislava with angle of 90° — 48° = 42° with respect to the local surface.

As the wind blows from north-west, the flag is oriented in south-eastern direction, thus it is rotated by 45°
with respect to sunbeams. Therefore, the cross-sectional area of the flag is effectively smaller when looking
from the Sun. If we rotated the flag to the east-west direction, we would need a flag with a crossectional area
only cos45° - 10 m? to shade the same amount of sunbeams, as is shown on the left half of picture 9.1.

The sunbeams are projected on the ground. The length of the shadow in the east-west direction remains
unchanged, whilst it is elongated in the north-south direction by factor h'/h. We get

h=htan42° = Hh' =hcot42°.

429
h' h'
Figura 9.1: The projection of the flag to east-west direction and to the ground.

Therefore, the shadow on the ground has an area of <22 - cos45°- 10 m? = cot42°- cos45°- 10 m? = 7,85 m?.

Note that this is also valid for any non-rectangular shape of the flag — any shape can be arbitrarily well ap-
proximated by a large number of non-overlapping rectangles.
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Denote an average distance between two consucutive cars d. Then an average time between meeting
two consecutive cars is t = <, where w is a mutual velocity of cars and a train. A frequency is only a inverse
value of the average time.

Let v be a velocity of cars and u a velocity of the train. Then a frequency of meeting cars driving in the opposite
direction is f* = “3* and cars driving in the same direction is f~ = W%d“l.l Obviously, f* > f~. Suppose that f*

is k-times greater than f~. Then

v+ru=klv-u.

We need to find a velocity of the train u satisfying the equation above. We have to consider two cases. If v > u,
then v+ u = k (v — u), therefore

u= k_lv
Ck+1
Ifv<u,thenv+u=k(u-v),thus
o k+1v
k-1

For k = 4 and v = 90 km/h, we obtain two possible velocities of the train = 54 km/h and u = 150 km/h.

Each of the moons is attracted by gravitational force of the other moon and of the planet. In order to
orbit the circular trajectory, the resulting force acting on the moon must be a cenripetal force corresponding
to its radius R, e. i.

Mm m? | mvy?

!
Fi+Fh=G—+G—=—.
Pz R2 4R~ R

2m

In order to caculate the period, we need to express the speed of the moons. Consequently, the period is
obtained as a ratio of covered distance and moon’s speed

_27TR
==

T

Therefore

r_ 2R 47R>

Vﬁ%@ 3/Gm

! An absolute value is present to secure that the frequency is always positive, as the train can be either faster or slower than cars.
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During the throw, only the gravity acts on the egg, which is conservative — hence it can be described
by a potential. Therefore, the problem can be solved in terms of kinetic and potential energy.

Thomas always throws the egg with same initial speed, regardless the direction. Therefore, a kinetic energy
of the egg at tho moment of throwing is always

1
Ei(H) = Emvz

and a potential energy is
E,(H) = mgH
(considering a ground to be a level of zero potential energy).

A sum of the kinetic and potential energy is conserved, thus at the zero hight above the ground we get

E(0) + E,(0) = %mvz(O) +mg- 0L E(H) + E,(H) = %mvz + mgH.

Therefrom, v(0) = \/v? + 2gH, regardless the angle of elevation.

Let’s draw the paths of boats:

Denote d; = 3d, d, = 4d and d; = 21d. We can clearly see that

 aboat A from the point K to the point L gets in time ¢ and covers distance d,. We can easily calculate

its velocity v = d—tl =3
« aboat D from the point L to the point M gets in time ¢ too and covers distance d, = 4d. Its velocity is
d _ 4d

UZT— )

o asailing of the boat A from the point L to the point N takes time 5¢ and a covered distance is s; = v-5¢ =

5d1 = ].Sd
« asailing of the boat D from the point L to the point O takes time 6f and a covered distance is s, = u-6t =
6d2 = 24d

We are to find an angle «. We have found the lengths of all sides of a triangle ALON, thus the sought angle
can be determined using the low of cosines

2 2 2
d; =s7+s; — 2515, cos a,

from where

S+s-d 256 +368 -
25132 6Odl d2

& = arccos
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After substituting for d;, d, and d; we obtain

22542 + 5764 — 4414° 1
@ = arccos = arccos = = 60°.
72042 2

If the sheep managed to climb the hill, a friction had to be sufficiently large, so that the sheep did not
slip down. Therefore, in order the sheep to move, it has to be able to rotate around a point of contact with the
hill. In order the sheep not to move, a torque calculated with respect to the point of cantact with the hill has
to be non-negative, i. e. directed to the hill. The total torque is a result of three forces acting on the sheep:

« gravity acting in the centre of mass;
 normal force acting in the point of contact with the hill;

« frictional force acting also in the point of contact.

Forces acting in the point of contact do not contribute to the total torque, as a length of their moment arm is
zero. The only force that has to be included into a calculation is gravity. In order the sheep to remain on the
hill, the torque has to be zero. As the gravity always acts downwards, the centre of mass of the sheep has to
be situated directly above the point of contact.

¥
/

a

Maximal horizontal distance of a centre of the sheep and the point of contact, and hence the steepest slope
corresponds to the case, in which the centre of mass of the sheep is in the same height as its geometric centre.
An angle between the centre of mass, the point of contact and the geometric centre is equal to the slope of
the hill « in this limit situation. Therefore

R/4 1

1
sina =— =—- = q<arcsin— = 14,48°.
R 4 4

Denote individual times as follows:

« time between two sunsets t;;
o length of a year t,;

« sought rotational period ¢.

The planet performs % rotations and travels % of its orbit between two consecutive sunsets. It corresponds
to a state in which the planet has got a same orientation with respect to its sun again. A picture illustrate that
the planet has performed one whole rotation and an additional fraction of another, which is exactly equal to
the travelled fraction of orbit. In terms of math

f t1

—=1+—
t 12
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Therefrom

titr

t= =50 h.

