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Dear readers,

in your hands you are holding the booklet of the th volume of Náboj Physics. The booklet contains all the
physics problems you could have encountered during the competition this year, as well as the solutions to
them, from which you can learn a lot. If you have any difficulty understanding any of them, do not hesitate
to contact us; we will gladly clarify everything.

This booklet would not exist without the enormous effort of many people who participated in organising
Náboj Physics. Most of us are students of Faculty of Mathematics, Physics and Informatics of Comenius
University in Bratislava, and some of us also actively participate in organising the Physics Correspondence
Seminar (FKS).

Náboj Physics continues with its international tradition as well in the year 2025. For the international
cooperation, we would like to thank to the local organisers: Katarína Nedeľková (Bratislava), Marián
Kireš (Košice), Jakub Kliment (Prague), Lenka Plachtová (Ostrava), Ágnes Kis-Tóth (Budapest), Urszula
Goławska (Gdańsk), Andrzej Karbowski (Toruń), Maciej Matyka (Wrocław), José Francisco Romero García
(Madrid), Dmytro Rzhemovskyi (Vienna), Vasyl Rizak (Ujhorod) and João Rico (Lisboa).The results of this
international clash can be found on our web site.

In the name of the entire team of organisers, we believe that you enjoyed Náboj Physics in 2025, and we hope
that we see each other at Náboj next year. Either as competitors or organisers.

Jaroslav Valovčan
Chief organiser

Theresults, the archive and other information can be found on theweb site https://physics.naboj.org/.
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Problemas

1 A Anita gosta de resolver os puzzles de Sudoku dos jornais de domingo. No entanto, ela não acha esses
puzzles suficientemente desafiantes. Por isso, inventou a sua própria versão: imagina que cada lado de uma
célula da grelha mede  cm, e que cada célula pesa exactamente tantos gramas quanto o dígito que contém.
Qual será a distância entre o centro de massa de uma grelha de Sudoku assim e o seu centro geométrico
depois de a Anita resolver o puzzle?

8 7 9 3 4 6
6 7 9 1

1 2 4 6 7 9
9 7 3 5 6 4

2 6 4 9 7
5 8 2 1

5 6 3 7 8 1 4
7 4 1 2 6
4 1 5 6 7 8

2 O Jacob está sentado num compartimento de comboio, a apreciar a viagem de Bratislava para Viena.
Está virado de costas para o sentido da marcha e, no espelho fixo à parede oposta do compartimento, vê o
reflexo de um poste de sinalização junto à via.

Qual é a velocidade aparente com que a imagem do poste de sinalização se aproxima do Jacob no espelho,
sabendo que o comboio avança com velocidade v?

3 No seu aniversário número zero, a pequena Helena recebeu um carrossel para o berço. E não era um
carrossel qualquer, mas com uma temática astronómica: em vários braços leves de comprimentos diferentes,
podem pendurar-se diferentes planetas de peluche. Mas o Martim, o pai orgulhoso, lembrou-se de que
costumavam ser nove planetas, e foi esse o número que encomendou online. As suas massas vão de 1 a
 g.

O Martim precisa agora de pendurar um planeta em cada gancho, de modo a que todo o carrossel fique
equilibrado. Quais planetas é que ele não irá utilizar?
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1 4 8 92 3 765

4 O José foi de férias para um resort chamado Warm Hill. Para sua surpresa, Warm Hill não era uma
colina, mas um lago e, além disso, a água era fria, então, decidiu antes tomar banho em casa. Na casa de
banho, identificou duas torneiras, de água quente e de água fria.

A água que sai da primeira tem temperatura  °C. No entanto, ele gostaria que a água tivesse temperatura
 °C e taxa de fluxo  ml/s. Que taxa de fluxo deve sair da torneira de água fria se esta tem temperatura
 °C?

5 ANatália (N), o António (A), a Bárbara (B), o Óscar (O) e a Joana (J) estão de pé numa caverna escura.
A Natália, líder da expedição aventureira, quer descobrir onde estão os outros, pelo que grita a sua letra «N».
Meio segundo depois de o António a ouvir, ele grita «A», depois a Bárbara faz o mesmo ao ouvir o grito do
António, e assim sucessivamente, até que a Natália ouça a Joana gritar a sua letra. Quanto tempo após o grito
da Natália é que ela ouvirá a palavra inteira «NABOJ» e saberá que ninguém se perdeu?

O lado de um quadrado na grelha é metros, e o tempo de reação entre ouvidos e bocas de todos os membros
da expedição é o mesmo, , s. Considera que as ondas sonoras não se propagam através de rocha sólida.

A

N

B

O

J

6 OPatrício vai correr numa pista. Desde que começou a usar um smartwatch, mede sempre o seu ritmo
médio. Durante o último treino, reparou que, entre a conclusão da terceira e da quarta volta, o seu tempo
médio por volta melhorou em dois segundos inteiros, de 01:20 para 01:18.

Quanto tempo levou a correr a quarta volta?

7 Os sistemas de navegação modernos vêm com todo o tipo de funcionalidades. Por exemplo, podem
até indicar a velocidade que se deve manter para chegar a horas. O Marcelo está com pressa para chegar
ao aeroporto e definiu a hora de chegada para 22:00. Às 21:00, o sistema de navegação diz-lhe que deveria
conduzir a  km/h para chegar a tempo. Mas às 21:30, a estimativa aumentou para  km/h.
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A que horas chegará o Marcelo ao aeroporto se conduzir a uma velocidade constante?

8 A Sónia comprou uma nova lâmpada de vidro em forma de cubo. O cubo tem um índice de refração
de , e uma lâmpada no seu centro. Entusiasmada por testar a sua lâmpada, a Sónia colocou-a num suporte
exatamente no centro do seu quarto. Que fração do quarto da Sónia ficou iluminada por esta lâmpada?

9 O Simão viaja de Shinkansen na sua viagem de sonho pelo Japão. O comboio em que está arranca da
estação com uma aceleração de , km/h/s e tem uma velocidade máxima de  km/h. A que distância da
estação é que o comboio com o Simão atinge a sua velocidade máxima?

10 A Lúcia Vegan levou um abacate com um brinquedo dentro dele numa viagem. No entanto, ficou
desapontada porque o brinquedo era, novamente, apenas uma bola de madeira comum com um raio  cm
e uma densidade  kg/m. Portanto, atirou-a simplesmente para o lago. Contudo, o Bruma, o espírito da
água, reparou imediatamente e puxou a bola até ao fundo do lago. Quanto trabalho realizou ele sobre a bola
se o lago tiver uma profundidade  m?

Neglige o trabalho necessário para submergir a bola directamente para debaixo da superfície da água.

11 O maquinista João aproxima-se de uma passagem de nível com o seu elétrico a velocidade v. De
repente, repara que há um carro parado na passagem. Numa tentativa desesperada de evitar a colisão, o João
começa a tocar a campainha. Conta com o facto de que, quando o condutor do carro ouvir a campainha,
consiga tirar o carro dentro de um tempo t.

A que distância mínima da passagem o João deve tocar a campainha se a velocidade do som é c?

12 O Patrício usou uma folha enorme para escrever as suas notas na preparação para os exames finais, de
modo a ter tudo num só lugar. A folha é tão enorme que poderia cobrir todo o chão do quarto do Patrício.
Ficou aliviado porque, se continuasse a escrever e a escrever, teria escrito tanto que o papel necessário seria
suficiente para cobrir toda a Terra. Qual é o menor papel em formato-A que consegue cobrir toda a Terra?

O papel A0 tem uma área de  m. Podemos fazer papel A1 cortando a folha A0 ao meio ao longo do lado mais
curto, e assim sucessivamente. O Patrick pode cortar livremente o papel durante a sua tentativa de cobrir a
Terra.

13 A Sabine foi a um espetáculo aéreo. Sentiu frio, já que o vento, vindo da esquerda, lhe batia na cara
a uma velocidade v constante. O que mais a fascinou foram os jatos acrobáticos. No final do espetáculo,
um dos jatos voou da direita para a esquerda em frente à bancada a uma velocidade u relativamente ao solo.
Ao longo do voo em frente à bancada, libertou fumo colorido que, relativamente ao ar, parou de se mover
rapidamente.

Qual foi o comprimento do rasto do fumo se o comprimento da bancada era s?

14 ORoberto, o ladrão, quer roubar umprisma triangular com índice de refracção , domuseu. A secção
transversal do prisma é um triângulo isósceles com ângulo superior ○, comomostrado na figura. O ladrão
provavelmente precisará de iluminar o prisma com um feixe paralelo, mas não quer que o vigilante do outro
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lado do prisma repare. Pelo menos em quanto deve inclinar a lanterna para baixo em relação à direcção
horizontal, de modo que nenhum raio passe para o outro lado do prisma, independentemente da parte da
face do prisma sobre a qual incida o feixe?

O fundo (base inferior) do prisma é perfeitamente preto e absorve todos os raios que nele incidem.

?

100°

15 O Caio está a montar um ginásio em casa. Neste momento, está a transportar um novo haltere com
massa  kg até ao seu apartamento num elevador com massa  kg. Como ainda não tem ido muito ao
ginásio, o Caio pesa apenas  kg, e os seus braços são tão leves que podemos simplesmente ignorar o seu
peso. Apesar de o elevador subir a uma velocidade constante considerável  m/s, o Caio não quer perder
tempo e começa logo a levantar os pesos.

Que força é exercida sobre o cabo que segura o elevador quando o Caio move o haltere para baixo com uma
aceleração  m/s?

16 São três e meia da manhã e o Samuel está a atirar ovos pela janela, fazendo pontaria a um trombonista
escondido algures nas sombras, que o Samuel não consegue ver. Quando atira um ovo para cima, este aterra
passados quatro segundos. Se o lançar para baixo com a mesma velocidade, bastam dois segundos.

Quanto tempo demorará o ovo a cair se o Samuel o deixar simplesmente cair?