_t2+t1

Denote the four important points of the necklace A, B, C and D.

B

Figura 16.1: Four important points of the necklace

An effective resistance between points A and B is 371rp, and because of the symmetry, the resistance between
Band D is same. Similarly, the resistance between the points A and C, as well as between C and D, is 4rp.

Based on the symmetry, it can be also concluded that the potential in the points B and C is equal and we can
get rid of the wire connecting them. Therefore, we get two parallel wires, one with the resistance of 8rp and
the other with the resistance of 37rp.

The resistance of the entire circuit is therefore

1 _ 24nm
1 1 37+8

—+
8rp 3mrp

rp = 4,327rp.

Since voltage in the circuit is constant, the power output of the heater only depends on its resistance.
Power can be expressed as the product of voltage and current; however, current flowing through the circuit
is uniquely determined by the value of resistance as I = U/R. Hence

If we enumerate all possible ways how Luke can connect the resistors, we will find out there are 18 distinct
schemes:

 no resistors (one scheme),
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« a single resistor (three ways how to choose it),

« two resistors in series (three ways which to omit, order is not important),
« three resistors in series (only one way, order is not important),

« two resistors in parallel (three ways, which one is omitted),

o two resistors in parallel and the third one in series to them (three ways),
« two resistors in series and the third one parallel to them (three ways)

o and finally all three resistors in parallel (a single way).

In order not to destroy the fuse, the total resistance must be at least 22 = 15,5 Q). The scheme without resi-

stors will short-circuit the heater and blow the fuse. The scheme with three resistors in parallel will produce

total resistance only
1
R = =10 Q,
1 1 1

+ +
200 30Q 60Q

which is too little and destroys the fuse as well. The same is true for resistors 20 a 30 (2; and also 20 a 60 Q
when connected in parallel - their resistances are only 12 Q and 15 Q respectively. All other schemes are
safe.

So we are left with 14 schemes. However, two of them have the same resistance: if we connect the second and
third resistor in parallel, we obtain R = 20 (), which is equal to using only the first resistor. Therefore, there
are only 13 possible power settings of Luke’s heater.

As the hands move with constant average angular velocities and pass the XII mark simultaneously, there
are certainly two similar solutions, differing only in the direction of the torque; and both are equally far away
from the midnight or noon. We are going to analyse only the solution where the force acts anticlockwise,
which occurs in the evening. The morning solution is its mirror image with respect to the vertical axis.

At first, we need to realise that the minute hand is twice as long as the hour hand, but its mass is only half as
much, so both hands exert the same torque as long as the angles are equal. The time needed to complete one
revolution is 43200 seconds for the hour hands and 3600 seconds for the minute hand. We may express the
acting torques in terms of angles (measured from the XII mark)

)+2mdsin( 27t ) (18.1)
3600 s

M = Myoyr + Mpin = 2md sin (—
43200 s

To find the maximum, we may differentiate this function. If we are not able or willing to do that, it is reaso-
nably simple to think a bit and then use a calculator to find the solution by trial and error. Also values of m
and d are constant, and since we only want to know the time and not the magnitude of the torque, we may
ignore them altogether.

We should intuitively understand than the hands will exert maximum torque at about quarter to nine, when
both hands are close to the IX mark. However, at 08:45 exactly the hour hand is still 3,75° below the mark
and its torque is still increasing with time. The exact maximum will thus occur slightly later.

For the exact second 08:45:00 we substitute t = 31 500 s to 18.1 and using a calculator we find out that

M08:45:00 = 1,991 445 . 2mg
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By trial and error we do the same for next few seconds. Soon we will find out that the torque increases slightly
a few more times, but after t = 31506 s = 08:45:06 it starts to decrease again. Other local maxima between
06:00 a 12:00 are necessarily smaller.

Finally we may want to find the mirrored solution, or the complement to 43200 seconds. So the solutions are
t=11694 s = 03:14:54, and t=31506 s = 08:45:06,

or, in both cases, exactly twelve hours later.

A cube immersed into a liquid follows the Archimedes’ principle. Its straightforward consequence is
that a ratio of densities of the cube and the liquid is equal to a ratio of an immersed volume of the cube to the
volume of the entire cube. Let a be a length of cube side, p,, a density of water and p_ a density of the cube,
then in the first situation,

Pe _ 4 a*-4cm

3 (19.1)
Py a

In the second situation, the a height of the emerged part is 18 cm. It has got a shape of a regular pyramide,
the upper edges of which form right angles.

Figura 19.1: An emerged part of the cube

Denote a length of these edges d. A volume of the pyramide is 2d°. Based on the Pytagorean theorem, edges
along a base of the pyramid are \/2d long. Let’s focus on the triangular base of the pyramide.

Figura 19.2: The intersection of the cube and a water surface

It has a shape of an equilateral triangle with an altitude %Ed long. A distance of a centre of the based from its

vertices is éd. Finally, consider a right-angled triangle determined by the centre of the base, a vertex of the
base and the upper vertex of the pyramide.
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d 18 cm

V6
X

Figura 19.3: The considered right-angled triangle

The Pythagorean theorem gives d = 18+/3 cm. In the second situation,

b, . \3-(18cm)
p—: I—T, (19.2)

and comparing 19.1 and 19.2 yields

Finally, substituting into 19.1 we get

p.=(1-4-37%)p, = 887 kg/m’.
Shortly after accelerating the skateboard, the stone is still in rest at the front end of the skateboard. The
skateboard accelerated to an initial velocity v starts to decelerate immediately due to a friction force between

the stone and the skateboard. As a consequence of Newton’s third law, the stone starts to accelerate. The
situation is depicted on the picture:

x(T) x(0)=L

o E— S :

umg umg
f mg
N
Firstly, we find accelerations of the stone a and of the skateboard A:
m
a= Uug, A=-u—g. 20.1
Hg b8 (20.1)
Then we can write equations for position and velocity of the stone with an initial position L
1
xx(t) =L+ Eygtz, (20.2)
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vi(t) = pgt (20.3)

and of the skateboard with an initial position 0

1 m
t) = vt— —ug—r, 20.4
xs(f) = vt = gy (20.4)
m

vs(t) =v— yA—/Igt. (20.5)