17 A Luísa precisava de entreter o seu sobrinho barulhento. Quando os brinquedos, construções, e até
ameaças com uma colher de pau não resultaram, tirou do armário uma corda e uma roldana sem peso e atou
dois pesos às extremidades da corda—umcommassam e outro commassa m

 . Pendurarama corda à roldana
e esperaram para ver o que acontecia. O sobrinho observou entusiasmado por um momento enquanto os
pesos começavam a mover-se, mas rapidamente foi-se embora. Ainda assim, a Luísa perguntava-se:

«Qual é a aceleração dos pesos ?»

Ajuda a Luísa a encontrar uma expressão para o valor da aceleração dos pesos.

18 Submete a soma dos números ao lado das afirmações corretas.
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1 Um corpo está numa órbita circular. Quando a sua velocidade aumenta, o seu período orbital
encurta.

2 Quando a Terra se aproxima do Sol na sua órbita, move-se mais depressa.
4 O Inverno ocorre porque a órbita da Terra é elíptica e, nessa altura, a Terra está no ponto mais

afastado do Sol.
8 Todos os satélites que orbitam a Terra numa órbita circular movem-se à mesma velocidade.

16 Satélites geoestacionários só podem existir acima do equador.
32 Num sistema de dois corpos, o corpo mais leve tem sempre uma trajetória elíptica em torno do

centro de massa comum.

19 Construímos um tetraedro regular usando seis resistências de resistência elétrica R. De seguida,
ligámos um ohmímetro a dois dos seus vértices. Se removermos completamente um ramo com uma
resistência do tetraedro, qual seria as resistências total que iríamos?

20 Precisamos da tua ajuda para ordenar as letras do nome do nosso concurso por ordem de estabilidade.
Por estabilidade, entendemos a quantidade de trabalho necessária para deitar uma letra ao chão.

As letras são compostas por varões sólidos homogéneos, moldados como segmentos de reta ou arcos de círculo,
com uma espessura consistente mas pequena e não nula, e com bordos afiados. As letras devem permanecer no
plano do papel.

Submete uma sequência de letras em ordem decrescente de estabilidade. As letras que não estiverem numa
posição estável não devem ser incluídas.

21 O Adão, jardineiro, tem um enorme tanque cilíndrico para recolher água da chuva. A área da sua base
é  m. Depois das longas secas de verão, o depósito estava vazio, mas agora começou a chover e o depósito
está a encher-se muito bem.

https://physics.naboj.org/ 6 info-pt@physics.naboj.org

https://physics.naboj.org/
mailto:info-pt@physics.naboj.org


28. Náboj de Física, 2025 Problemas

No depósito, há um sensor do nível da água, e o Matt pode acompanhar a altura do nível da água no seu
smartphone. Ao princípio, ficou contente, pois o nível parecia subir rapidamente (ver a linha aos pontos,
que é tangente à linha azul em t = ). No entanto, após algumas horas, ficou claro que o depósito nunca
ficará completamente cheio, e a taxa de subida do nível da água decresce até zero em hmax =  cm (linha
tracejada). Aparentemente, há um furo no fundo. Qual é a área da sua secção transversal?
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22 O Miguel comprou um litro de leite de iogurte de morango com  % do volume a ser iogurte (e  %
água) e colocou-o no frigorífico. Contudo, de manhã, o leite tinha-se separado: no topo havia água pura e a
concentração de iogurte aumentava linearmente em direção ao fundo.

De manhã, o Miguel quis bebê-lo de um copo com volume de  ml, mas esqueceu-se de agitar a
embalagem. Só reparou nisso depois de servir  ml. Voltou a fechar a embalagem, agitou-a e encheu
o seu copo até ao topo. Qual é agora a concentração de iogurte no copo do Miguel?

23 O Mateus e o Jacob transportam um tronco num plano inclinado com declive α. O tronco tem a forma
de um cilindro, de comprimento L e massa M. O Mateus leva a parte da frente e o Jacob a parte de trás. No
entanto, o Mateus não está a fazer muita força: a força que ele exerce sobre o tronco não aponta para cima,
mas perpendicularmente ao eixo do cilindro. Qual é a razão entre as forças que o Mateus e o Jacob exercem
sobre o tronco?

OMateus e o Jacob têm a mesma altura e transportam o tronco à mesma altura acima da superfície da colina.
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24 Qual é a fração da superfície da Terra onde é possível ver o Sol exatamente a norte (a qualquer altitude
acima do horizonte)?

Assume que a Terra é uma esfera perfeita e que os raios solares são paralelos. Ignora a refração atmosférica e
efeitos semelhantes.

25 O Daniel está a preparar-se para o campeonato mundial de tiro ao arco. O alvo encontra-se a uma
distância m e à mesma altura que o Daniel. A que altura acima do centro do alvo deverá o Daniel apontar
para atingir o centro, se a flecha sai do arco com velocidade  m/s?

Em teoria, existem duas formas de atingir o alvo. No entanto, no tiro com arco competitivo, dispara-se sempre
diretamente, pelo que deves submeter a menor das duas soluções.

26 Quando medem coisas, os americanos usam absolutamente tudo menos unidades SI. O Johnny criou
o seu próprio sistema de unidades, baseado nas unidades gulp, belch e wink, definidas da seguinte forma:

•  gulp é o volume que ele consegue engolir de uma vez, e ele consegue engolir uma pinta em 20 gulps;

•  belch é a intensidade do som de um arroto dele, correspondente a um nível de intensidade sonora de
 dB;

•  wink é o tempo que ele precisa para piscar, conseguindo piscar exactamente duas vezes por segundo.

Qual é a sua própria massa neste sistema de unidades, se em unidades usuais americanas corresponde a 200
libras?

 dB corresponde a um fluxo de potência de  pW/m.

27 A Justina precisa de reencher o seu tanque de nitrogénio de volume  l no trabalho. Como de costume,
às quatro e meia da manhã, chegou o senhor do nitrogénio. Trouxe cinco tanques mais pequenos, de volume
 l, pressurizadas a  MPa.

O procedimento é o seguinte: o senhor liga os dois tanques com uma válvula. Abre a válvula para igualar
as pressões nas garrafas. Assim que a temperatura do nitrogénio entra em equilíbrio com a temperatura
exterior, os tanques são desconectados de um ao outro.

Qual é a pressão máxima que o senhor do nitrogénio consegue obter no depósito grande?
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28 A história repete-se. Este ano, o Patrick voltou a descobrir um estranho disco preto no armário do avô.
Antes que lhe pudesse servir um hambúrguer de soja em cima, ou usá-lo como um frisbee, o avômostrou-lhe
que, se o colocar no prato do gira-discos, carregar nuns botões e posicionar uma agulha na borda exterior
do disco, sons de estalidos e chiados começarão a sair dos altifalantes, juntamente com alguma música pré-
histórica.

Desta vez, o Patrick quer saber quanto tempo demora o disco a acelerar desde o repouso até à sua velocidade
habitual de ⅓ rotações por minuto. Assuma que ele coloca a agulha no disco apenas depois de este atingir
a sua velocidade padrão.

É um disco maciço com diâmetro  cm e massa  g. Encontra-se sobre o prato com o mesmo diâmetro
e massa  kg, que roda com o disco. O gira-discos é alimentado por um adaptador AC/DC com tensão  V
e corrente contínua  mA.

Despreza perdas de energia.

29 O Rizzimus Prime estava a brincar com um cubo skibidi carregado. O cubo «dripava» uma carga de
q =  C em cada um dos seus vértices. O Rizzimus Prime gerou uma nona carga, que largou para «chillar»
no centro do cubo, fr fr. O Rizzimus Prime é lowkey sigma, por isso sabe exatamente quão grande tem de
ser essa carga para garantir que nenhuma carga foge para Ohio ou se vai para o centro do cubo, porque isso
seria mega «cringe».

Qual é esta carga?

#electrostatics #skibidi #naboj-physics #nocap

30 A empresa espacial FKS anunciou um grande sucesso — uma aterragem na Lua. Na realidade, não
tinham financiamento suficiente, por isso filmaram um vídeo na Terra. Fizeram-no com um telemóvel
comum, cuja câmara grava a uns certos «frames» por segundos  Hz. Para começar, tentaram filmar um
movimento de projétil de uma chave inglesa.

A que «frames» por segundo devia ser gravado o vídeo para ser convincente? A aceleração da gravidade na
Lua é  % da da Terra.

31 O jardineiro Adão e a avó Justina, a famosa fitoterapeuta, são vizinhos e as suas casas partilham
uma parede comum. O Adão precisa que a sua adega se mantenha fresca, para que os seus vegetais não
estraguem, enquanto a avó Justina precisa que a sua adega semantenha quente, para que as suas ervas sequem
correctamente.

Por isso, decidiram investir numa bomba de calor. A bomba de calor é alimentada por electricidade e
transfere calor da adega do Adão para a adega da avó Justina. Ambos estão muito satisfeitos com o retorno
do investimento. A avó Justina observa que a eficiência média da bomba de calor é  %.

Qual é a eficiência média observada pelo Adão?

32 Recentemente, o Estevão leu sobre a Estação Espacial Internacional. Por isso, sabe que a sua massa é
de  t, e que orbita a Terra numa órbita circular a uma altura de  km acima da superfície. Apesar de se
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encontrar a grandes altitudes, continua a ser afectada pela força de resistência do ar, que faz com que desça
cerca de  m por dia, aproximando-se da superfície.

Com que força é que a atmosfera abranda a Estação Espacial Internacional?

33 O Afonso voltou a passar muito tempo na casa de banho. Para passar o tempo mais rapidamente,
começou a brincar com um rolo de papel higiénico. Tirou o seu cartão ISIC da carteira, segurou o rolo na
horizontal, e colocou o cartão no interior do rolo, na parte inferior. Depois, começou a inclinar o rolo.

Qual foi o ângulo máximo em que ele conseguiu rodar o rolo, de modo que o cartão ISIC não escorregasse
para baixo? A largura do cartão ISIC é

√
 vezes maior que o raio do rolo, e o coeficiente de atrito entre o

cartão e o rolo é ,.

34 O Jorge lembra-se muitas vezes da sua infância — dos dias em que os arco-íris ainda eram a preto e
branco, não havia telemóveis, e dos tempos em que colecionava cartas com imagens de cavalos. Entre outras
coisas, cada carta mostrava o tempo necessário para aquele cavalo acelerar de  km/h a  km/h numa
superfície plana.

Hoje, os arco-íris são coloridos, o Jorge também tem um «smartphone» e coleciona cartas de carros
modernos. A que ele mais valoriza mostra o «Rimac Nevera», o carro de produção mais rápido. Os seus
motores elétricos podem fornecer até  hp e acelerar o carro até  km/h em , s. O fator limitante que
o impede de acelerar ainda mais depressa não é potência insuficiente, mas sim, o atrito entre as rodas e o
asfalto.

Qual é o tempo mínimo que o «Rimac Nevera» leva a acelerar de  a  km/h descendo um plano inclinado
se os motores puderem fornecer potência ilimitada e pudermos escolher uma descida arbitrariamente
íngreme?

35 Na margem ocidental de um certo país nos trópicos, há uma falésia rochosa vertical. Quando o Sol se
põe no litoral, o topo da falésia ainda está iluminado: a Terra é redonda e o horizonte está mais longe quando
olhamos do topo da falésia do que da praia, e podemos ver o Sol durante mais tempo.

Depois do pôr do sol, a sombra sobe pela face da falésia com uma aceleração uniformemente acelerada. Qual
é o valor desta aceleração?

A falésia situa-se exatamente no equador. Assume que o dia é o equinócio da primavera.
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36 O Jacob visitou a central nuclear local. O guia contou muitos factos interessantes sobre o funciona-
mento da central aos visitantes. Por exemplo, o Jacob ficou a saber que o urânio natural contém , % de
U e o restante é principalmente U, com meias-vidas de  ⋅  e , ⋅  anos, respectivamente. No
entanto, o reactor necessita de urânio enriquecido, que contém  % de U.

O Jacob está agora curioso: quão maior é a actividade do urânio enriquecido em comparação com o mesmo
número de átomos de urânio natural?

37 A mãe da Sónia deu-lhe um acessório harmonizador – um colar com um amuleto que é mostrado
na figura. É um círculo de raio r, do qual ela recortou um quadrado inscrito. Dentro desse quadrado ela
inscreveu um círculo, e dentro deste círculo recortou outro quadrado, continuando o processo indefinida-
mente. Para tornar o amuleto mais poderoso, cada quadrado inscrito foi rodado de ○ em relação ao
anterior.

A Sónia sabe que quanto mais tempo o amuleto gira, melhor funciona. Qual é o momento de inércia deste
objecto em torno do eixo que passa pelo centro do amuleto e é perpendicular ao seu plano? A massa do
amuleto é m.

38 No futuro, estamos a planear colonizar e terraformar Marte. Mas a gravidade superficial em Marte é
apenas  % da gravidade da Terra, e muitas pessoas não se dão bem nestas condições.

Por isso, construímos a Gyropolis, uma cidade enorme em forma de paraboloide de revolução com raio
m, que fornece gravidade artificial através de uma rotação lenta em torno do seu eixo vertical. Quando
um imigrante chega a Marte, recebe um quarto mesmo na fronteira da cidade, onde a gravidade aparente é
igual à da Terra, e depois vai-se deslocando lentamente para as partes mais baixas da cidade, até se habituar à
gravidade mais baixa. Claro que, em cada ponto da cidade, a direcção da gravidade aparente é perpendicular
à superfície.

Qual é a diferença de altitude entre o centro e a fronteira da cidade?

?
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39 O Jorge precisa de se refrescar após um longo e quente dia de bicicleta. No supermercado mais
próximo, comprou um pirulito de gelo. O pirulito vem numa embalagem em forma de «cone deformado».
A embalagem tem um volume de  ml e a sua secção horizontal é elíptica a qualquer altura. O semieixo
maior é constante e igual a a =  cm, mas o semieixomenor varia linearmente com a altura – no topo é b = a,
enquanto na base é b = .

O Jorge está a comer o pirulito pelo topo e vai empurrando-o lentamente para cima da embalagem. Que
trabalho terá realizado para empurrar o pirulito para cima quando tiver comido metade do volume do
pirulito? A densidade do pirulito de gelo é  kg/m.

O desenho está rodado para caber nesta folha, mas mesmo assim o Jorge segura o pirulito como um humano,
com a abertura no topo.

15
0 

m
l

2c
m

2c
m

2c
m

b

40 O Tomás adora carros velozes e fazer corridas. Durante a sua última tentativa de bater o recorde
mundial, os seus fãs estavam uniformemente espaçados ao longo da pista com um comprimento s. O Tomás
pregou a fundo e percorreu a pista com uma aceleração constante a. Cada um dos fãs anotou a velocidade
instantânea do carro do Tomás ao passar por eles. Após a corrida, os adeptos encontraram-se num bar,
compararam as suas notas e calcularam a média dos valores medidos.

Qual é o quociente entre este valor e a verdadeira velocidade média do Tomás durante a corrida?
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Soluções

1 To solve this problem, Annie doesn’t need to complete it at all. Since, according to the rules, each
number between  and  must appear exactly once in each column, all columns have the same weight ( g)
and the horizontal coordinate of the centre of gravity must therefore be exactly in the middle. The same
argument applies to the rows and the vertical coordinate, so the centre of gravity is exactly in the middle, and
the answer we are looking for is  cm.

2 For the purposes of solving the problem, we can imagine that the train (and therefore Jacob and the
mirror) are stationary and the signal is moving towards it at a speed of v. The mirror transforms the scenery
behind Jacob, so that objects at a distance d from the mirror will be seen by Jacob as being located d behind
the mirror. Therefore, if the signal is moving towards him at a speed of v, its image in the mirror also moves
towards Jacob at a speed of v.

3 Let’s label the hooks from left to right with letters A to G. Note that the ratio of the distances of hooks
E and G from the axis of rotation is 

 . The only two planets offered, whose masses are in the ratio  ∶ , are
precisely the 7- and 8-gram planets. We must therefore hang these planets on hooks E and G.

The total mass on these scales is therefore  g+ g =  g. The torque exerted on the arm above will therefore
be  g ⋅ g ⋅  cm =  g ⋅ cm ⋅ g1. In order to balance this torque with hook F at a distance of  cm from the
axis of rotation, there must be a planet with mass  g.

Now let’s note that the ratio of the distances of hooks B and C from the axis of rotation of their scales is
 ∶ . The only remaining planets whose masses are in this ratio are those with  g and  g. Together, they
exert a torque on the arm above them  g ⋅ g ⋅  cm =  g ⋅ cm ⋅ g, therefore hook A must accomodate the
planet with mass  g. The planets on hooks A, B and C together weigh  g, so they exert a total torque of
 g ⋅ g ⋅ cm =  g ⋅cm ⋅ g. The planet on hook D must balance this, so one with mass  g must be hung here.

From left to right, the masses of the planets must be , , , , ,  e  g, and Martin will not use the planets
with masses  g e  g. Which makes sense: Pluto is not a planet anymore, and they already have Earth at
home anyway.

1For simplicity, we assume that the distance between each pair of points is  cm, but we could also choose any other nonzero
constant.
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Figura 3.1: Balanced scales

4 The warm water transfers heat to the cold water until thermal equilibrium is reached. According to the
problem statement, this equilibrium should occur at temperature  °C. We begin bywriting the calorimetric
equation

Qabsorbed = Qreleased

mcold ⋅ cHO ⋅ (t − tcold) = mwarm ⋅ cHO ⋅ (twarm − t).
(4.1)

Next, we can divide the entire equation by the specific heat capacity of water cHO. Let x be the volume of
cold water flowing into the bathtub per second. Since the total volumetric flow rate must be  ml/s, the
volumetric flow rate of warm water will be  ml/s − x. We substitute these values into the equation and
simplify,

x ⋅ ρHO ⋅ ( °C −  °C) = ( ml/s − x) ⋅ ρHO ⋅ ( °C −  °C),

x ⋅  °C = ( ml/s − x) ⋅  °C.
(4.2)

From this expression, we can solve for x,

x =  ml/s ⋅  °C
 °C +  °C

=  ml/s. (4.3)

Therefore, the required volumetric flow rate of cold water is  ml/s.

5 Figure 5.1 shows the shortest path alongwhich sound travels between every pair of consecutive friends.
In some places, there is a stone wall in the direct path, which the sound must go around.
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Figura 5.1: Path of a sound wave in a cave

We must therefore divide the first part of the path between points N and A into two shorter sections with an
auxiliary point . Fortunately, on a square grid, all lengths either lie directly on the axes, or are hypotenuses
of right triangles, so we only need to know Pythagoras’ theorem.

For instance, the length of the first part is

dNA = dN + dA =
√
( m) + ( m) +

√
( m) + ( m) =

√
 m +

√
 m = 

√
 m + 

√
 m = 

√
 m.

(5.1)

Similarly, we go through all sections one by one and obtain their lengths

dA = 
√
 m, dB = 

√
 m, dBO =  m, dOJ =  m, dJ = 

√
 m, dN =  m. (5.2)

If we add up all the length, we get the total distance ( + 
√
) m. Sound travels at a speed of

approximately cs =  m/s, so to travel this distance, it will take

ts =
( + 

√
)m

 m/s
≐ , s. (5.3)

However, we know that the reaction time of the expedition members is half a second for everyone. Since the
shout passes through the four expedition members in this way, their total reaction time is tr =  ⋅ , s =  s,
and Nina will therefore hear the entire word NABOJ after ts + tr ≈ , s.

6 If Patrick’s average lap time for the first three laps was  s, then the total time for those three laps
is  ⋅  s =  s. After the fourth lap, his average lap time is  s, thus the total time for all four laps is
 ⋅  s =  s.
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Therefore, he ran the fourth lap in  s −  s =  s, or 01:12.