In order the stone not to fall down of the skateboard, it has to stop moving with respect to the skateboard by
it passes distance L. Denote the entire time since the start of moving to an equalisation of velocities as 7. We

can state following conditions for position and velocity
xs(7) = xx (7).
vs(7) = vi(7),
After applying of 20.5 and 20.3, the condition for velocity 20.7 yields an equation for 7:
V- User = pgt
Uy 8T ~ HET

therefrom
v M

T=— .
pgm+M

Analogiously, after substituting of 20.4 and 20.2 into the condition for position 20.6, we obtain
1 1 m
L+ —ugr* =vr — —ug—1°.
oM 2"8M

Substituting for 7 from 20.9 leads to

I . 1 m+M
=VYT — —
Y

v M 1m+Mv2(M)2

L=vy—
Vnger Y (ug)* \M +m

72,

_v2 M 1v M

pugm+M 2ugm+M

v—\/2 L(m+M)
= Ug M )

where we have omitted a negative solution as being non-physical.

Therefrom

(20.6)

(20.7)

(20.8)

(20.9)

Let’s start with a simpler and more obvious condition: at the moment of landing when the height of a
centre of mass above the ground is zero, the smartphone must be rotated by a multiple of 27. The smartphone
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falls in homogeneous gravity field with gravity g from height h in time

t=v/—.
g

The smartphone on the table was laying on its back side, thus it has to be rotated by an angle 27k in time ¢,
where k is an arbitrary integer. Therefore
2mk
w =

o .
8

The second relevant condition is that at the time of landing, upper and bottom edges of the smartphone
must move downward. Otherwise, they would need to rise from a floor what is physically impossible and
furthermore, it contradicts an assumption that landing is the first touch with the floor. A slower edge moves
with velocity

v=—gt+ wi Cos ¢,

where ¢ is an angle between the smarthphone and the floor. At the moment of hitting the ground, it has to
be 0°, thus a condition v < 0 leads to

[
\V/2hg=gt> ws.
We are interested in maximal allowed angular velocity w of the smartphone, at which both conditions are
still satisfied. Applying both conditions results in a condition
2h

k< —,
"ol

which yields the highest possible number of rotations k = 3 for given numeric values.

In order to secure that the beam returns along the same trajectory as it has entered, it has to be reflected
perpendicularly from one of the the mirrors. Let’s reverse the situation and trace the beam backwards, starting
with the beam coming out of one of the mirrors at an angle of 90°. Firstly, let’s assume that the beam will carry
on reflecting from the mirrors forever. Later on, it will become clear why it is useful.

For the first time, the beam hits the mirror at an angle 90° — a. Of course, it will reflect at the same angle.
The picture depicts a situation in which the beam hits one of the mirrors at an angle 90° — ka after a few
reflections:

info-pl@physics.naboj.org 23 https://physics.naboj.org/


mailto:info-pl@physics.naboj.org
https://physics.naboj.org/

[
Rozwigzania 22. Nabdj Fizyczny, 2019 Seael

50° - (k+1)a

' (2ka)
' 90° - kat A\ /\ 90° - kat

Figura 22.1: The beam reflects until it reflects at an angle ka.

The sum of angles in a triangle reveals that the beam wil hit the mirror at an angle 90° - (k + 1) « at the next
reflection. Therefore, the beam reflects sequentially at the angles 90°,90° — «, 90° — 2a, 90° - 3q, ...

The beam leaves the system in parallel to one of the mirrors only if one of those angles is equal to 0°. Therefore,
we look for angles «, which satisfies the condition 90°—ka = 0° for any natural number k. Hence, the solutions
are all angles in the form 90°/k.

First of all, we have to realise that bounces are purely elastic and hence the first bounce just turns the
direction of the x-component of velocity of bouncy ball. Hence, we can imagine the wall as ‘mirrors’ as if the
ball’'s motion is mirrored by the presence of walls. Let’s imagine that there is no wall and the floor continues.
Then, at the distance 2d from Charlie, there stands another Charlie who catches the ball right after it has
bounced from the floor:

Figura 23.1: Equivalent situation after ‘mirroring’.

Since the second bounce is also purely elastic, the y-component of velocity just turns its direction. Then, due
to the law of conservation of energy, it flies to the very same height as at the start, where it has the very same
velocity as at the start. This situation is path-equivalent to the case when the ball is thrown from ground, up
to the fact that a piece of the parabolic path is cut from its start and put at its end. Therefore, the travel time
(denoted by T) is same in both situations.

Let’s consider bounce ball thrown at angle ¢ at velocity v, in a way that path covers distance 2d and at height
h it has velocity v.
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\%
Vo
h=1m
-€ >
2d=10m

Figura 23.2: Throw for which we want to calculate the angle.

In order to calculate a time the ball needs to cover a parabolic path, we need its initial velocity v, with re-
spective components v, and v,. This can be expressed from the law of conservation of energy,

2
y

A projectile motion is governed by equations

x(t) = vy,
1
y(1) = vyt = Egtz

We know initial and final coordinates

x(0)=0 a  x(T)=2d,

¥(0)=0 a y(T)=0.

Having substituted from 23.2 to right-hand-sides, we obtain

2d
T==,
Vx

and excluding of one T from the second equation yields

gl _gd
vy ===,
2 Vy
It can be substituted into 23.1 and we obtain
2d2
), &an
Vet T TN

Having multiplied by v2, we obtain a biquadratic equation

vi— v+ gd* =0,

which has two solutions

— 12 2 _ .2
Vo= Ve + Vv, =v +2gh.

, VoA Vy 4@
5 .

(23.1)

(23.2)

(23.3)
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One of them does not fulfil all required conditions. If we threw the ball with this horizontal velocity, the
vertical component of the velocity would be too small for the ball to reach the height h. The situation as
described in the formulation of the problem could not occur. Therefore, the sought solution is the one with
a minus sign. Thus, the resulting time is

2d 2d

Vx

T

V2 +2gh—\/ (v*+2gh)*—4g2 2
2

Having inserted a provided numerical values, we find that T = 2,425 s, or, having used more precise value of
g it is slightly more.

Let’s name the nodes A, B, C, D, E. Thanks to the symmetry, the current flowing from A to C (not
through B), is same as the current from C to E. Similarly the current flowing from B to C is same as the
current from C to D. Therefore, the circuit can be split into two separate branches at the point C:

B D

C

The resistance between A and B, and as well between D and E, because of the symmetry, is
RAB = RDE = ntrp.
The resistance between the points A and E is 6rp. There are two parallel wires between the points B and D,

one with the resistance of 17rp and the second one with the resistance of (2 + ) rp.

Therefore, the resulting resistance between the points B and D is

27 + 2
3m+4

Rpp =

rp.

And then the resistance of the upper branch between the points A and E is

( 27+ 712) 7m* + 107
2w+ rp=——

4+ 371 P

Therefore, the total resistance of the entire circuit is

42712 + 607

241 28n 47 P P00

Denote height of a barrel H. The barrel is half-full, thus a volume of the air inside is V = ¥S. A pressure
in the barrel is equal to the atmospheric pressure. A pouring of the tea stops at the moment when a sum of
the air pressure inside and a hydrostatic pressure of the tea is equal to the atmospheric pressure outside.
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Therefore,

H
Pa=p+ (3 —h)Pg>
where / is a descent of a tea surface and p is a density of the tea.

A temperature of the air inside after stopping pouring of the tea gradually reaches the temperature of the air
before pouring. According to the ideal gas low

s () (1)

Having rearanged the last equation, we obtain a quadratic equation for h

w2y be —E:O.
pg 4

Its positive solution is a sought descent of the tea surface

2
h:_p_a_|_ (p_a) +E_
2pg 2pg 4

For H = 1 m, we obtain & = 25 mm.

We will find an elastic energy of springs in the frame. An energy of a spring with stiffness k, elongated
by x is

E-lre.
2

Suppose, that an angle between two adjecent sides of the frame is . Then one spring has length x; = 2dsin §
and the other one length x, = 2d cos . Therefore, the overal energy of the frame is

E = 2kd? (sin2 g + cos? %) = 2kd>.

We see that the energy is independent of the angle «. It means that the force, which is necessary to be exerted
in order to maintain the angle «, is zero.

We solve this problems utilising the law of conservation of energy. The sheep has got only a potential
energy at the highest point of its path - at height /1 above flat ground. The potential energy is mghr, where
m is sheep’s mass and g is gravity. The rolling sheep has got both translational and rotational kinetic energy.
An angular frequency of the rolling sheep is v/r and a moment of inertia of a homogeneous cylinder is 3mz2.
Therefore, the total kinetic energy of the sheep is

1, 1mrv? 3

—mv- + — = —mv-.
2 4 r 4

From the law of conservation of energy, we obtain
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Notice that the sheep does not touch the hill with its lowest point but with bit higher. Namely, its lowest point
is r below its axis and a point of contact is  cos « below the axis. Therefore, the grass on the hill is rolled over
upto height

32
h:4l+r(1—cosoc).

Based on the symmetry, we can conclude that each blade (i. e. a triangular part) contributes to total
moment of inertia by the same portion. Therefore, we need to express a moment of inertia just for one blade
and multiply it by three. Besides that, we can notice that a square with side a can be made from two blades.

We are interested in the moment of inertia with respect to the perpendicular axis, which goes through one
of the apexes. The moment of inertia with respect to the perpendicular axis going through the center can be
found in tables,

1
ID = gmmaz.
If we do not have the tables, we can calculate it by using scaling and Steiner’s theorem. It allows us to calculate

the moment of inertia around the axis going through the apex.

If we denote the distance of new axis from the center of gravity x = %a, we will obtain

1 2 2
Iy =I5+ mpx?* = gmga2 + mg (\/T—az) = gmgaz.

Stella’s propeller consists of three halves of stated square, therefore its moment of inertia is 3/2 times bigger,
thus mpa?. Having substituted my = 0a?, we obtain

Ipropeller = oa’.

We can solve the problem the other way around. We just need to realise that moment of inertia depends only
on the perpendicular distance of points of the body from the rotational axis. The distance does not change if
we arbitrarily rotate the blades of the propeller around the rotation axis. It means that we can rotate them in
a such way that we get a shape, which represents ¥s of square with a side of legth 2a. The propeller’s moment
of inertia is then ¥s of the moment of inertia of the big square around its center, thus

31
Ipropeller = g : g : (261)2 o (261)2 = oa*.

Moment of inertia is usually given in form constant times mass times characteristic length squared. Mass
of the whole propeller is M = 30a?. If we use the length of the triangle’s leg a as a characterictic length, the
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moment of inertia will be

2 2
Ipropeller = gMa .

Imagine a spring composed of # identical springs with stiffness k connected in series. If we exert a
force F on the composed spring, a relative shortening of each spring is same as the relative shortening of the
composed spring. An absolute shortening is n-times greater than a shortening of the individual springs and
a total stiffness of the composed spring is only £.