7 For the first time, the navigation tells Marcel that he should go at a speed of  km/h, from which we
can directly calculate Marcel’s distance from the airport at 21:00,

s = v ⋅ t =  km/h ⋅  h =  km. (7.1)

In the same way, we can also calculate Marcel’s distance from the airport at 21:30,

s =  km/h ⋅ , h =  km. (7.2)

From this, we know that in the first half hour of the drive, he travelled  km −  km =  km, thus the
speed at which Marcel drives is  km

, h =  km/h. Therefore the trip will take

 km
 km/h

=  min, (7.3)

and he will arrive at the airport at 22:20.

8 If the light bulb were shining without being inside the cube, it would illuminate the entire room. If
we place a cube with a refractive index greater than  (possibly even other than ,) around the light bulb,
according to Snell’s law, the light will refract from the perpendicular line to the interface between the cube
wall and the air. Therefore, if we look at a specific wall of the cube, the rays will be more scattered when they
hit it than without the glass, meaning that they will illuminate more and certainly not less. Thus,  % of
the room will still be illuminated.

9 The most important part of the problem is to notice the units of both quantities. The speed vmax =
 km/h is not compatible with the given units of acceleration , km/h/s. However, we can convert the
latter to usable units km/(h ⋅ h) ≡ km/h. If we know that the train accelerates by , km/h/s every second,
in one hour (which consists of  seconds), it would accelerate by , km/h/s ⋅  h =  km/h.

From the relationship v = a ⋅ t, we can now express the time it takes for the train to accelerate to its maximum
speed. For uniformly accelerated motion starting from rest, the following applies

s = 

at = 


vmaxt. (9.1)

When we substitute vmax
a for t, we find that the distance travelled by the train before it accelerates to its

maximum speed is

s = 

⋅ vmax ⋅

vmax

a
= v


max

a
. (9.2)

By substituting values in the correct units for both variables, we obtain the distance , km.
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10 The resulting force Ft acting on a fully submerged ball is the resultant of buyoant and gravitational
forces, i.e.

Ft = Fb − Fg = Vρv g −Vρd g = (ρv − ρd)


πrg . (10.1)

The work done by the water sprite is determined by the formula W = Ft ⋅ h, which gives us the answer

W = (ρv − ρd)


πrg ⋅ h ≐ , J. (10.2)

11 By the time the tram reaches the crossing, the sound of the bell must have reached the driver, and the
car must have had enough time to move out of the way. To find the minimum distance needed for this to
happen, the time for the tram to reach the crossing (ttram) must equal the sum of the time it takes the sound
to reach the car (tsound) and the time the car needs to leave (t).

Let s be the required distance between the tram and the crossing. The values of times can be expressed as

ttram =
s
v

and tsound =
s
c
. (11.1)

Substituting these expressions into the time equation gives

ttram = tsound + t ⇔ s
v
= s
c
+ t, (11.2)

from which we can express the distance

s = c ⋅ t ⋅ v
c − v

. (11.3)

12 Let’s start by determining how large area we actually want to cover. We approximate the Earth as a
sphere with radius R⊕ = , ⋅  m. Its surface area can be expressed as

S =  ⋅ π ⋅ r ≈ , ⋅  m. (12.1)

From the task description, we know that the area of A0 paper is  m and that the size decreases by half with
each increasing number. For example, the most common A4 paper has an area of 

 m = 
 m.

However, we could also continue in the opposite direction towards negative numbers. A− paper would
therefore have an area of  m, and each subsequent one would be double that… until we exceed the value
from equation 12.1. For such cases, we can use a handy function called the logarithm with base 2. We can
calculate this on a calculator2.

We should not forget that we want to round it up, since we need the smallest sufficiently large paper. The
result will therefore be

−⌈N⌉ = −⌈log (, ⋅ 
)⌉ = −, (12.2)

thus we are looking for paper size A−.

2If our calculator cannot do this directly, we can use the relationship logy x =
log x
log y .
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13 The smoke does not move relative to the air – that is, it moves with the air at the wind speed v relative
to the ground. By the time the fighter jet reaches the end of the grandstand, the beginning of the smoke trail
is carried in the opposite direction and travels some distance. This time is

t = s
u

(13.1)

and during this time, the foremostly released smoke travels

sd = vt = v
s
u
, (13.2)

thus the length of the smoke trail is

s + sd = s + v
s
u
= s( + v

u
). (13.3)

14 Since the prism has a higher refractive index than air, the rays will refract toward the normal when they
hit it. To prevent any rays from passing to the other side of the prism, the rays must refract at least parallel
to the wall of the prism behind which the guard is sitting, or they must be directed more steeply toward the
lower base. From the figure, we can see that for this to happen, they must refract at an angle of at most ○
from the normal.

40° 40°

100° 10°

10°

x
40°

α

Figura 14.1: Overview of relevant angles in the prism

From this, we can use Snell’s law to determine the angle at which the rays must strike,

n sin α = n sin β ⇒ α = arcsin(, ⋅ sin ○). (14.1)

Since the prism is isosceles, its faces are at an angle of ○ to the horizontal direction. So when we look at
the angles between the normal and the interface, we see that ○ + γ + α = ○, where γ is the angle at which
the thief must tilt the flashlight. This angle is therefore

γ = ○ − α = ○ − arcsin(, ⋅ sin ○) ≐ ,○. (14.2)
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15 First of all, we realize that the elevator’s speed is irrelevant here. If Kai held the dumbell motionless, it
would exert a force of mcg on him. However, he lets it fall with acceleration a, so it is sufficient for him to
exert a force of mc(g − a). In addition to this, the elevator’s cable also needs to carry Kai and the elevator
itself, so it will also need to exert mkg and mv g, so in total it must exert a force of

F = mkg +mv g +mc(g − a)

=  kg ⋅  m/s +  kg ⋅  m/s +  kg ⋅ ( m/s −  m/s) =  N ≐ , kN.
(15.1)

16 In all three cases, it is a vertical throw in the same gravitational field, differing only in the initial
conditions. Therefore, it will suffice to know the formulas for the trajectory and duration of uniformly
accelerated motion,

s = 

gt ⇔ t =

√
s
g
. (16.1)

Note that the second half of the upward throw is exactly the same as the entire downward throw: at the level
of the window, the egg will definitely reach the same speed v as the speed with which Sam threw it. The first
half of the upward throw therefore lasts  s and during that time, the speed of the egg changes by v = g ⋅ s.
Sam is therefore clearly throwing at a speed of v =  m/s, which means that the egg will fly to a height of

h =
v
g
≈  m (16.2)

above the level of the window. At the same time, we know that at the highest point of this movement, the egg
will stop, and from that moment on, it will be the simplest uniformly accelerated movement with zero initial
velocity. The fall from the highest point will take

τ = t↑ −
t↑ − t↓

= t↑ + t↓


=  s, (16.3)

from which we know that H = gτ
 =  m. Sam’s window is therefore at a height of H − h =  m above the

ground. Free fall from this height takes
¿
ÁÁÀ(H − h)

g
=
√
 s ≐ , s. (16.4)

17 First, we draw the free-body diagram. All we need is Newton’s second law, F = ma.
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Figura 17.1: Two weights on a pulley

Gravity acts on both weights: F = mg and F = m
 g. Because F and F act on the rope as well, it is being

stretched, and therefore exerts a tension force on both ends, in the direction opposite to gravity. These two
forces are labeled T and T in the free-body diagram. Since the rope and pulley are massless, T must equal
T; otherwise, it would cause an infinite acceleration of the rope itself. Because of this, we denote both T and
T simply as T .

Additionally, we can assume that bothweights have the same acceleration a, with the heavier one accelerating
downwards. Now the only thing left to do is to write the equations of motion for both weights and solve for
a.

m

a = −m


g + T a ma = mg − T . (17.1)

By adding the equations, we can eliminate T and solve for a,

a =
m − m



m + m

g = 


g . (17.2)

18 The numbers are powers of two, so we have to assess the validity of every statement separately.

Increasing the orbital speed (1)

Intuitive guess would say that if we increase the orbital speed, the orbital period should decrease. But we
must not forget that if we change the orbital speed, the shape of the orbit changes too. To find out whether
this statement is true or false, we can look at a situation in which we increase the speed so much, so that the
orbiting body acquires escape velocity. In that case, the orbital period would become effectively infinite, so
it would definitely increase. Therefore, this statement is false.

Orbital speed in perihelion (2)

It follows directly from the second Kepler’s law of planetary motion that the closer the Earth is to the Sun,
the faster is travels. Therefore, this statement is true.
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Winter (4)

Let us realise that when winter occurs in the northern hemisphere, it is summer in the southern hemisphere.
If this statement were true, winter would have to occur in both hemispheres at the same time. Therefore, this
statement is false. In fact, when the Earth is in its closest point to the Sun in the beginning of January, there
is freezing winter in the northern hemisphere. Or maybe not so freezing.

Circular orbit and the first cosmic velocity (8)

The centripetal force causing a body to orbit at a circular orbit is the gravitational force, which depends on
the radius r as 

r . However, the centripetal force is proportional to v
r , where v is the orbital velocity. This

means that the circular velocity changes with height h above the Earth’s surface as v ∝ 
R+h . Therefore, this

statement is false.

Geostationary satellites (16)

Geostationary satellites are satellites that are orbiting the Earth, but they are always above the same point
of the Earth’s surface. This is achieved by putting the satellite in such height, so that its angular velocity at
which it orbits the Earth is the same as the anglar velocity of the Earth’s rotation. If a satellite remains above
the same point on the surface, it is orbiting in the direction of parallels. Should the satellite, however, orbit
above any other parallel than the equator, the gravity acting towards the Earth’s centre would attract it to the
equator, making it impossible for the satellite to stay above its parallel. Hence the geostationary satellites can
really exist only above the equator. Therefore, this statement is true.

Elliptic trajectories (32)

The lighter body is in an elliptic orbit if it is gravitationally bound to the much heavier body (and by chance
does not have a circular velocity). However, if its speed is too high, it can escape to infinity, and in that case
it is travelling on a hyperbolic or parabolic orbit. Therefore, this statement is false.