In case of cutting the spring, it works reversely - if we cut the spring into n pieces, and exert a force F, an
absolute shortening of one piece is n-times less than a shortening of the original spring, what corresponds to
a stiffness nk.

If we connect n identical springs and we want to compress them by a certain length, we have to exert n-
times greater force comparing to compresing only a single spring. It means that a total stiffness of the parallel
connection of n identical springs with the stiffness k is nk. Therefore, the total stiffness of spring’s pieces is
kn? if they are placed next to each other.

We have to realise that the rest length of those springs also decreased to a value 1. In order to hold the
wooden platform above the ground, the springs must be compressed by less than their rest length. A force

due to the wooden platform with Horacio exerted on the springs is equal Fs = g- 110 kg.

A force due to the spring is F, = k'x = kn*Ax, where Ax is change in length of the spring. The condition for
holding the wooden platform above the ground is

Fs<n-70N.
It is easy to finish the calculations and obtain that Horacio has to cut the spring into at least 16 pieces.

We are to calculate an illuminated solid angle. It is equal to an area of a sphere which would be illumi-
nated if we placed the cube to the centre of the sphere, divided by squared radius of the sphere. The easiest
way how to approach the problem is to consider a sphere with a centre in the centre of the cube and with a
diameter equal to the length of a face diagonal of the cube.

Denote the length of edges of the cube a, then a radius of the sphere is %a. Such a sphere just fits the holes in

the faces of the cube. If we scaled down the cubed, protruding parts of the sphere beyond the vertical faces’
of the cube would remain illuminated.

Figura 30.1: An illuminated solid angle as a part of a spherical surface

“holes are only in the vertical faces
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In order to determine the solid angle of the illuminated parts of the sphere, we have to find their area. These
parts are spherical caps, the area of which is 27rh, where r is a radius of the sphere and & is a height of the
spherical cap. Based on symmetry, all four caps have got the same area. Their height is a difference between
the radius of the sphere and a half of the length of the cube edge, hence

Each of the caps has got the area of

thus a total area of illuminated parts of the sphere is

Sn(ﬂ 1) Qaz.

2 2] 2

Having divided it by the squared radius of the sphere, we obtain the sought solid angle

2
87r(1 — %) = 7,361 sr.

A state of the gas is described by so-called state quantities. Commonly used state quantities are pressure
p> volume V and temperature T. State variables has to satisfy an equation of state

pV: NkBT,

where Nis number of gas particles and kg is Boltzmann constant. It means that if we know two state quantities,
the third one can be calculated.

If only forces that can act on piston are a force due to a spring and a force due to a pressure inside, the pressure
inside satisfies p = %, where k is a stiffness of the spring, & is its elongation and S is an area of the piston. It
means that the elongation of the spring uniqly describes gas pressure, therefore it is also a good state quantity,
as well as it describes a volume of the gas V = Sh. Inserting these expresions into the state equation yields

kh* = NkgT.

Realise that the elongation of the spring describes both a pressure and a volume. It means that if we know
a volume, we can immediately calculate a pressure (and vice versa), therefore there is only one independent
state quantity.

Oliver drew an h-T diagram of an adiabatic process with an ideal gas. An adiapatic process follows an equ-
ation

pV* = const.
In our case, we obtain

kS ! = const.

It means that if we deal with the adiabatic process, h = const. However, if there are no external forces acting
on the system, the elongation of the spring will not alter. Thus, neither the pressure nor the volume will alter,
and hence neither the temperature can alter. It means that if we are to consider the adiabatic process, e. i. if
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we forbid a heat transfer with surrounding, the gas state will not alter, therefore the adiabatic process will be
represented by a single point on the h-T diagram.

Lets find coordinates of this point. The state of the gas is given by state quantities p,, Vo, Tp. Hence, the
temerature is given, thus we need to find only the elongation of the spring hy. Multiplying equations for
pressure and for volume yields

p()V() = % . Sho = kh(z),

_[PoVo
ho—\/—k .

Therefore, the sought diagram of the adiabatic process looks like this:

therefrom

h

PoVol — — — — — _—
\/ x 1

We will consider light being a transverse electromagnetic wave. Suppose, there is a light polarised in
a certain direction. We let it pass through an ideal polarising filter with a plane of polarisation rotated with
respect the direction of polarisation of the light by an angle ¢. Behind the filter, we observe only a component
in the direction determined by orientation of the plane of polarisation of the filter with an amplitude A, cos ¢.
A perpendicular component with a magnitude A, sin ¢ does not pass through the filter.

Energy of an electromagnetic wave is equal to a squared amplitude, hence in terms of intensities, a portion
with a magnitude I, cos? ¢ passes, whilst a portion with a magnitude I, sin® ¢ is absorbed by the filter. A sum
of transmitted and absorbed energy is, of course, equal to the energy of entering wave.

If Simon wants horizontaly polarised light, the last filter has to be oriented horizontaly. What about other
filters? Intuitively, we guess that they should be oriented in such a way that angles between planes of polari-
sation of two neighbouring filters were same and as little as possible. Let’s prove it.

Consider three filters with orientations described by angles ¢,, ¢, and ¢,. Differences between angles of their
orientation differs from each other,

B=g;—9,#9,— ¢, =a.

We will show that if we rotate the middle filter in such a way that the differences are equal, a resulting intensity
will increase. If we rotate only the middle filter, we have

a+f=y=const = P=y-«a
thus the resulting intensity after passing the filters is

_ 2 2
Ibehind = Iin front - COS™ & - COS ()’ - OC) .