By summing the numbers of the true statements, we get the answer .

19 A good first step is to note that all edges and all pairs of vertices in a regular tetrahedron are equivalent.
It therefore does notmatter howwe rotate it or which two vertices we connect the ohmmeter at the beginning
to, the result will not change; we will measure different resistances only after removing the resistor.

Therefore, we can solve an equivalent but slightly simpler task: first, we remove any resistor and only then
connect the ohmmeter terminals to any two vertices.

We should immediately see that we need to solve3 only three different cases from Figure 19.1:

3We will use the abbreviated notation for the resistance of two parallel branches, a ∥ b ≡ 

a +


b
.
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Figura 19.1: Three possible resistance measurements on a tetrahedron without one resistor

• If we connect it to two vertices to which the removed resistor was not connected, we are left with three
parallel branches with one, two, and two resistors, for which we can calculate the total resistance directly
as

R = R ∥ (R + R) ∥ (R + R) = R ∥ R ∥ R =


R. (19.1)

• If we connect the terminals to two vertices between which there is no longer any resistor, we get a
pleasantly simple connection with two parallel branches with two resistors. Since the connection is now
completely symmetrical, there can be no voltage between the ends of the last resistor, and where is no
voltage, there is no current. Therefore, its resistance is

R = (R + R) ∥ (R + R) = R ∥ R = R. (19.2)

• Finally, if we connect the terminals to one untouched vertex and one vertex without a resistor, we are
left with a series-parallel connection with a resistance of

R = R ∥ (R + (R ∥ R)) = R ∥ (R +


R) = R ∥ 


R = 


R. (19.3)

These three values are unique, so the answer is the set { 

R;



R;R}.

20 Tomake the sorting easier, wewill divide the letters into several groups. We should immediately suspect
that many letters will not stand on their own.

For example, J and C stand on a single point, but their centre of gravity is not directly above this point, so
they will immediately tip over. Similarly, P will also immediately tip over. Although it stands on a base of
finite length, its centre of gravity is also definitely further to the right, so it will tip over the edge.

The second group includes the letters O and S. These will not fall on their own, because their centres of gravity
are directly above the points where they touch the base; however, it is enough to tap them with any small
impulse, and they will tip over.

The letters I and Y form another category. Since the thickness of the rods is non-zero, they stand stably;
however it is much smaller than the other dimensions of the sticks, and a small (but unlike O and S, finitely
small) impulse is enough to knock them over. Of the two, Y has significantly more mass, but its centre of
gravity is slightly higher. Let’s calculate which of these two letters is more stable.
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Consider a letter with mass m, whose centre of gravity is at height H and for which the edge over which it
wants to fall is ε away from the centre of gravity in the horizontal direction. When the letter is tipped over
the edge, its potential energy increases by

∆Epot = mg(
√
H + ε −H). (20.1)

This is the work by which we quantify the stability of the letter. For ε≪ H, the following applies

√
H + ε ≈ H( + ε

H) ⇒ W ≈ mgε

H
. (20.2)

The ratio mε
H is therefore essential for stability. A letter with a higher ratio is more stable, and the weight of

the letter is proportional to its size.

T T'

H √H2+ε2

ε

Figura 20.1: Tipping the ypsilon. To tip the ypsilon, it must be lifted to the dotted position. We can
see that its centre of gravity T ′ is higher in this position than T in the original position.

The letters I and Y have the same ε. The decisive factor is therefore the ratio m
H . Let one square of the square

grid have a side of unit length and the bar of the letter of this length have unit mass. Then for I the height of
the centre of gravity is  and its mass is , so the ratio m

H is . For Y, H is approximately , and the mass is
approximately ,, so the ratio determining stability is approximately ,. Y is therefore more stable than I.

Let’s move on. The letters N, A, and H all have their centre of gravity exactly in the middle of the rectangle
they describe and rotate around a point on the edge, which in all cases is located two squares from the centre
horizontally and four squares vertically. Stability is therefore determined solely by their weight. By simply
adding up the lengths of the sticks, we find that N has the greatest weight, followed by H and finally A.

There remains one last problematic solitaire – B. It rests at the bottom on a straight stick of length , which
is connected to a semicircle with radius . If its centre of gravity were more than two squares away from
its vertical stick, we would be done. However, an approximate calculation shows that its centre of gravity is
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slightly more than4

x =  ⋅  +  ⋅  + π ⋅ 
 + π

≐ ,. (20.3)

This means that the centre of gravity of B is less than , horizontally away from the edge over which we
want to tip it, which is definitely less than in the case of the letters from the previous group, but more than
for I and Y, so it will lie between them in the stability series.^[For B, ε is sufficiently smaller than the height of
the centre of gravity, so the same strategy can be used to examine stability as for I and Y. However, we do not
need to calculate it accurately, because B has a much larger ε, which morover appears squared in the stability
ratio, thus B will definitely be more stable.

The answer is therefore N, H, A, B, Y, I. The remaining letters will either fall down on their own, or very little
effort is needed to knock them over.

21 We know that the inflow into the tank Q is constant. However, the speed of outflow through a small
hole at the bottom of the tank will also depend on the hydrostatic pressure, which in turn depends on the
height of the level in the tank h. Finding the height of the water column as a function of time is probably
too difficult for us.5 Fortunately, we do not need to, because the question in the problem statement is about
a single parameter.

The asymptote at t →∞ determines the maximum water level in the tank hmax =  cm – that is, the height
at which the hydrostatic pressure at the bottom is sufficient for the water to flow out as fast as it flows in.

Then we can see the dotted tangent at t = . At that point, the water level is still zero, so the hydrostatic
pressure is also zero and the water does not flow out at all, as if there were no hole in the bottom. Then the
tank would obviously fill up in time τ =  h. We can therefore express the inflow as

Q = hmax ⋅ S
τ

. (21.1)

From Bernoulli’s equation, we can quickly determine the outflow velocity as a function of the height of the
water surface in the tank,

ρ
v(h)

= ρgh ⇒ v(h) =

√
gh. (21.2)

We know that at a level hmax =  cm, the inflow will be equal to the outflow, which is given by the product
of the outflow velocity and the unknown area of the hole A. Then

Av = A
√
ghmax = Q , (21.3)

and after substituting for Q from equation 21.1, we get the result

A = Q√
ghmax

= S
τ

√
hmax

g
=  mm. (21.4)

4This is only a lower estimate, because the centre of gravity of the semicircle is a little closer to its edge, so its coordinate is
slightly greater than .

5It leads to a Chini differential equation dh
dt = α + β

√
h, which is formulated in terms of Lambert W function, and which we

certainly do not want to solve.
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22 We can immediately calculate that there is exactly  ml of yogurt in the milk, since this is  % of  l.

When the milk settles, there is only water at the top, hence the concentration of yogurt is  % upthere. For
the average concentration to be  %, the concentration at the bottom must be  %, and thus increases by
 % for every  ml. The top  ml therefore has an average concentration of  %, which is a total of  ml
of yogurt.

The remaining volume in the bottle is  ml and the remaining volume of yogurt is  ml. When shaken,
the concentration homogenizes, so it will be  ml

 ml =  %. From this, Mike poured  ml, hence  ml of
yogurt.

Finally, we just add up the volume of yogurt in the glass,

 ml +  ml =  ml, (22.1)

and calculate the total concentration as the ratio of the volume of the yogurt component to the total volume,
i.e.

 ml
 ml

=  %. (22.2)

23 Wording of the problem implies that the log is inclined with respect to the horizontal direction by an
angle α. Weight Mg acts vertically downwards at the centre of the log, Matthew acts perpendicular to its
surface with a force FM at its upper end, and Jacob acts with a force FK at the lower end. This force can be
broken down into a horizontal component FKx and a vertical component FKy.

α

α

Mg

FM

FKx

FKy FK

Figura 23.1: Breakdown of the forces exerted on the load by Matthew and Jacob

In the equilibrium position, we can write

• for forces in the vertical direction Mg = FM cos α + FKy;

• for forces in the horizontal direction FM sin α = FKx ;

• for moments of forces relative to the lower end of the load Mg L
 cos α = FML.
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Solving this system of equations, we obtain

FM =


Mg cos α,

FKx =


Mg sin α cos α,

FKy =


Mg + 


Mg sin α.

(23.1)

The force exerted by Jacob is

FK =
√

F
Kx + F

Ky =


Mg
√
 sin α + , (23.2)

and the desired ratio of forces is finally

FM
FK
= cos α√

 sin α + 
. (23.3)

24 We don’t need to worry about longitude: a day is much shorter than a year, and the position of the Sun
changes much faster in the east-west direction than in the north-south direction. During a single day, we
can therefore consider the Sun’s latitude to be constant and it is sufficient to look at the latitude.

The tilt of the Earth’s axis determines how far north or south the Sun can travel during the year. These parallels
are called the Tropic of Cancer (June solstice) and the Tropic of Capricorn (December solstice). At the same
time, in December, when the Sun is furthest south, the northern polar region does not see the Sun at all. The
southernmost parallel where this can occur is called the Arctic Circle. The same thing happens in the south,
only in reverse and six months later. The latitude of the tropics is ε⊕ = ±,○ and the latitude of the polar
circles is ±(○ − ε⊕) ≈ ±,○.

The whole situation can be seen in Figure 24.1.

23,44°

23,44°

Figura 24.1: Relative position of the Earth and Sun during the June and December solstices

These circles divide the Earth’s surface into five regions where the position of the Sun in the sky behaves
differently throughout the year:
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• In the southern polar region, at least once a year, there is a polar day when the Sun does not set at all.
As it orbits around the horizon, it necessarily crosses the northern direction.

• Between the Tropic of Capricorn and the Antarctic Circle, we can see the Sun in the north every day,
regardless of the season, at solar noon.

• In the tropics, i.e. between the tropics, the Sun can be at solar noon in the north or south depending on
the season. We are interested in the June solstice, when the Sun reaches its northernmost position, and
therefore will be in the north at noon.

• In the northern temperate zone, i.e. between the Tropic of Cancer and the Arctic Circle, we see the Sun
at solar noon only in the south. At midnight, it is located to the north, but it is below the horizon, so we
cannot see it.

• Finally, inside the Arctic Circle, the Sun does not set at all during the June solstice. Again, during its
orbit, it necessarily crosses the north direction, but this does not happen at noon, but at midnight. The
only exception is the North Pole itself, where all directions are «south»; however, this is only a single
point and it does not contribute to the area.

ε

ε

Figura 24.2: Earth with marked areas where the Sun can be seen in the north

It remains to find the sum of the areas of all regions south of the Tropic of Cancer S↓ and the area north of the
Arctic Circle S↑, which are marked in the figure 24.2. We can calculate this, for example, using the formula
for the surface area of a spherical cap. For that, we will need the heights of both areas: for the polar cap, it is
h↑ = R( − cos ε), and for the area south of the Tropic of Cancer, h↓ = R( + sin ε). Hence together

S = S↓ + S↑ = πRh↓ + πRh↑ = πR(h↓ + h↑) = πR( − cos ε +  + sin ε) = πR( + sin ε − cos ε), (24.1)

and since we are interested in the ratio to the surface of the entire Earth S⊕, the answer is

S
S⊕
= πR( + sin ε − cos ε)

πR =  + sin ε − cos ε


≐ , =  %. (24.2)

25 Dan, like any good archer, thinks about where to aim. He knows the distance to the target d =  m
and the speed v =  m/s. To know where to aim, he draws a figure of the system right before shooting.
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H

Dvx

vy v
α

Figura 25.1: Shot at a target

First, he notices that the point he is aiming at is at a heightH above the center of the target, and he can express
the relationship for it as

tan α = H
D
. (25.1)

All that remains is to express tan α, which also appears in the decomposition of the initial velocity into the
x- and y-directions

tan α =
vy
vx
. (25.2)

In the y direction, only the gravitational force acts on the arrow, so in this direction, we have

y = vyt −


gt, (25.3)

where we are interested in the impact of the arrow on the target plane, i.e. y = . This occurs at time

t =
vy
g
= v sin α

g
. (25.4)

No force acts on the arrow in the x direction, so between time t and distance D, the following applies

D = vx t = v cos α
v sin α

g
. (25.5)

Since H and D are related through the tangent of the angle, we use trigonometric identities

sin α = tan α√
 + tan α

, cos α = √
 + tan α

. (25.6)

After substituting into the equation for the range, we get

D = v

g
tan α

 + tan α
. (25.7)
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We substituteH/D for tan α according to equation 25.1, and aftermanipulations, we get a quadratic equation

H − v

g
H + D = , (25.8)

the solution of which is6

H = v


g
−
√

v

g
− D ≈  m. (25.9)

26 Let’s start by quantifying the defining units of the gulp-belch-wink system. Wewon’t havemuch trouble
with volume and time. We know that

V =  gulp =  pt

≈  ml


= , ml, (26.1)

and t =  wink = , s. Determining the sound intensity will be slightly more difficult. Let I be the sound
intensity  belch. We know that it is defined as the sound intensity corresponding to the sound intensity level
 dB, i.e.  B. Based on the definition of sound intensity level L = log I

I , where I =  pW/m, we can write
 B = log I

I , from which

I = I =  ⋅  pW/m = − W/m. (26.2)

Now we need to combine the quantities V , t and I to obtain something with the dimension kg. So we are
looking for an expression of the form m = V α ⋅ tβ ⋅ Iγ. It should be true that [V]α ⋅ [t]β ⋅ [I]γ, where [A]
denotes the dimension (i.e., unit) of the quantity A, gives the dimension of mass. We obtain

[m] = (m)α ⋅ sβ ⋅ (kg/s)γ =mα ⋅ kgγ ⋅ sβ−γ !=m ⋅ kg ⋅ s. (26.3)

From this, we can immediately see that α = , γ =  and β = , thus

m = tI = (, s) ⋅ − W/m = 


kg = , g. (26.4)

Now nothing prevents us from calculating John’s weight in his natural units,

M =  lb ≈   g =   belch ⋅wink. (26.5)

27 The greatest pressure in the large container can be achieved by gradually connecting all five smaller
containers to it, because we need to maximize the difference between the pressure in the large container and
the small connected container, as that is when the amount of gas transferred from the smaller container to
the larger one is maximized. Let’s look at a situation if the nitrogen man had only two small containers,
labeled  and . The normal procedure is to gradually connect the small bottles  and  one after other to
the large container. This leaves pressures p and p in the small bottles, while pressure p remains in the
large container. An alternative procedure is to connect the small container , then equalize the pressures
between containers  and , and then gradually connect containers  and . In this way, we connect the small
containers to the large one several times, leaving pressure p′ in container , which is greater than p, and thus

6We chose the smaller root.
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the resulting pressure p′ in the large container (and also in the small container ) is less than p. Therefore,
it is not worthwhile to equalize the pressures between the small containers.

From the equation of state of an ideal gas, we know that the amount of gas in both the small and large
containers before we connect them can be determined from the state equation of the gas as n = pV

RT . We know
that the total amount of substance n before and after we connect the bottles must be the same, i.e., the sum of
n in the large and small bottles before connection must be equal to the total n after connection. If we denote
the quantities describing the small bottle by the subscripts s, the large container by l , and the total state after
connection by t, then

plVl

RT
+ psVs

RT
= ptVt

RT
. (27.1)

Since the temperature and universal gas constant R remain constant throughout the process, we can express
the total (equalized) pressure after connecting the cylinders as

pt =
plVl + psVs

Vt
. (27.2)

Before connecting the first small bottle, this pressure is zero, but after each subsequent connection, we
increase this pressure – and the new resulting pressure in the connected bottles naturally depends on what
the pressure in the large bottle was before.

We therefore perform the calculation for pt five times; the first time we substitute  for pl , and each
subsequent time we substitute pt , which we have obtained the most recently. As the last fifth pt , we get
exactly 

 MPa, or approximately  MPa.

28 The plate with the platter must be spun at an angular velocity of

ω = 

⋅ π rad

 s
= 


π rad/s.

The rotational energy that must be supplied will therefore be Erot = 
 Jω. Since the moment of inertia of a

solid disk is J = 
(m +M)r, where r is the radius of the disk, we can substitute this for J and obtain the

energy

Erot =




(m +M)rω. (28.1)

We knowwhat voltage and current the turntable requires, andwe know that the power used to spin the record
will be P = UI. We can now simply determine the time as the required energy divided by the power,

t = Erot

P
=


(m +M)(

d
 )

ω

UI
=
( g +  kg) ⋅ ( cm) ⋅ (  π rad/s)

 ⋅  V ⋅  mA
≈ , s. (28.2)

29 Before we start calculating, we need to translate the problem into understandable language. Once we
understand what the problem is, we can start.
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In order for the entire system to be in equilibrium, the net force on each charge must be zero. Thanks to
symmetry, we only need to look at the forces acting on a single charge located at the vertex of the cube. The
only attractive force acting on it comes from the charge in the centre, magnitude of which we are trying to
find; the remaining charges act with repulsive forces – three charges at a distance equal to the cube’s edge,
three charges at a distance equal to the face diagonal, and finally one charge at a distance equal to the space
diagonal. Let us denote the edge length of the cube as a. The face diagonal then has length

√
a and the

space diagonal
√
a.

Each force acting on the chosen vertex charge can be decomposed into two components - one in the direction
of the resultant force, i.e., along the space diagonal, and the other perpendicular to it. The components
perpendicular to the space diagonal cancel each other out due to symmetry, and the components along the
space diagonal add up to form the resultant force. Therefore, we are interested in the cosine of the angle
between the space diagonal and the cube’s edge, and between the space diagonal and the face diagonal.

Stop reading for a moment, this is a mandatory vibe check.

α

β

A

E F

G

C

B

D A

F G

A

G

D
α

β

F

Figura 29.1: Skibidikocka

Ok, vibe check passed. Next, let us calculate the force from the charge located at a distance equal to the cube’s
edge. The cosine of the required angle can be found from the right triangle ADG as

cos α = √

. (29.1)

The force will therefore be

Fh = −k
q√
a

. (29.2)

Next, let us look at the force from the charge located at a distance equal to the face diagonal. The cosine of
the required angle can be found from the right triangle AFG as

cos β =
√
√

. (29.3)
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The force will therefore be

Fs = −k
√
q


√
a

. (29.4)

For the force from the charge located at a distance equal to the space diagonal, we don’t need to deal with
any angle, hence the force will be simply

Ft = −k
q

a
. (29.5)

Lastly, we need to calculate the force from the charge in the center. This is the same situation as with the
space diagonal, except the distance is halved. Therefore, the force will be

Fstred = k
qQ
a

. (29.6)

The net force will therefore be
F = Fstred − Fh − Fs − Ft = . (29.7)

Substituting in, we get

k
qQ
a
= −k q√

a
− k

√
q


√
a
− k q

a
,


Q

= − q√


− 
√
q


√

+ q

,

Q = −
√
 + 
√
 + 


q.

(29.8)

The charge in the center must therefore be Q ≐ −, C. GG EZ.

30 Let’s write down the equations that describe projectile motion

y = v sin(α)t − 

at,

x = v cos(α)t.
(30.1)

On the Moon, the equations will stand, only the gravitational acceleration is different: if we substitute a =
,g, it should be

y$= v$sin(α)t$−


,gt$,

x$= v$cos(α)t$.
(30.2)
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We cannot fake the position in the video. For the equations for x and y to remain the same, we need to adjust
time and velocity. We know that

,t$ = t⊕ ⇒ t$=
√
,

t⊕ =

,

t⊕ = ,t⊕. (30.3)

From the equation for x$, we now see that

x$= v$cos(α),t⊕, (30.4)

thus v$ = ,v in order for equation 30.4 to equal the expression for x in equation 30.1. On the Moon,
therefore, this whole projectile motion would last , times longer, which means that the Earth video must
be played at a frame rate , times lower, i.e.  Hz. That means we simply move from the television frame
rate to the movie frame rate.