By means of differential calculus or by a different method, we find out that this function reaches its maxi-
mum value when & = y/2, respectively & = f3. Rotating of the middle filter does not affect the direction of
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polarisation behind the third filter, therefore always, when we find such a triple of filters, we can optimese it
by rotation of the middle filter. The only layout that cannot be optimesed is the one in which the differences
between angles of orientations of the neighbouring filters are equal.

It also proves that Simon has to use all filters. If he ommited one of them, it would be same as if he placed it in
front of the first one with same orientation. However, we already know that such a layout could be optimised
by rotating of the second filter, therefore this layout cannot be optimal.

Finally, we need to calculate how much light passes through the optimal layout of the filters. Each of » filters
rotates the plane of polarisation by angle 90°/n and lets pass only cos? (90°/n) of intensity of the light. Each
filter lowers the intensity by same factor, therefore the resulting intensity for n = 10 is

o

90
I=1,cos® (—) =0,78 I,.
10

An explosion of a black powder supplied the gas with an energy E. Provided the explosion was suffi-
ciently short, so that a projectile had no time to move, the gas did not do any work. Therefore all the supplied
heat resulted to an increase of an internal energy of the gas. It lead to an increase of a temperature of the gas
given by an equation E = yNkAT, wher N is a number of particles of the gas, k is Boltzmann constant and y
is a constant reflecting a number of degrees of freedom of gas molecules. For two-atomic molecules y = 2.

If an original temperature was T, a new temperature after the explosion was T, = T + AT. The explosion
was an isochoric process, therefore a pressure after the explosion was

AT
pl :po(l"r—).

Consequently, an aiabatic expansion occured. For adiabatic process, we have pV* = const., therefore p, Vi =

pV*. Ttyields
(12 ATY (Y
p=me ) ()

The work done by the gas can be calculated by integrating

However, we can avoid evaluating the integral if we realise that there is no heat flow between the gas and its
surrounding during an adiabatic process. Therefore, according to the first low of thermodynamics, a work
done by the gas is equal to a negative change of a gas internal energy W = —3§U. In order to determine a
change of internal energy, we nee to find a change of temperature of the gas during the adiabatic expansion.
According to the ideal gas law

TZ VO
To+ATLS

P2 =pP1

Having inserted into the equation of adiabatic process, we obtain

T2 VO
Ty +ATLS

PV =p (LS)”,
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from where
VO n—1
Tz:(L_S) (T0+AT)

Consequently, the sought change of internal energy is

n—1
8U = yNKST = yNK (T, + AT) [(LK;) _ 1].

As W = -8U, we derive
Vo

W = (ypo Vo +E) l1 - (—)%1].

LS

The work done by gas is used for accelerating of the projectile with mass m. The projectile is provided with
a kinetic energy T = 2m12. Thus the sought velocity of the projectile is

N\ sG]

where we have used that y = 2 and x =  for two-atomic gas.

Since we are only interested in luminous flux as viewed from a great distance and in the direction
perpendicular to the shoreline, we only need to consider rays that exit the lanterns very close to this per-
pendicular line. Let’s analyse a ray, exiting the lantern at a small angle « with respect to this line, for both
lanterns.

With Nina’s lantern, it is easy — the ray simply travels in a straight line forever. With Hannah’s lantern, the
ray also exits the lantern with angle «, but once it exits the glass cube, the angle will be different. We may
determine this angle using Snell’s law

M sin o = 1, sin ay,

where n; and n, are refractive indices of glass and air and «; and «, are angles at which the ray travel in and
out of the cube.

Since angle « is very small, we may use the approximation sin« ~ a. The refractive index of air », is very
close to 1, and we know that n; = n. Hence «, ~ na.

All light exiting Hannah’s lantern with angles less than & from the sailor’s line of sight forms a cone with apex
angle 2a. After refraction at the face of the glass cube, the apex angle of the new cone will be 2na. The total
luminous power stays constant, so the power density is inversely proportional to the area of the base of the
cone. This is n? times larger for Hannah’s light source, which mean the sailors will perceive Nina’s lantern as
n?* times brighter.

A force acting on a moving charged particle with a velocity v and a charge g in a magnetic field with
strength B is

F=qvxB.

info-pl@physics.naboj.org 33 https://physics.naboj.org/


mailto:info-pl@physics.naboj.org
https://physics.naboj.org/

[
Rozwigzania 22. Nabdj Fizyczny, 2019 Seael

In a considered case, the velocity of both particles is perpendicular to the magnetic field. Therefore, the force
acting on the particles is a centripetal force. It can be expressed as

mv?
Fd =T
r
thus
mv
r=—.
qB

Let’s note that both particles move with relativistic velocities, therefore m = ym,, where my is a rest mass of
the particle and y = 1/, /1-5.

A muon charge differs from a proton charge only by a sign. In order to follow concentric half-circles inside
the magnetic field, the particles had to entered the chamber at the mutual distance

d=n+@=1@2:@Q

2
eB -z

For given numeric values d = 2,44 m.

Y

Y

A

Suppose that blankets have reached thermal equilibrium, thus an absorbed power is radiated back to
the surrounding space entirely. Based on the symetry, we can conclude that energy is radiated equally to both
sides of the blankets. Considering, the blankets are sufficiently close to each other, the entire power radiated
by one blanket towards other one is completely absorbed by the other blanket.

Enumerate the blankets starting with the blanket closest to the Sun. Areal power densities F* of individual
blankets have to satisty following set of equations

1 1 1 1
F,=Fy; +-F, F,=-F, + -F;, F; = -F,.
1= ot 50 2= 505 3750

The system of equations has following solution:

3 1
F, = -F,, F, = F,, F; = —F,.
126 2 © 32®

We are interested only in the last equation.