Coincidence? We do not think so.

31 Let’s consider a heat pump as a heat engine that draws energy from the electrical grid and transfers
heat from Adam’s cellar to Justine’s cellar. The key to solving the problem is to understand how efficiency is
defined.

In general, efficiency can be said to be the ratio of what we want to achieve to what we have to invest in it. In
Justine’s case, what we want to achieve is the amount of heat that the heat pump transfers to her cellar, Qout,
and what we have to invest is the amount of electrical energy supplied from the grid, which is equal to the
work done on the working gas in the pump, W . The efficiency she observes is therefore ηJ = Qout

W =  %.

In Adam’s case, what we want to achieve is the amount of heat extracted by the heat pump from his cellar,
Qin, and what we have to invest is again the amount of electrical energy supplied, W , so the efficiency he
observes is ηG = Qin

W .

The heat pump extracts heat Qin from Adam’s cellar, and we supply it with energy W from the grid, and it
transfers heatQout to Justina’s cellar. The energy balancewritten for the heat pump is thereforeQin+W = Qout.

Using this relationship, the efficiency observed by Adam can be expressed as ηG = Qout−W
W = ηJ −  =  %.

32 Let us look at the situation in the problem statement from the energy point of view. At the begenning of
the day, the ISS has energy which is the sum of its potential and kinetic energy. After one day of experiencing
the drag force, the ISS has lower energy because drag is acting against the direction of motion.

Let us denote energies at the beginning and at the end by  and  respectively. Then from the law of energy
conservation follows that

Ep + Ek = Ep + Ek +W , (32.1)
where Ep are potential energies, Ek are kinetic energies, and W is work which was done by drag force on the
ISS.
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The ISS is orbiting the Earth on a circular orbit, so we can easily express its orbital speed using the equality
between the gravitational and centripetal force. For our purposes, it is handy to write the square of the speed7

v = GM⊕
r

, (32.2)

where M⊕ si the Earth’s mass, r = R⊕ +  km is the distance of the ISS from the centre of the Earth, and
R⊕ is self-explanatorily the radius of the Earth. Let us now denote the mass of the ISS m and its daily change
in height ∆r. Now we can rewrite the equation 32.1 as

−GM⊕m
r

+ 

m
GM⊕
r
= −GM⊕m

r − ∆r
+ 

m

GM⊕
r − ∆r

+W , (32.3)

whence we express the work done by the drag force

W = GM⊕m

( 
r − ∆r

− 
r
). (32.4)

The drag force F acts against the motion of the ISS, so after travelling the distance s, the work done by the
drag force isW = Fs. What is the distance travelled by the ISS in one day? Since ∆r is much smaller than the
radius of the circular orbit, we do not have to calculate the length of the spiral, which is the true trajectory of
the ISS. We can get a reasonably good result if we assume that the ISS is circulating all day at an altitude of
r − ∆r/ at the speed that corresponds to this altitude according to the equation 32.2, hence

s =
√

GM⊕
r − ∆r/

T , (32.5)

where T is one day.

Now we simply substitute equations 32.4 and 32.5 into

F = W
s
, (32.6)

and for the given numeric values, we obtain F ≐ , N.

33 Let us consider rolling the roll to the maximum possible angle. In this position, the angle between the
normal on the ISIC and the vertical direction is ϕ.

7Because we will substitute it into the expression for kinetic energy.
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Figura 33.1: Roll with forces acting on it

Normal forces N and N act on the edges of the ISIC perpendicularly to the surface of the roll, and thus to
the center of the roll. In the tangential direction, there are frictional forces, whose magnitudes in the limiting
case are f N and f N respectively. The gravitational force Mg acts vertically downward at the centre of the
ISIC.

The size of the ISIC is such that together with the lines of action of the normal forces, it forms a right-angled
triangle with legs of length R and hypotenuse

√
R. Among other things, this means that the forces N and

f N have the same direction, that is perpendicular to the direction of the forcesN and f N. This encourages
us to choose a coordinate system such that the coordinate axes are oriented in these two directions, i.e.,
rotated by ○ relative to the ISIC. Then the gravitational force decompose into components Mg cos( π − ϕ)
and Mg cos( π + ϕ).

Now we can write the stability conditions:

• balance of forces in the x direction,

N + f N = Mg cos(π

− ϕ); (33.1)

• balance of forces in the y direction,

N = f N +Mg cos(π

+ ϕ); (33.2)

• and equilibrium of torques with respect to the center of ISIC,

N ⋅
√



R ⋅
√


= f N ⋅

√



R ⋅
√


+ N ⋅

√



R ⋅
√


+ f N ⋅

√



R ⋅
√



, (33.3)
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therefore we can write
N = f N + N + f N. (33.4)

By eliminating the normal forces, we obtain

 +  f − f 

 −  f − f 
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

K

=
cos(ϕ − π

)
cos(ϕ + π

)
= cosϕ + sinϕ
cosϕ − sinϕ

, (33.5)

and from there

tanϕ = K − 
K + 

=  f
 − f 

. (33.6)

For f = ,, we obtain ϕ ≈ ,○.

34 Let’s start by writing the equation of motion of a car on a flat surface,

ma− = f mg ⇒ f = a−
g
. (34.1)

On an inclined plane, sloped at an angle α, this changes slightly to

ma = mg sin α + f mg cos α. (34.2)

Compared to equation 34.1, there is one more term on the right-hand side – the acceleration of the car
is still caused by the friction of the wheels on the road, but it diminishes with increasing the slope angle;
and the motion is also affected by a component of the gravitational force parallel to the inclined plane. The
acceleration is therefore

a = g sin α + f g cos α. (34.3)

Analytical solution

The shortest acceleration time is obtained by maximising a. We therefore need to differentiate a with respect
to angle α and find out when the derivative is equal to zero. We get

da
dα
= g cos α − f g sin α != ,

cos α = f sin α,

tan α = 
f
= g
a−

.

(34.4)

We will use trigonometric identities 25.6, substituting for sin α and cos α in 34.3. After minor rearrangement
using 34.1, we get

a =
√
a− + g. (34.5)
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Now we just need to find the acceleration of the car on the flat surface and calculate the acceleration time
downhill. We will use the fact that for uniformly accelerated motion, v = at, therefore

t = v√
a− + g

= v
√
( v
t− )

 + g
, (34.6)

where v is themaximum speed to which the car accelerates, and t− is the acceleration time on the flat surface.
We substitute the values and get t ≐ , s.

Numerical solution

If we do not want to differentiate, we can directly search for themaximum a from equation 34.3, for example,
by a linear search within the interval using a calculator. If we draw the function from equation 34.3, it clearly
has only one maximum, so it is sufficient to find the first decrease and, if necessary, refine the search step.
This gives us the same intermediate result α ≈ , rad ≈ ,○, fromwhich we can calculate the acceleration
and time.

35 When we look at the Earth and its shadow from a distance, its shadow is an infinite cylinder with a
circular base.8 For every fixed point on Earth’s surface, the Sun sets when the Earth’s rotation carries that
point across the shadow boundary.

ω

R

h
P

φ

Figura 35.1: Earth casting a shadow

And not only on the surface – the same applies to points on the cliff. If the height of the cliff is negligible
compared to the radius of the Earth – which it should be – then for any point on the cliff at height h, the Sun
will set when point P reaches a depth of h inside the shadow, i.e., a distance of h from the cylinder’s surface.
The height of the shadow is therefore equal (in the case of a not very tall cliff) to the perpendicular distance
of point P from the cylinder’s surface.

8Considering its finite dimensions and distance from the Sun, it is actually a cone, but this is not important for our purposes.
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And that’s all. Point P moves along a circle with radius R⊕ at an angular velocity ω = π
 d =

π
  s . The

projection of such a motion onto a plane perpendicular to the sun’s rays is harmonic motion with the same
angular velocity, and its acceleration near the maximum deflection is given by

a = ωR⊕ ≈ (
π

 s
)

⋅ , ⋅  m ≐ , m/s. (35.1)

Lumberjack’s solution

It is also possible to obtain the same result with brute force. Let’s mark the central angle between the vertical
cliff and the terminator ϕ. Then, from the right triangle containing this angle and enclosed by the shadow’s
envelope, we can write

R⊕ + h(ϕ) =
R⊕
cosϕ

. (35.2)

When the Earth rotates by an angle dϕ, the height to which the shadow moves increases by

dh = R⊕
cos(ϕ + dϕ)

− R⊕
cosϕ

. (35.3)

For a low cliff, the angle ϕ is very small, so we can use the approximations cos x ≈ − x
 and ( + x)− ≈ − x.

Then we obtain

dh ≈ R⊕
⎡⎢⎢⎢⎢⎣



 − (ϕ+dϕ)




− 
 − ϕ



⎤⎥⎥⎥⎥⎦
≈ R⊕[ +

(ϕ + dϕ)


− ( + ϕ


)] ≈ R⊕ϕ dϕ. (35.4)

Since the Earth rotates with a constant angular speed ω, ϕ = ωt, and therefore

dh ≈ R⊕ωtω dt. (35.5)

From this, we can immediately write the speed of the shadow’s ascent along the cliff

v(t) = dh
dt
≈ R⊕ωt (35.6)

and therein we recognize the speed of uniformly accelerated motion with acceleration a = ωR⊕.