*F is the overal areal power density radiated by both sides of a blanket
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Realise that we need to calculate an areal power density related to a unit surface area and it is only a half of
F;, as the blanket radiates only a half of its power in each direction. According to the problem statement, the
blankets can be considered being ideal black bodies, therefore a temperature of the third blanket is

F
T=+ 4—® = 278,785 K.
o

Hydrostatic pressure increases with heigh as p(h) = hpg. A pressure in a liquid in a given point is
independent of the orientation of surface, thus a magnitude of the force acting on a barrel at a height 4 is

AF(h) = p(h) - AS = hpg- 2nRAh.

This force acts along the entire circumference of the barrel at the heigh h in the perpendicular direction to
the barrel surface.

A tension force due to that force in a stripe of the barrel with thickness Ah at the height /& can be determined
based on the principle of virtual work. Imagine that the force due to the pressure extends the radius of the
barrel by dR. The corresponding virtual work done on the barrel is SW = AF - R.

Exactly the same virtual work would be done by the tension force if it caused the same deformation. As the
circumference is lengthened by 27dR, the virtual work done by tension force is W = AT-270R. An equality
of virtual works yields AT(h) = %;h). Therefore, the tension force at height # is

AT(h) = RpghAh.

The tension force stretches the stripe of thickness Ah. However, we are interested in the force which stretches
the entire barrel, thus we need to sum a contribution of all stripes over the entire height of the barrel. One
option is to evaluate the integral

H
T- f Rpgh dh.
0

The other one is to realise that the increment of the tension force depends linearily on the height, therefore
it is represented by a streight line crossing the origin on the graph. The overal tension force is the area below
the line,* what is nothing more than the area of a right-angled triangle with catheti of lengths H and RpgH,
thus the overal tension force is

1
T= ERngZ.

One rim can withstand the tension force given by its ultimate tensile strength and its crossectional area 7 = ¢S,
therefore the minimum number of rims is

N-= [—RPgHz].
208

For the given numerical values, we obtain N = 11.

Let’s build on a solution of the previous problem about polarising filters. The only difference is that an
intensity decreases not only due to different orientations of the filters but also due to lower translucency of

*Similarly to uniformly accelerated motion, where the increment of distance is equal to the area below the graph v(t).
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the filters. We have to consider two counteracting effects — the more filters are used, the more economically
the plane of polarisation can be rotated, but the higher are losses due to an absorption.

As a result, an additional exponential term appears in the formula for resulting intensity reflecting the loss
of intensity when passing through each of the filters. We obtain

T 2n
1:10-0,9”-(cos—) .
2n

We examine a few first options (or alternativelly, we can use methods of differential calculus, what we do not
recommend) and we find out that maximum is reached at n = 5,

10
I=1,-0,9 - cos (%) 0,36 I,

Let’s consider a small area of a soup bubble AS. We will start with a calculation of a force acting on this
area due to a surface tension. The surface tension of the bubble results in a Laplace pressure p,. The Laplace
pressure is described by Young-Laplace equation. The bubble has two surfaces, thus
4y
pC - R bl
where y is a surface tension of soup watter and R is a radius of the bubble. Then a force acting on the area AS
is
4
AF, = peAS = %AS.
This force attracts the area to the bubble.

Secondly, we need to determine an electrostatic force which repels the area from the bubble after an electric
charge has been brought onto the bubble. Assume that Mary has brought a charge Q. The bubble is conductive,
therefore the charge has distributed uniformly over the entire outer surface of the bubble. An areal charge
density on the bubble surface is

. Q
o= )
47rR?

A key tool for solving this problem is Gauss’s law. It states that an integral of an electric intensity over an
arbitrary closed surface is proportional to an overal electric charge inside the surface. In terms of math

fE-dS:i.
€o
S
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A charge distribution on the bubble has got a spherical symmetry, hence the electric intensity outside the
bubble has a spherical symmetry too. Consider a sphere X, at the outer surface of the bubble as a Gauss’s
surface. The intensity over this surface has got a radial direction and a constant magnitude. Therefore

95 E-dZ, = E, 47R? = Q
21 €

Therefrom, the intensity at the bubble surface is

B -—2
out 47T80R2 .

Next, consider a sphere X, at the inner surface of the bubble as a Gauss’s surface. In such a case, an overal
charge inside the surface is zero and thus, based on the same arguments as in the previous situation, the
electric intensity is

Ein =0.

We have obtained all of this when we were looking at the bubble on a global scale. Now, let’s look locally only
atan area AS. If we are sufficiently close, we do not see a curvature of the bubble and the area seems to be flat.
> Choose a Gauss’s surface in a shape of a can X; with bases AS and with a tiny height. The can envelops the
area AS of the bubble. As a charge distribution is planar, the electric intensity has got a reflection symmetry.
The intensity has to be perpendicular to the area AS. If it were not, i. e. if it had also a tangential component
with the area, it would cause an electric current flowing until the tangential component would be nullified
by currents. According to Gauss’s law

AS
fE-dZ_q, _2E, AL 222
b &
3

from where
o Q

El=—=—"",
7 2ey 8megR?

The intensity due to the area AS is non-zero at the inner surface of the bubble. However, a total intensity
inside the bubble is zero, thus an intensity due to rest of the bubble at the inner surface of the area AS has to

>Exactly due to a same reason why the Flat Earthers believe that the Earth is flat.
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be E = —E, . Consequently, a force repelling the area AS from the bubble is

2
Q AS

AF, = EAQ = edAS = ——~AS.
Q=co 32m2eyR4

Finally, we can resolve the problem. If the pressure inside the bubble is to be equal to the atmospheric pressure,

the attraction due to the surface tension has to be compensated by the electrostatic repulsion AF, L AF,. The
stated equality yields

12872 ¢,y R3.

For given numerical values, we obtain Q = 1,31 x 107 C.

Let’s start with determination of a depth of the sag of the rope in equilibrium. Denote the depth of the
rope sag as 7],. Let a be an inclination of the line. Then

. _ Mo
SIn &g =
D2 2
7 T

The rope is stretched by a tensile force T' = Mg. A balance of forces in a vertical direction yields
2Mgsin oy = mg.

Having substituted for sin a, we obtain
o m

... oM
T
For future use, we express the last equation in the following forms:

mD

= /e

D MD
g Mo VAMZ —m?
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Now, let # denote an actual sag of the rope in a dynamical case. Introduce Cartesian coordinate system, as
illustrated on the picture. Assume, that a length of the entire rope is L. In that case, we can find position
vectors of individual objects. A position vector of the left mass is

D /D> L
r={->5\/—+7"-5 |
2’V 4 2

of the right mass

and of Jacob
r=(0;-1).

Next, we find velocities of individual objects. Denote vertical component of Jacob’s velocity as 7. Then, vertical
components of velocities of masses are 7 sin &, which can be obtained from the geometry. Therefore, the
sought velocities are

vip = |0 M ;
T+
Vp = 0’ ’1;1 >
T
v = (0-17).

Finally, we are able to determine an overal potential energy of the system

/D? L
U= Mgy, + Mgyr + mgy = 2Mg( S T 5) - mgy

1 1 1 1{ 2Mn?
T=-Mvi+-Mvy+-mvV=—|— T m 7.
2 2 2" T\

4

and its kinetic energy

We are interested in small oscillations of Jacob around his equilibrium state. Hence, express the sag of the
rope in a form

="My + 1,
where # denotes an amplitude of the small oscillations.

In case of the small oscillations, an expression for the potential energy can be expanded to Taylor series. We
want to investigate harmonic oscillations, therefore we need an expansion upto the second order.

Let’s find an expansion of a function

D2

FGy =y 7 + (g + 1)

2
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around zero. We need to know a value of the function f(#) and of its first two derivatives for that. Gradually,

we obtain
. | D?
f(’7)|f7=0 = T"'ﬂg;
o i N
dA N 2 A\2 2 >
T lico (i), VE+m
&f(n) _ D? P
ar |, = | 5
o B (g n) L, AT
Therefore,
X . dm| . 1df| .,
f) = flio+ =27 i+ 55— =
! dit 13 2 dif 7=0
2 2
= \/DI+;73+ 1270 + D i’ =
T 82y
B MD m. +D_2 4M? -m?
OF - 2M1 8 MDD
3
2
_ D L 4- (%) .
m\2 2M 8D '
4- (%)
Consequently,
3
D m 4-(2) L mD
U~ 2Mg| —— + Dy Vo 0 = —mg(—+f7)=
4 (EZ)Z 2M 8D 2 INAM? — m?
M
D : z
- A (am ) ms e G- (7)
4-(3)
M

3
1 m\? Mg m\?
—MgD\[4-|—| -MgL+-—21\/4-|—| #~
)Y/ (M) & uD (M) (

We see that an expression for the potential energy contains only absolute term, which shifts equipotential
surfaces by a constant value, tus it does not affect movement, and a quadratic term, which corresponds to a
harmonic oscillations. Having applied an analogy with a potential energy of a spring Epo; = 2kx2, we can talk
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3
/ 2
k= ﬁﬁg 4__(fﬁ) .
2D M

Now, let’s investigate the kinetic energy. It has a form of Ey;,, = £ uu?, thus we can refer to an efective mass of

2
the system in the equilibrium state

2M2 2
u= o +m=2M(£) +m=m(ﬂ+l).
2M 2M

D2 2
= T1o

about an effective ,,stiffness” of the system

An angular frequency of an oscillator with a stiffness k and mass y is given by

\/?
w=1/-.
¢

After substituting of the expressions for k and y and performing long disgusting arithmetics, we obtain

4 2 1
o=y/m-m |2 -2 8

Having made a use of 2! = 1, the results simplifies to
16 /10
w=— ——\/EZ.
3 41V D
2 3 41 D
AL i et
w 8 0V ¢

3V41

16

Finally, the sought period is

and for D = 25 m,

T =

TUS.
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Odpowiedzi

147 s

225

4R

6 cm
60 kg
10 cm

cot42°-cos45°-10 m? = 7,85 m?

5 L] b=l 5] lof [ [ L] I8 1]

[
(=]

Przedziat {54 km/h, 150 km/h}

4TIR3/2

3vGm

Vv +2¢H

[a—
[

[
N

[a—
W

60°

= 5 s

1
14| arcsin Z =14,48°

50 h

[a—
9]

241
37+ 8

[a—
(=)

rp = 4,327rp

7| 13

1 Mozliwe rozwigzania: 03:14:54, 08:45:06, 15:14:54, 20:45:06.

[a—
@

19] (1-4-37")p =887 kg/m?

\/2ugL (1)

21| 3
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90°/k,k € N

Akceptowalne sq rozwigzania z przedziatu 2,42 — 2,48 s.

421 + 601
————————rp = 3,33061p
24 + 28m + 7m?
25| 25 mm

26| 0N, nie musi wywiera¢ zadnej sily.

3 2
4L+r(1—cosoc)

N
N

28| oa*

29| 16

30| 47 (2 - \/5) st, or (2 - \/5) of space.

31| Rozwigzaniem jest pojedynczy punkt.

h

Vol — _ _ _ _ _
‘\’—k 1

32| I, (cos %)20 = Iy (cos 9°)*° = 0,78 I

)\t () ]

Niny, n?-razy

W
'

W
19}

2,44 m

278,785 K = 6,635 °C. Akceptowalne sq rozwigzania roznigce sig o mniej niz 0,5 K.

W
N

11

38] 1,-0,9° (cos )" = 1,-0,9° - (cos 18°)"° = 0,36 I,

W W
e lgl 18l g[8 2

1,31 x 107 C

3v/41

16

5

0 TS
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