36 Firstly, Jacob thought about what do they mean by activity of natural and enriched uranium. He
remembered the formula which relates the number of decayed atoms ∆N after time ∆t and total number
of atoms N in given time

∆N = −λN ∆t, (36.1)
where λ is the decay constant. This equation leads to

N = Ne−λt , (36.2)

known as exponential decay, where N is the number of atoms in time t = .
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The last thing we need to express is the half-life, after which half of the atoms decay. That means, that
the number of atoms decreases to half of the original amount, N = N

 , which, after substituting into the
exponential decay formula, gives the decay constant

λ = ln 
T/

. (36.3)

Next, using the knowledge above, he can find the activity

A = −∆N
∆t
= λN = ln 

T/
N . (36.4)

In order to calculate how much higher is the activity of enriched uranium compared to natural uranium, he
needs to find the ratio Aenriched−Anatural

Anatural
, where he can utilise his knowledge of the ratio of number of U and

U atoms in both uranium species, and he knows their half-lives T
/ =  ⋅  a a T

/ = , ⋅  a, too.
From the half-lives and the formula for activity, he knows that the decay constant λ of U is k-times higher
than the one of U. Precisely, it is

k =
T
/

T
/
≐ ,. (36.5)

Then, if he denotes the ratio of U in enriched uranium a, and b in natural uranium, he gets the expression
for relative change of activity,

Aenriched − Anatural

Anatural
= kSSλa@@N +SSλ( − a)@@N

kSSλb@@N +SSλ( − b)@@N
−  = (a − b)(k − )

 + b(k − )
≐ (, − ,) ⋅ (, − )

 + , ⋅ (, − )
≐ , %.

(36.6)

37 First, let us note that if the axis of rotation is perpendicular to the plane of the amulet, the way in which
the individual cut-out squares are rotated does not affect the moment of inertia of the amulet. Let us call the
first circle from which we cut out a square the first iteration. Now, when we inscribe another circle and cut
out the inscribed square, we will call this the second iteration, and so on. The moment of inertia of a circle
with radius r is I# = 

mr and that of a square is I◻ = 
ma, where a is the side of the square.

Let’s look at the first iteration of our problem. We have the radius of the circle of the first iteration r = r and
an inscribed square with a side length of a =

√
r, which we can easily see. We know that the diagonal of the

square is r. From the right-angled triangle defined by two adjacent vertices of the square and the centre of
the circle, we see that

cos ○ = r
a
⇒ a =

√
r. (37.1)

The moment of inertia and the area of the first iteration are simply

I() = 

σS()# r −



σS()◻ a =



πσr −



σr = (



π − 


)σr

S() = S()# − S()◻ = πr − a = (π − )r .
(37.2)
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The moment of inertia I(n) and the area S(n) of the following iterations are calculated similarly, only for
different values of rn. All that remains is to determine the relationship rn = rn(r, n). For the first iteration,
r = r. The second iteration is a circle inscribed in a square, and therefore

r = a ⇒ r =
√


r =
√


r. (37.3)

Similarly, the following applies

r =
√


r = r(

√


)


, (37.4)

and thus, in general, for rn

rn =
√


rn− = r(

√


)
n−

. (37.5)

All that remains is to calculate the infinite series that appear,

S =
∞
∑
n=

S(n) = (π − )
∞
∑
n=

rn = r(π − )
∞
∑
n=
(
√


)
n−

= r(π − ) 

 − (
√

 )

 = r
(π − ),

(37.6)

and for the moment of inertia

I =
∞
∑
n=

I(n) =
∞
∑
n=
( 

π − 


)σrn = (



π − 


)σr

∞
∑
n=
(
√


)
n−

= ( 

π − 


)σr 

 − (
√

 )

 =


( 

π − 


)σr = 


( 

π − 


)m
S
r,

(37.7)

where we used the fact that the sum of a geometric series with a common ratio  < q <  is
∞
∑
n=

qn = 
 − q

.

After substituting S into I, we get

I = 



π −




π − 
mr = π − 

π − 
mr. (37.8)

38 Let us start with the formula for the parabolic city,

h(r) = kr, (38.1)

where r is the distance of a point on the paraboloid surface from the rotation axis, that is, from the city centre.
We do not have to add a constant, since we are interested only in the height difference. For the highest point
of the city, it holds that

H = kR, (38.2)
where H is the sought height and R is given in the problem statement.
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We still do not know the coefficient k. It can be found from the derivative of parabola in the point [R;H].
We know that the resulting apparent gravitational force must be perpendicular to the paraboloid surface.
Derivative of the formula of parabola in the point [R;H], kR, is the slope of tangent to the surface of
parabola. The slope of a line is found as tan ∆y

∆x , where ∆y = ac and ∆x = g♂, so

kR = ac
g♂

⇒ k = ac
g♂R

. (38.3)

After substituting k into the equation 38.2, we have

H = acR
g♂

. (38.4)

We still need to express ac. We find it using the Pythagoean theorem,

ac =
√

g − g♂. (38.5)

α

α

[R; H]

g g

ac

[0; 0]

Figura 38.1: Vertical cross section of the parabolic city

The result is therefore

H =
R
√
g − g♂
g♂

≐  m. (38.6)

39 Let us denote the volume of the lollipop V . Its shape is such that at any height, the cross section is an
ellipse with a constant semi-major axis a and a semi-minor axis that scales linearly with the depth, as shown
in figura 39.1.
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150 ml

a

a

a
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ζ
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πab(v)

d

T

πa2

Figura 39.1: Goemetry of the lollipop

If we define a coordinate ζ with origin at the top and increasing downwards, b scales as

b(ζ) = H − ζ
H

a, (39.1)

and the area of the cross section at depth ζ is

S(ζ) = πab(ζ) = πaH − ζ
H

. (39.2)

Notice that the cross section area decreases linearly with ζ . Therefore, a planar analogy to this «deformed
cone» is a triangle, which has the same property. For calculating the centre of mass, it is therefore equivalent
to a trianglewith a base of length ℓ = S() = πa and the same altitudeH. The area of the triangle corresponds
to the volume of the lollipop V , so

V = A = 

ℓH = 


πaH ⇒ H = V

πa
. (39.3)

Nowwe are interested in the situation after George has eaten half of the lollipop, so we need to find the height
of the part whose volume is half the original volume V . Let us denote the volume of the lollipop inside [; ζ]
as Θ(ζ). This corresponds to the area of a trapezoid we can get by truncating the triangle at a distance of ζ
from the base,

Θ(ζ) = πa + πab(ζ)


ζ = πa
 + H−ζ

H


ζ = πaζ( − ζ

H
). (39.4)
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When the volume decreases to half its original value, we can write ζ = v, and thus Θ(v) != V
 . Therefore



πaH = πav( − v

H
) ⇒ v =  −

√



H, (39.5)

and George needs to push the lollipop that far out from its wrapper.

What work is required to do that? The centre of mass will have moved by v upwards, which is the same as if
he had taken every part he eats to the top and then removed it – which effectively means he needs to bring
the centre of mass of the missing part to the top. Hence we need to find out where the centre of mass was
originally located.

Let’s assume it was at depth d. In the two-dimensional case this corresponds to the location of the centre of
mass of the trapezoid, which is a simple weighted mean of centres of masses of a rectangle and a triangle,

d =
πa H−vH v ⋅ v +


πa

v
Hv ⋅

v


πa H−vH v + 
πa

v
Hv

=
√
 − 


H. (39.6)

The amount of work is equal to the change in potential energy, or

W = V

ρgd + V


ρgv =  −

√


π
V 

a
ρg ≈  mJ. (39.7)

40 We are interested in an object moving over distance s with constant acceleration a. Distance grows
with time as s = 

at and speed as v = at. By combining these two functions we get

v(s) =
√
as. (40.1)

Now we want to determine the average measured speed along the drag strip, or the mean speed, except that
it is averaged not over time but over distance. The function v(s) =

√
as is increasing between v() =  and

v(s) =
√
as = vmax, and its shape is half of a parabola, y =

√
x. What we need to find is the mean height of

this curve.

To do that, we need to know the area under this curve. If we are able to integrate, it is easy, we just evaluate

⟨v⟩x =

s

s

∫


√
ax dx = 

√



√
as. (40.2)

If we are not, or just do not want to, we can use an old Greek trick, a quadrature of the parabola9. Let us cut
out the area between the line connecting the ends of the curve. The area of the triangle is trivial, and what
remains is bounded by a parabola and a line. It is not difficult to show that the area of this shape is equal
to 

 of the area of an inscribed triangle with the third vertex in the middle of the interval. After removing
this triangle, we are left with two smaller areas, again bounded by a line and a parabola, and this leads to a
geometric series with a common ratio 

 . The area is naturally the same as in equation 40.2.

9Τετραγωνισμὸς παραβολῆς, Archimedes, rd century BC. Modern version available on Wikipedia.
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Now we need to find the actual average speed of Tom’s car, or the mean value over time. This is simply the
ratio of the total distance and total time10

⟨v⟩t =
s
√

s
a

=
√

as

. (40.3)

The ratio of the average speed over distance to average speed over time is therefore

⟨v⟩x
⟨v⟩t
=


√




√
as

√ as


= 

. (40.4)

10Note that this definition is consistent with the previous definition of the mean. Average speed is

⟨v⟩t =

T

T

∫


at dt =

 aT



T
= s
T
.
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Respostas

1  cm

2 v

3  g e  g, Terra e Plutão

4  ml/s

5
 + 

√



s ≐ , s

6  s, aceitar também 01:12.

7 22:20

8  %, o volume total da sala.

9 , km

10 , J, aceitar resultados no intervalo , J – , J.

11 s = c ⋅ t ⋅ v
c − v

= vt
c − v

+ vt

12 A−

13 s( + v
u
)

14 ,○

15 , kN, aceitar também , kN.

16
√
 s ≐ , s

17


g
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18 

19 { 

R;



R;R}

20 N, H, A, B, Y, I, nessa ordem.

21 56 mm2

22  %

23
cos α√

 sin α + 
= cos α√

 −  cos α
= cot α√

 + cot α

24 74 %

25 10 m, aceitar também , m.

26   belch ⋅wink

27



MPa ≐ , MPa

28 , s

29 −
√
 + 
√
 + 


C ≐ −, C, presta atenção ao sinal.

30  Hz

31  %

32 , N

33 ,○

34 , s, aceitar resultados no intervalo , s – , s.

35  mm/s
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36 , %

37
π − 
π − 

mr ≐ ,mr

38  m

39 76 mJ, aceitar resultados no intervalo 76 mJ – 77 mJ.

40


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